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PREFACE. 



This treatise of Plane Geometry consists of the usaal Six Elemen- 
tary Books, a book on the Quaetrature and Rectification of the 
C^it^e, a book on Geometrioal Maxima and Minima, an expositioii 
ef the method of Geometrical Analysis, and an additional Second 
and Fifth Book. There is likewise added a Treatise on Plan* 
Trigonometry, and an explanation of the Algebraical Principles 
employed in the fifth book. 

The basis of the first six books is the Elements of Geometry ef 
SncSid, as given in t^e very oorrect edition by Simson, with the 
improved fifth book by Playfair, and the other improvements of 
the latter geometer contained in his original edition of Euclid's 
Elements. None of the propositions of that edition are here sap* 
pressed, but proposition H of the sixth book is inserted at the end 
of the additional second book with a new demonstration, and instead 
of it a mor« important proposition is substitnted at the end isi the 
sixth book. 

There are several improvements in this edition of the six books. 
Many additional and useful definitions have been added, which 
tend to improve the language of geometry in respect to ooncisenen 
and precision. I^everal propositions and corollaries have been in* 
serted, as being valuable on account of their practical utility, or as 
rendering the treatise more complete. Two additional demonstra- 
tions are given of the fifth proposition of the first book, the common 
demonstration of which, from its tediousness, more than from any 
real difficulty, is rather an obstacle to the progress of young stu- 
dents. One of these demonstrations, against which I know of no 
objection, by the aid of an additional and admitted axiom, namely, 
the twelfth, is an easy and direct deduction from the fourth propo- 
sition. Numerous scholia have been added explanatory of the uti- 
lity or connection of some of the propositions. The book on the 
quadrature of the circle, which is also given in Flayfair's edition, 
is here considerably altered and improved. A new and rigorous 
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demonstration is giren of the tenth proposition of this book^ which 
is of great utility in theory as well as in practice. The book on 
Geometrical Maxima and Minima is taken chiefly from Legendro*8 
Oeometry, with some alterations^ particularly of the demonstration 
of the tenth proposition, which^ ui his treatise, is adapted to the 
particular view taken by him of the theory of proportion. An 
entirely new treatise of Plane Trigonometry has been composed for » 
this edition. 'dr. 1 

For an account of the additional second and fifth books, reference 
% if^de to the introductory remarks to them. A considerablie nam-' 
ba^of exercises are added after the several bookv^iSBM^f- which are 
^ew, the most important of these being the 12lh, ISth, and 23d of 
liose at the end of the sixth book. The sofastfon of exerdsfivaffoards 
l^hie'best criterion of ihe industry and' talents of the pnpil; for in 
^b&g exercise memory is of less service than usual, the intwntive and 

oi'easening faculties being chiefly exerted. In this matter, a few 

'-'inikt may he useful to the pupU^ although he must be left chiefly | 

-'ta his own reiMiroesi 

■ • -In. order that nothing may be wantin^^to tender the present 
tmatise in every respect complete, an Introductory Discourse has I 

h^m composed, iaf ordinif i^n^MXHHint of ^h^ chief objects of mathe- 
matical science, and which, with the History of, geometry which 
follows, will, it is hoped, tend to animate youth with a prospect of 
the advantages and pleasures to be derivdd from the prosecution of 
this branch of useful s^udy. 

Solid and Spheirioal Geometry, also Spherical Trigonometry, 
Conic Sections, ^c* which compose the higher branch of Geome- 
try, will form the matter of a subsequent voluma 

►' 

Edinburgh, September 1, 1836. 



GEOMETRY. 



INTRODUCTORY DISCOURSE. 

The study of matliematical sdence, of which Geomehj k 
a^bfaBoh^posseaaesseyeral importaiit advantages. Whether 
it he considered ia- reference to its' practical utihly, in its 
application to seretol important aTts^-<-or aa a power^ and 
the only adequate, instrament of inyefltigation in the study 
of serexal classes of physical phenomena*— or as an efficient 
insixument of intellectual oolture — or merely in reference to 
the numerous and strikmg ahsi^ict tnithswhieh it makes 
known, it will, without hesitation, be admitted to he woorthy 
of a prominent place in every course of usefbl and liberal 
education. The brief discussion of these points, with a 
sketch of the history of Geometiyi mH form the subject of 
this introduction. 

OBJEOIS OF MATHEMATIOAX fiCIEKGE. 

The science of mathematics investigates tiie various rela- 
tions of measurable quantity. Space, time, force, velocity, 
and motion, ore the principal objects about which it is con- 
versant. Our knowledge of the objects of mathematics is 
obtained from experience, and its axiomatic principles are 
necessarily involved in our conceptions of tiiese objects. 
Although the definitions of any of these objects are not 
necessarily confined to any single property, still every defini- 
tion must express some characteristic property, and it cannot 
therefore be arbitrary. 

Theoretical Geometry treats of the properties of magni- 
tudes, and Practical Geometry of their construction. There 
are three kinds of magnitudes ; they are of one, two, and 
three dimensions respectively, or lines, surfaces, and solids. 
Our conceptions of magnitude, and of space generally, are 
undoubtedly arrived at by first acquiring a knowledge of 
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bodj by experknee, and a trabtequ^t process of abstractioii. 
If we abstract from any bo^ all the properties of the mattor 
composing it, as its hardness, colour, weight, and so on, and 
retain merely its qtiality of extension in the three dimen- 
sions of length, breadth, and thkkness^ we have then a dis- 
tinct conception of a geometrical solid, which possesses none 
of the properties of matter, except extaisscm ; and it there* 
fore cannot possess & mat«ial esisteacei it is a di£Pereiit 
object from the space which it occupies ; for in any limited 
pocti<m of space, an indefimte number of sack scdkb may 
exkt^ the <m» e&cempasaiaD^ the other. AbsMict now from 
mj solid its thickxtess, mi we then lisrm the eoaocpliea of 
.a^aorfaee having onfy length and hreaddi. And if from a 
tnifiice one c^ its ^^mami^ma be abstractei, as its bread^ 
we have then the idea ef a line, whkh peaseBoes only leng^. 
Tbe intersectioife ef two sudi lines is a point, whidi only 
marks position, and has neiiiier kngtifa, Iweadtik, ner thick* 
aeak It has been objected to this -view of a matkanatioBl 
aekxt, that, aait has no magnitade, it can hare no existsnoei 
it has certainly no maienal .exislencev but its existenee u 
BO lasa teal cMx that acQoiml. Even a Hue cr a sur&ee oe- 
cupies no porticoi of space. No number of points, howe?^ 
great, can fill any assignable portion of space, howerer small. 
And it has been lem^ked, that eren a solid does not occupy 
eaehisivdy any pevtiea. of i^pacew They woold exist nde*- 
fisadently of matter^ but thek ezktenca is bo less red^ 
dMMigh nuiaatenal. 

A system of geometry pvQceeds. frcBB sim^ axioiaatM^ 
and iBomntroTortible principles^ to the dcmonBtration ef new 
troths; and from ^e eom>inatioB of tnetfas prevknnly 
kaow% new tiru&s are cxBxtumally eTolved ; and thus a 
qnsitem ai geametrkal science is estaUis&ed by a continued 
]»roee88 of logical dednetian. Some of the ekmenteiy tradis 
in geometry are so obyioos as to be almost self-evident; but 
many of m&ok are of a difitrentdfataaractery and are striking, 
and eren beautiful, ai least when the mind is habitaated to 
contemplate abstract trudi. Some propositk>ns are, in some 
of their caseiE^ axiomatic, but in other cases th^ require to 
he d^nenstrarfied. Without this distmctioii, the demonsfea** 
6wm would appear to be wmecesBary ; an4 la JKRh easlM^ 
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lliej are perhafs more vseful ii^ tasxxfkAiAf dbiviatiiig obje»* 
tka% thtti in prodacbig comiction* 

UTILITY OF MATHEMATICS AS A MSANS 09 SXTENDING OOH 
. KNOWLBIK^E OF THE MATERIAL WORLD. 

. Our knowledge lias been greatlj extended by meaoB of 

this science. ladepeAdentlj of the ianomemble important 

$mA afiriking pioperties of magnitBdes and relations of aib^ 

fliraet qnanthies tbai il has made known, and which can be 

sufficiently sppreciated aalj by tiie mathematician^ it has 

unfolded a mny extensiTe range of nateral phenomena. It 

has inrestigated; the principles of theoretical mechanics ; the 

laws of the equilibnom and moti^a of fluids, fixed and ehn* 

tic ; the psinciples of miony of electrietlT) and cf m^netisiMr ; 

the theory of the propagation of sound and of light ; and a 

yariety of other saojects. But eren die most abstnise 

bcandiies^ that appear to be incapkble of any nsefiil appHca- 

tioBy ought not to be neglected ; for they vusf he appMed 

a^ some future period, £ke the ancient doctrine of Uie CQial 

sections^ which for two thousand yeavs was an object of mere 

curious qpecnlatjon, till it became^ in4he hands of Newt6iiy 

a most efficient means' of un&iding the planetary motiooa* ^ 

Without the aid of roles derived frooi tins science^ ^ 

fsvigatoff^ relying only on his compass as a gmde^ could net 

with safety Tcnture to any consideiaible diatanee on his de- 

inent ; intercourse with tmnamarine rcmas would be impoa* 

sible; and, consequently, our knowle^eof the glebe wmdi 

we inhabit would be fery Ihnited* We should probably still 

hehetre that ita sui&ce is an extended pkne, and that it is 

Stqpported on pillars ; or, as was the opinion of some of the 

andent philosophers, that its figure is cviinihical, like a drum* 

Wiliioat the aid of this science^' our Knowledge of celestial 

objects would be still more imperfect, and the consequences 

ixf our ignorance still more sti^^og. We should stiU behere 

that these objects aro equaltydistant from us, and, rery pro* 

bably, that they are distribi^ed on the surface of an extea* 

aire aystaBine sph^e, performing a diomal rotation about 

the earth, as the centre of the umrerse. We should also 

beheye that some celestial phenomena, as edipses and cornet^ 

aie eertain signaefa oonffiet of the elements of natuioy or Oiat 



IT nrmoBvcTouYmaoovtisBi. V 

Aej are the portentous indieatioBS of die wndi of hesten, 
while contemplatizig to isffiolji oa superstitioiu moxtab, floBae 
dire cedamitf, as war, fiaaiBey ^r pestilence. 

How different jQrom these uniwiigfiietory and incohereAt 
conjectures is that, great adnevement of this science— ^e 
dear and satisfiii^tory exposition, on the most incontrorer- 
tible principles^ of the complex thoi]^' sublime aaid syste* 
^matic mechanism of the hearens; bjiwhkb the distances 
.l^d magnitudes of the sun and planets have been measured, 
and also their weights, and eren that of their satellites, 
ascertained ; and by which the masses and distaaees of some 
of the stars or suns of other systems, thou^ inconoeiTubfy 
remote, even in comparison with the great extent of our 
own system, will probably ere long be determined: 

PRACTICAL UTILITY OF MATHEMATICS, 

It will be unnecessary to make many obseryati<Mas on <Jils 
suUect, as the praipticid utility of mathematics is well known 
and indisputaWe* Vtom its principles die rules of calcula- 
tion and meamr^snent are deriredk It supplies the rules of 
the art of measuring distances, heights, surmces, and solids, 
in artificers' Vfonk^^ guaging, land and marine -surveying ; it 
Airnishes the priiicifles of calcu]ati<n in navigation, aauti- 
cal and practical astronomy, of the arts of the optician and 
machinist, and also (^^the arts of carpentiy and engineering, 
both ciyil and military. On its principles also depend the 
arts of planning^ perspective, and of the construction of 
maps and charts. In short, whenever the constmction of 
figures or computation is in requisition, the principles of 
mathematics are indispensable. 

- EFFICIENCY OF MATHEMATICS AS AN INSTRUMENT OF, j 
^ MENTAL IMPROVEMENT. 

Considered as an instrument of intellectual improvement, 
it may ^ affirmed that mnihenuitics coltivates chie%^ thie 
xeasoning Acuity. It also exercises the memory in a con- 
siderable degree ; and it has a great tendency to form n 
habit of undivided and unremitting attention, which is iii* 
dispensable for great success in anv pursuit. 

Cveiy branch in the theory of uie scieno^ consists al* 



jaaoat entiidj of an immtetrupied process of reasomjg; 
and 88 this process is idexxtieal in erery subject, nviiedl^ of 
necessary or contangent tnitii, n^ other study can be more 
QonduciTe to the improvemont of this &culty. A step of 
reasonings o;r ai. -syUogism, ebusists of a' major and minor 
propofiitipiE^ mda condosion ; and, by a Isw of our mental 
,aon6titntio%. (Whether it be caUed judgment or ^e &<!ulty 
of relatiye suggestions the conehnsion fbllowfei as a necessary 
consequence £x»n these premses, in reasoning in any sub- 
ject as well as in mathematics ; so &at reasoning is exactty 
of the saBMt:j)sature in the investiffation both of necessary 
And oontingent?jtinith— «with this difference, that in the f!>'r'- 
mer'thf. chain of-j^reasoning is of almost indefinite extent, 
and in the latter it) is generally bri^. There is, howeter, 
a difference in the fundamental principles. The premises 
in the former are inconixovertible, at least in pure mathe- 
madcSv and generally in the other braoaLtlies <^iliis science; 
iwhi^eas, in subjectoof contingent matl^, the premises are 
generally only probable, and the probability of tfhe concJa- 
sion must therefore be commensurate Mith-^at of the pre- 
mises. , ' ' ' '■' ^ ■" ' '' 
Synthetie.Geometiyf or the ordinaty^ didactic method, £if- 

fovdf^ in thegptsHlual lexpositidn of ge^ftieflricBl truth, excel- 
ll^t. specimens of the most clear and ^satisfactory reasoning; 
.and thatbrandiof it called Geometric^ Analysis, affords, m 
ad^tion, examples of the resolution idf^truth into its simple 
elementary principles. But analytical^ g^metry, and ' me 
other analytical branches of the science, supply the best 
: examples of itiB resolution of complex questions — «i process 
which must be effected before the conditions can be com- 
prised in symbolical expressions; they also accustom the 
mfnd to comprehensive Tiews, and affora excellent specimens 
of subtle reasoning; and exercise the mind in the inter- 
^nretation of the expressions of ^the fbal result. In these 
)«anches, a subordinate 4bcq«^ete»ent, made at the easlpense 
of much perseverance, is necessary; namely, the power of 
^managing skilfully the concise and comprehensive algorithm 
j^jfqioyeAkL its researches, of which, however, that part of 
the operations that may be considered to be in some mea- 
sure mechanioal^ will sometimes interrupt the dxain of 
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reaaomng, tboQ|^ m the thsoiy tlie tune tiiiis spent Ij an 
expert analyst i» compaiatiTelf smaO. 

The application of the pmiciplea of the science to phjn* 
cal subjects, which oonstitntes the science of naftand plnlo- 
sophj^ in addition to the preoedxag kinds of inteUectual 
exercise^ affords eocamples ofpr emises resting on probaUe eri* 
dence, and requires habits of ckose reflection and accnrate ob» 
serration, and also fumishes the finest speehnens to be found 
in the whole ra^;e of human knowledge, of the methods of 
philosophical researdi, both indncthre and deductire. In 
tiaining the mind to sodi researches, it affiHrds peculiar ad- 
Tantagea ; for although it is a subject of ocoitingent matter, 
the rigorous nature of investigation opeiates as a salutsiy 
check against those &ntastic nieeulations that result from 
the unrestrained exeursions of oie imaginatiTe fiumky, whieh| 
in original researches in otiier subjects, frequent jr produce 
extraTagant theories^ but which^ from the unsettled state 
of the principles, maj, with a little ingosintj, be made 
Terj plausible ; whereas anj such theorf , in the formei 
subject, would be certain to meet mUh npeedj and com- 
plete refutation. .. 

A knowledge of the medioda of inrestigatiDg necesesrj 
truth, is not inconsistent with a knowledge of the nature of 
moral evidence. An exdnsire attention t» any department 
of study, may to some extent disqualify the mind far ap** 
preoiating truth in other departments. If the mere mathe- 
matician cannot aj^redate minute degrees of moral evidence^ 
neither can the mere student of probable truth appreciate 
the necessity of scientific rigour in mathematical science ; 
and both might commit serious blunders in the department 
to which they aie strangera ; and the latter, if exclusively 
acquainted with tiiose DEaniohsa in which the premises are 
exceedingly doubtful, might, fimm the constant and bewil- 
dering uncertainty "of his owneondnsioBS, be liable to adopt 
a theory of imiversal scepticinn. it ie a truth readily aa* 
seated to even by a mathematiciaD, that of two contradictoxy 
propositions, that for which there is a preponderance of 
evidence, ought to be believed in preferenee to the other, 
although the amount of evidence &U far short df demon- 
stration* 



A step of leatoning in maihaiaakka 10 deflr and iwlmfHcT- 
torj vfhen, once percemd^ wlaek k aisa &e <»86 in otbet 
6abject»; for in them tlie TagaeDoesa or unaaAisfaetormess 
accompanying any diaeuaaaa popeziy oanducted, origmateai 
not in the reasonings htA ik we nncerfainty, and sometkaef 
the multiplieiliy, «f tibe piinc^ples invobed* Adistinclkm, 
howeyer, must; he made between diffienlty and tmcertasn^f ; 
for they are not neeessarilj connected, at least if difficnfef 
he estimated by the degree of exercise required of the higher 
&cukies. The conyerse of this, however, that is, the vnion 
of difficulty with certainty of fHrinciples, is constantly exp^ 
xienced hy the mathematician ; for, such is the conpiezity 
arising mm the multiplicity of ^ principles mrobred in 
some suljects, that, notwithstamiing the certainty of its 
principles, aod the perfection of its kmgoage, and the dmeat 
magical powers of the ludicr caicnlns, they have haffied the 
most resolute efibrts of me most able and Tigoxona minda; 
and had its language been less perfect, there are many sub- 
jects already thoioug^y inTest^te4 the diffieohles of 
which would have been insormountabiew 

It is an undoubted &ct, that inany men of reflecting minds 
haye been deyoted to mathematical stady, which proves Aat 
there is an ad^tatioiL between it and minds of this cam- 
plexioD, or that it is fitted to asSbzd their powers a sufficient 
exercifie. Many cdebrated mathemaitMians^ too, have been 
very eminent for Iheir attainments in general knowledge; 
in proof of which, it is merdy necessary to aentioa the 
names of — ^Eralosdienes, of ahnost uniyersal acquirements 
-^-4he learned Be^Eb— 4he ekquent Pascal — Ramus, of un* 
eommcsi acuteness and eloquence*— Descartes — ^Leibnits-^ 
Condorcet — »D'Alembert-*-Dr Glarke •'—•Bishop H<»niey-^ 
Play&ir — and the aU but uniyexsal Yomig; and the supe^ 
lior talents of many matfaematiciams, not so distinguished 
(sa yaried attainments, is undenaaiUe ; as of Newton, Mao- 
laurin, Lagrange, Laplace, andmany others. In this science^ 
too, there is greait scope for the exerdse o£ taste ; to, since 
taste consists in the judicious selection of the fittest, and 
spiost agreeable, and most efficient means to accomplish am 
end, there jmust be an opportunity for its exercise in the 
discaassion of scientific as well as of literaiy subjects; and 



tilie. qualities ot nmty^ el^amass, foM^ and elegance, {hm 
bebng to scientific, as W4$l ais tolitefar/, composition. 

Mathematics, like any otUer science, cannot afford infor* 
iiiaibn respecting^ tlie principles of other subjects; but it 
possesses this peculiar advactitage, that every brandb of 
acienoe tends rapidly toMrardsa state of peifeotion in propor- 
tion as it admits of mathematical inyes^gatii^n. libiere is 
still a difference of opinion, not regarding the truth, but 
regarding the self-evidence, of some of me fundamental 
prinoiples even of geometiy, and also to what extent those 
of theoretioal mechanics are dependent upon ierpmence; 
and to investigate these, or the axiomatic principles of any 
science, or to appreciate moral evidence, a habit a£ reflection 
and of veuonin^ is indispensable^ and the judgmeiit must 
be the final arbiter. Since the science of theoretical ma- 
thematics consists almost entirdy of a continued d^ain of 
teasomng, it affords^ in a given period of study, many more 
caramples of tids process than any other subject. A mind, 
therefore, discqslmed^ thoii^h not exdusivefy*, by this invi- 
gorating study, and aSso improved by the study of other 
brandies, Trill certainly be the best queiiybd lor investigating 
either necessary or contingent truth. 

In a pamphlet entitled ^' Thoughts on the Study of Ma- 
hematics, as a part of Liberal £ducati<m, by the Bev. Wil- 
liam Whewell, Cambfeidge," we find the following passageti 
on the value of mathismatics as a means of mental discipline. 
*^ In reasoning, as in other arts, we are not masters of what 
we have to do, till we do it both well and nneonsciously; 
Now, this advantage a judicious cultivation of mathematics 
supplies. It fiamiliarises the student with the usual fbnnti 
of inference, till they find a seady passage through his mind,' 
while any thing which is £dlaicious and logicalfy wrong, ai 
once shocks his habits of thought^ and is rejected. He is 
accustomed to a chain of deditction, where each link hangs 
upon the preceding ; and ^us he learns continuity of at- 
t^tion and coherency of thought. His notice is steadilr 
fixed upon those circumstances only in the subjed'On which 
the demonstnativeness depends; and thus that- mixture 'of 
T(urio!;» grounds- of conviction, which is so common in other 
iQ^n^ mmds, is rigorously exduded fiK)m ^^^^ He know* 



tfiaiall depeacLs upon Im firsi fnrimiples, and^o^^ ineTitably 
from them ; that howeyer far be Saay have trayelledy he can 
at will go oyer any portion of his pati^, and aatisfy himself 
that it is legitimate; and tibua he acquires a jnst persuaaion 
of the Importance of piineiple^ on tibe onf hand, and, <m 
the other, of (he neoessary and constant idefoddty of the con* 
elusions, legitiiw^ly: deduced frcnn them/' 

HISTORY OF GEOMETBY. > . 

The meaning of the term Geometry, in reference to its ety- 
mology^ isrtl^. Measurement of the Earth. This was no 
d«Mhtf.one of theoijginal objects of the science of geometry ; 
buti^fiFjfi^here scM^n became more widely extended, so. that 
it is as f^plicable t0 the measurement of the hearens ai te 
that of the earth. 

Some of the elementary principles of geometry must haTO 
been, known at a very remote period. Before a building of 
aoiy eonsiderah^Q size could be erected, a plan of it nraet 
have been determined on, which couldinot be made without 
a knowledge of the; simpler problems. This knowledge 
might haye been ^tHaiius^r howeviezv only ^hy shrewd coatee* 
ture or tentative mech^cal methods^ tinatead of h>gi^ 

ft The opinions regarding the origin of geometry are various^ 
}^ui ikej eoneor in fixing it in £gyp*^ Some bdJieve that 
it originated in the circumstance that the inundations of the 
Kile el&ced the landmarks, and that it thus became neces- 
siO^ to asiHgn annually to the proprietors their particular 
gh^rea of land« The supposition of the obliteration of the 
Ift^dDiairks, however, from this' cause, is only an improbable 
conjecture. The histraiam Ebenodotus fixes its origin at the 
liine when Sesostris intersected. Egypt by numerous canaltf, 
and apportioned the oountiy among the inhabitants ; and 
j^iatotle ascribes its origin to the Egyptian priests. 

According to Plutarch^ Thales of Miletus, who lh«d 
about six hundred years before the Christian era, measured 
tlie altitude of the pyramids of S^gypt, and Amasis, the l^g, 
jfBi^ a3toi>isbed at his scientific skill ; a fact which, if cor* 
recti proTeftithe imperfect state of geometry at that time in 
J^rypt. It is stated by Produs that Thales coidd'oompttte, 



Wgeomelrica] principles, ibe iislaiice of vessels from fte 
shore. Thales introdaoei liie 4Stad^ of this science into 
Greece. He has the credit of making sereral discoTeries 
of preporties of the cirde, and o&en respectmg the conmfta- 
rison of triangles. The only disoor^ known to be Bis, 
however, is tbe propositioii that all the angles in a semi- 
circle are right angles. It is said, that, on the occasion of 
this last discoverj, he offered in gratitude a sacrifice to the 
Muses. Thales founded a school in Ghreece, called the Ionian 
SchooL 

The £rst elementary treatise of geometry is said to have 
been co]i^K)sed by Anaximander, a dnciple of Thales, and 
hh successor in his schooL Anaximander was succeeded 
by Anaxagoxas, who is the first vecorded to have attempted 
the Quadrature of the Cirde. 

Pythagoras was another disdple of Tliales. He traveEed 
lato Eigypt and India in pursuit of knowledge. He settled in 
Tarentum, in Italy, where he founded the celebrated Pytha- 
gorean Sdbool (550 B.C.) He dkoovered tlie important pro- 
{position respecting the squares described on the sides of a 
x^t-angled triangle. On this occasion he^is said to hare 
8Bcri£boea to the Muses a hundred oxen ; a statement which 
is very improbable, both on account of the limited fortune 
of phUosophers, and his philosophical creed respecting the 
transmigration of souls, which prohibited not only the de- 
struction of animals, but even the use of animal food. He ■ 
was also the first (that observed that relation of lines called 
their incommensurability, and ths^ invented the regular 
solids, afiterwards called the Platonic bodies. 

Hi{^K>Grates of Chios discovered tilie Quadrature of the 
Lune which has been called his lune, and he first proved that 
the sdution of the proUem of the Duplication of the Cube 
depends upon the finding of two mean proportionals ; a 
question which arose fiom the request of the orade at Ddos 
to doul^ the cubic aitar of Apollo. He was the second 
who oMnposed a treatise of geometry, which has been lost. 
The origin of the Platonic School MOO b.c.) is considered to 
be one of the most important epochs in the histoiy of the 
Boeaoe* Its finrnder, I^ato, is the reputed inventor of the me* 
Aod of Qeometrieal Analysis ; and to this sdiool we are in- 



dd>ted for ibe theory of i^Con&e Beelioiis and of Ckmnetricd 
Loci. These difiooTenesvexe probably the xesoltpfreseai^ 
iastituted for a iseay diSkEent pivpote, Bftmelj, the duplicar 
tion of tiie cobe and the tcisdetion of an aii^e— ^problenn 
that were at tills time ^Egceat cekbrit;^ ; no IsBsthan eleren 
of the ancient geometens gave a solution of ike former pro* 
Uexn. The partiality of Plato for this sdeaice is erinced by 
hiis placing an inscafiption over the' door o£ his school, for- 
bidding those to enter who were ignorant of geometry. 

Arcnytus of Tarentum, who belonged to the Pythagorean 
SdLool, was the eig^.tb successor x>f its founder, and the 
oontemporaxy of I^lato, whom he frequently visited. He 
solved ike problem of two mean proportionals, and made 
seyeral other discoyeries by means of the geometrical ana- 
lysis, which he learned from Plato. He was also well ac- 
quainted with the prindtplesof mechanics His flying pigeon 
is a proof of his reput^ioix for mechaiiical invention, and 
he is said to be the inventor of the pulley and the screw. 
Leon of Keoclis, a philosopher, who was one of Plato's dis* 
ciples, remodelled and extended the elements of geometry, 
to adapt them to the^adranced state of the science, whidi 
had received considerable imp^vements from the time of 
Hippocrates. Eudoxus of Gnidus, a friend of Plato, and 
who is stated hy Cicero to have been bred in the Egyptian 
iSchool, is said by Archimedes to have discoyered the con- 
tents of the pyramid and cone ; and some consider him as 
the inveator of curve lines in general, and of the theory of 
proportion in Eudid's El^n^its of Geometry. 

MensBchmus unproved the Conic Sections, and gave two 
scdutions of the problem of two mean, proportionals. Di- 
nostratus discovered a pr<^erty of the Quadratrix, a curve 
whidi was no doubt invented for the purpose of solving the 
problem of the trisection of an angles and the invention of 
whidh is ascribed to Hippias of l^is. Xenocrates, one of 
Plato's successors, composed works on arithmetic and geo- 
metry. Aristasus composed a trea^o'on Solid Loci, and 
another on Conic Sections. He had':thuB acquired great 
proficiency in what was called the sulj^ime geometry ; and 
he is siud to. have been the instructor of Eudid. 

The Peripatetic School^ founded hy Aristotie (about 360 
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B. c), was not bo deroted as ifaie Platonic to the study of 
mathematics. But Theophiastus, the successor of Aristotle, 
composed several mathematical works, and a -complete his^ 
toxy of the science, which have unfortunately heen lost. 

Geometry was cultivated with much attention in the 
Alexandrian scbool, which was established by Ptolemy La* 
gus (300 B. c.)> who was a great patron of leanied men. The 
celebrated geometrician Euclid, whose native place ^ un- 
known, but who had first studied geometry at Athens, went 
from Greece to Alexandria, where he settled during the 
time of the first Ptolemy. He composed treatises on va- 
rious branches of mathematics, but his most eminent work 
is his Elements of Geometry. He was no doubt acquainted 
with the treatises of Hippocrates and Leon, but the &ct of 
liis treatise entirely supplanting theirs among the ancients, 
is a sufEcient proof of their inferiority. Euclid has jshown 
so much judgment in the composition of this treatise, that, 
noiiwithstanduig the great additions made to geometry since 
Lis time, it has continued for up^vards of two thousand 
years to sustain the highest reputation as an elementary 
treatise. He also composed a work called Data, another on 
Loci ad Superfici^si, relating to curves of double curvature, 
and one on Porisms. The two latter have been lost ; but, 
from the account given by Pappus, it appears that the last 
was a profound work relating to the analysis of the most 
abstruse and general problems. 

Archimedes ^bom 287 b. c.) was the most c^ebrated of all 
the ancient matnematicians. He enjoyed the most extensive, 
and also the most popular reputation ; for to his abstract 
researches he added several striking mechanical inventions ; 
and he happened also to be placed in circumstances that 
made their value be appreciated. He began his career of 
geometrical discovery at that .point at which ordinary minds 
are disposed to stop. He tniltivated all the branches of ma- 
thematical science, but-particularly the most difficult branches 
of geometry, relating to the areas of curves and the sec- 
tions of curve surfaces. He employed, and with, gr^t ad- 
dress, in most of his discoveries, that subtle invention of 
the ancients, the Method of Exhaustions. H« discovered 
that beaiilifiil relation between a sphere anA its dreuuK- 
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soribmg cjUnder, tbat tihe cspamty asid sur&ce of the fer- 
ma: are respectively two-thir<M of those of flie latter ; and 
also, that the sur&ce^of aii;^two of their corresponding zoneSi 
formed by planes perp^MUOnlar to the aadg cd? the cylinder, 
are equal. He sAao prored that the area of a drde is equal 
to half the rectangle contained hy its cirafiooference and 
radius, and he showed how to approximate as near as may 
be reqi|ired to the quadrature of the circle, aaid found that 
of ^ parabola, which is memorable as ^e first example of 
the complete quadrature of a curve. He discovered several 
pr<^erties of coiHoids and spheroids, and of the spiral in* 
>«Qted by Conon, but which, in honour of him who d^ 
moQSteted its properties, is called the spiral of Ardiimedes. 
^e writings of Archimedes prove to what an extent the 
sagadly of a mind like his could carry the ancient method 
of investigation ; but they also prove the fioct that there is 
a limit to its application. From, the munber and impor- 
tance of his discoveries, though not to be compaxed to those 
of Newton, Archimedes has been caBed the Newton of an* 
tiquity. 

Eratosthenes, a nadve of Gyrene, was called to the Alex- 
andrian School by Ptol^ny Eueigetes, who made him his 
librarian on account of his extensive and general attain- 
ments in learning. He has given a construction fi>r the 
duplication of the cube. His knowledge of geography and 
astronomy enabled him to discover, for the m«t time on re- 
cord, a method for measuring the circumference of the earth. 

Apollonius of Peiga, in Pamphylia, was nearly a contem- 
porary of Archimedes. He studied in the Alexandrian 
School in the time of Ptolemy Philopater. He greatly im« 
proved the conic sections, and composed several geometrical 
treatises, of which only one has reached us entire, namely, 
that on the Section of a Ratio ; it is in Arabic, and was 
translated hy Dr Halley. His other treatises were, on the 
Section of ^pace ; on Determinate Section ; on Tangendes; 
on Inclinatiims ; on Plane Loci. He was an inventive and 
profound geometer, and his discoveries were so bidbly 
esteemed, that he was called the Great Geometer. Tho 
dispositions of Apollonius and Euclid were very di£ferent ; 
the former was reaarkable for vanity, jedousy of the merits 
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afotii6M,and4etaoldoii; <he ktter, fcr mMnaw^inptoiy, 
and beneroleBoe. 

Paasbig-overdieAaBBies of sevexd geaiBetenof &«ilet^^ 
who liyfid about this period, we nu^ merety mentioii Theodo- 
fiins {50 B, aX wbo eompofled an exceOeiii workx>n-Splia3e8^ 
wlfticii iB-eoBsidered to be ose of tiic most valoaMe remains 
of tbe andeiiit geosaetaj ; and IttonyiBiedoiwf, W9b» found a 
solution <^tiie problem of AgdhrhneiteB, io eilt a ko&if^heie 
in a giyen ratio hy a plane parallel to its bi^fo, a problem 
tbat jequired oonaiderable akiU. Mmidatm (eeoond ccb- 
tory) was the aul&or of a teatiBe fm tngeneanetiT^ aad 
anotber on mibaics. 

Papfros and Tbeon of jye!xandna(380AJEi.) wen edkifanled 
for th^ eommentaries and annsrtatiflHS on tbe sBoieBt geo- 
mBtef» To Pappus we aBeiaddbtedforaa«Bodlentw«rk, Jus 
M a t ih em afci o al CoUectiops, wbidk ooBMUted «f «i^bt boolBB» of 
wbiob tbe first and iialf of ibe seooDd &a¥e pendied. It is 
Gbie% tbe ekmentary woriDs cf ibe ancient geometeis tbot 
baye ^beea preseryed^ tbeir jnove abstraae writii^ baye 
eitber perisbed, or are only knoYFn by ibe accouats ^or 
abridgements of tbem tbat aee giyen bgr Pappus, ik ^lis 
work ke oolleoted seyend detadied origmal reseorcbes ; and 
tbe pre&ce to bis seyentb book is partioaladj yaluable, as 
it baiB preseryed leveral workson igeametrical analysis, wUdi 
would oiberwise bave been mdmown. fiypatia» ihe aiK 
oooBuplisbed and learned dau^kter ef Tbeon, was so ^eot a 
pnmoieoEEt ki jgeemeteicBl scacDee, Aot ^be was oansidevod 
«na£fied to be ker f atihei^ snooessor in 4lie AleaEondsian 
SckooL But mtb all ker merits, ber fate was tn^cal, tbr 
sbe £bH a yiodxn to an infuriated and fiinatidal tmdS. 

The pbilosppbcr Prodsas, ^i^ was Ibe ksadof tibe Itm^ 
tonic sdukol, wrote a psdix 400!DimeiitaFy cxn Ike fivst liaeic 
of fiodid, r.aiiAainmg BEiany 4)arieus obseryaiions on ^e 
ittist^ysios, and inany intenating fiusts in Ike k^ 
aoienBoe. Ixodes iimated 4]^ ^dssmd for tbe purpose cff 
finding two siean proportioBak, and Sponis gave asolritiim 
sf tkis psokUim. Eutoeins abo gives tbe fennes llbe evedit 
«f solTia^ die fwoMei 4of Ardiiaiedss vespactiag tbe see^oa 
ff a bflBn8|diBre. 

l!he 9gb of ji i y i itHBl J Stmnry was kog past before tkt 



tine «f Pappus, and «rae»ce in Ms tlxme inis l>egmnuig te 
dediiie. Tbe iaboixcs of Practo aod a few of iiis ft^weoi 
were tlie last 'expkiDg eSRnts wasAt m Oreeee in ^e anient 
geosaetry. ^eJIJeaEan^iiaBScJiodstiQeadsled^aiidscieiice 
mi^glrt liEve 4oatmaed to :fiouIiEd^ iiad not 1^ ofmquert of 
Egppt hy tiie ArshiacBB not onlj gi^ea it a fatal blow in 
ikl^andna, iM^alsoestiiigiisshed its now iangidd existence 
ia Chreece. When ^iecliiung in Greece, tiie sciences had 
met with some dkiooamgement in Arabia ; bnt notwitii- 
ilanding iIIbb respeot Ikx science, the ccmquerors, instigated 
ferkefB more by « reoen% nx^ibed ]!f^ionB fanahcnssB 
liNni hy bflEHbarian sgnoranoe, committed to dcstractMn that 
yreoievs i^ositoiy •of science abd leanmxg, wliic& contained 
lim iMcciaatdated 1a«aBm«es <^ i^es, tbe .Alexandrian Hheary, 
viiiiciL was d«lfbaat€fy oonsnmed fbr the mean pnrpose of 
heating the public baths (640 JuIl) 

As a |iartisd asnends for bo odix»ui tol outrage against 
cvriMistftion, 'i;he Aralnans, aboutt a eentmy after, began to 
ffaerasth 'the CKsences of ge^^metrjip' and Bstronom j, and thus 
QEfinsded >aBi 'a^hsn which preserve them firem entire ex- 
tinction. A^boot the ithne of their ieaxsied pixnoe Ahnamon, 
8everad of tte mo«t celebrated works on geomeiay were 
tsan^ated into Ambic. Oeber Beaat Aphia laid ithe founda* 
HsmtEihe modeora tngonometxy. An diegant treatase on 
lllfeBsnnitien was wiitten -by Bagdadin ; and it appears &em 
}m teeatiseon Optics, ^at Alhaedn^mu a snperioo* geooDOter. 
^i!%ey «tadied idso the moa^ sublnae geometary, and impreyed 
Ixsmiometiy by introducing sines instead -of chorda, and 
xecmeed it to a eamrenient form. 

Of the few Persian geometers, Nassir-Edin^oid Maimon«- 
Heacidd were ^he most «distingiiisfaed. The 'klter oMm^osed 
s commentary on .Etuflid, and the ifonner, on Euclid and 
A.pofioiiiiiB. Dieir learned men caHed geometrythe^difficQlt 
maeaeB, They did not make ^any imptwement in geometry:; 
«ieither did the Tn^ nor !Ed>v^WB,:al^ioiigh they trandoted 
mme of &e doinentafy ^oi^eb. 

in one *f]f the ancienrt trefttises «n astronon y of idie ^in- 
4ioos, called (the Sm^ Sk&ilnta, lihei^e is ^a oormdt ejsikem 
cf tr^onomet]7;>and hence it is concluded that ^e Indians 
luMl cdUnited 'geometry hefoie the composition of ^xis tresa* 
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tifie. The Chinee wens aeqtiamted with the cdebmted 
^opertj of a right-angled triangle xespecting the squares of 
its sides, but thej made no progress in the science. 

The Romans knew little more df geometry than the prac- 
tical branch of measuring land. Yarro, hcrweter) composed 
a treatise on geometry, and Cicero had some acquaintance 
with, and esteem for, the science. Yilnrrias and Boethis 
had some knowledge of geometry ; but the latter is better 
known for his Consolations of Philosophy. 

The learned Beda, who lired about the beginnidg of the 
eighth century, was well acquainted with aU the branches 
of mathematics. Under him Alcuin studied) who was w«ll 
retsed in mathematical science, and was the preceptor of 
Charlemagne. He was a native of Britain, where, about 
^tM time, more attention was giren to the study of science 
tiian in any countiy in Europe. 

For nearly two centuries after this period, the study of 
die science was extkict. No mathematician of any emi* 
nence appeared iill the begiiming of the fifteenth century, 
when, with the general reyiyal of learning, this science was 
destined to o(»nmence a new and more S]^endid career. 

About this period, considerable inqm>¥ements were made 
in trigonometry by Purbach, and John MuUer, a native of 
Konigsbeig, and hence called Regiomontanus. The Kilmer, 
instep of the sexagesimal division of the radius, proposed 
a division into 600,(KX) parts ; but the latter, instead of this 
proposal of his master and predecessor, adopted the prefer- 
able division into 10,000,000 ; and calculated sines, tangents, 
and secants, to seven places of figures for every minute of 
the quadrant. 

Campanus of Navaire, about the beginning of the thir- 
teenth centuiy, translated Euclid. Lucus Pacciolus or De 
Burgo revised it about the end of the fifteenth ; and a new 
translation was given of it in 1572, by Commandinus. 
Maurolycus of Messina translated several geometrical works 
firom Greek and Arabic manuscripts ; and he was also dis- 
tinguished for his original works, especially an ele^;ant trea- 
tise on the Conic Sections, deduced from the sections of a 
cone. Tartaglia demonstrated the rule for finding the area 
of a triangle when its three sides are given, which was 



known, howerer, to the aaateients ; mA lie ouUivated algebra. 
Wolfius, with aa affectation of scientific rigour, attempted 
to demonstrate the axioma of geometry ; and Ramus, or 
La Bamee, an original m«t£^hpical wntar> composed seye- 
ibI excellent woirks on geometi:^, t 

Vieta of S'ontf^y perfected the modem system of trige-? 
nometry, and w^-^e author of the elegant doctrine oi^ 
Angular Sections*' • His profound knowledge of geometryi 
enabled him to restore the Tangencies of Apollonius, inh»! 
ApoUoniu^ Gallus. About the same perioid, sereral gifo- 
meters attempted to restore portions of the works of Apol- 
lonins. Marsinus Qhetaldus endeayoured to restore the 
treatise on Inclinations, under the title of Apollonius Bedi>* 
yirus, and wrote a supplement to the similar work of Yieta. 
To the fopner work of Ghetaldus, a supplement was written, 
by Alexander Anderson, a Scotch geometer, who was well 
versed in the geometrical analysis, wiffibrod. SnelUus pub- 
lished, at the age of seventeen, an attempted restoration 06 
the work on Determinate Sections, under th^ title of Apol^ 
k>nius Batavus. The approximation to the value of the 
circumference of a cirde, its diameter bcang unity, was suo*-* 
cessively extended about the same time by several geometers. 
It was earned hy Vieta to eleven figures; hy Adrianus^ 
Bomanus to seventeen ; and by Ludolph Van Ceulen to 
tbirtynsix ; which was verified by an improved method by 
Sndl. Joseph Scaliger also attempted- the quadrature of 
the circle^ and believed that he had found a solution of it, 
but was refuted by Eomanus. Scaliger, however, gained 
same credit by his simplification of the cases of trigonometry. 

About the beginning of the sixteenth century, the Spa- 
nish and Portuguese geomet^rsy John of Royas and Nonnius 
par Nunez, lived. The former was the inventor of a proj ec' 
tion of the sphere ; the latter invented a method of dividing 
lines, similar in principle to Yasiier s» and was the first to 
introduce the Arabic system of algebra into Europe. About 
the same tjme^ Wright, a skilfiil geometrician, invented his 
chart, imnropwly caued Mercator's Chart. Germany at this 
time prodnped the three mathematicians Warner, Bbeticus, 
9iid PitiscuSt ' The former endeavoured to restore a work 
<Rf ApoUoniuS:<m the section of a Ratio^ and wrote a Qex» 
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man tnnakndik of E«dU; ; Hheftiens extended coMiderallf 
ike trigoBemciFical «aUe% Inak Pitsamn, midi iii€s<(idible p»- 
ti^ce, Gamed tkem to> a greater extent, "nie Ita]ie& geo* 
meter, LiieuA YaJennM^ detefs^ed tibe ceastlre ef gnmty ef 
conoids and spheroids, and of loiBe of tiieu segmeBfo ; and 
Albert Giiard detexmaied tbe^aadfiuei of i^enoal tnaagleflr 
and -poijig&nB, 

Kepler was tlie &nt to eonecm tbetheoij of magniliidai 
being coaa^osed of iadeinfteFf small dementa ai me same 
kmd ; as^ for inetaBee^ tiMit adidie is composed of the snr- 
&ces of an i&d^nite nmaW of inde&dtd j small ti^ai^eSi 
hftTing; the oentre fat their oenmen Tertex, and their mde- 
fiaitdly small bases on tbe eircnaB&ciowe. By meass of tids 
theory, thei^h not r&j satisfiKfeorj in r^aid to scMnliio 
rigour, he extuided geometry eaiMnideraibty beyoad the stega 
in vftaetk it 'waa kft bj Ar«^Bmede& GakEniis applied a 
prc^rty of the eemtre of grantj,. pieinoQdy kne^m, to de- 
tfgjxaa% the eoatenits of aolicb ec reinslatioik^ GavaUmna 
iapfored e& the theorf of Kepler, by kia theory of Ii^in* 
Slides* He eoaceiyed lanes to he composed of poinftB, tsvp^ 
fiices of linesi and soHda of sisefeees. This meobod was the 
meana ei extending geometcy a fittle finiher, and may be 
ccmsidered aa another step in addition to the method of ex-* 
haustiosa and indefimteb- small demeoats, im paying the -wof 
Sm the moie general and rigoxond^scieBtifio method of tiw 
FluxioBacy or H^er Gcdcmmk 

Qaliko, so emineat £» his diseoreriesitt pIfcyBieal seienee^ 
did httle to impK)ye georaetiy. He inyeiited the Cydo^ 
called the Helqi of gewaetiyy on aceamiit ef the controfe r sieg 
that oi^nated in tne diacmmaaiof its propecties^ Torrieelli 
and Yiyiaai were ^seipiea of €bdileoL The fomer proved 
the finite magnKtade of the solid generated by the reroli^- 
tioBL ai a hypcrhda ahovt its asymptote^ and the latter 
was distmguifted &r the elegance of his geometrical writ- 
ings. Gr^ory St Yineent, and Andrew Tacqnet, were two 
flaaish mathcmatieiaDS ;: the former prosecated tiie qm^ 
dratmre ci the cird^ and the kHtto:, the qnadiatore of A» 
snr&ces^ and the eoatente of tibe segments of eylind;^ cist 
by planes^ and of sereral solids femed by &e ieffeli^<m ef 
esfpoMate of drdes and of coDie seelk»s^ 
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equally ^tingiiislied for bi» peat Utn»rf and — laitiiie 
attauuBsntS) ^ivas ^!te amUber of sevesd^ cI^Hifc iwwmrftfg 
MG^eeli^g the pvoportieft lof tiMi QTisloid ; and ail^ 
flbd^R ]|^ eeniposed » oompleto aad diegaiU 
sacftlons. Bobesnnt and -DeaduTteft dfaooiwEcd i^ifanABB^ 
V tue of the cycloid, and Pascal d^acoweeed that of its s^gnmAi^' 
* and alBO>thoeoiiie^# of 1^ solids genoBtedlnrtlieisei^^ 
tba of t]:^ fifi^QM abomt ita baao and aada; and Sir Gliristo^ 

I>esGad;e% anothev eaaineiit iTEeacluiuai (159&— <1660), 
iviio* lad a profoiiad'kiao^fpied^ bofek of madiginatfffal and 
meli^ysiefd sckncev aad isaa one of lino moat effidoil 
ag«ata in. aecompHslxbg tikafr inMleetiial reyolution widett 
iroa in progress daring Ma tmney yms tho laiwKtor e£ m 
method -whick pvodae^ a thoroogli and monuiraible im- 
pvo^v^^nent in the ociflstooo of geometiy. Before his time^ 
Ae a^plicadoa of algebxa to goonetEy, in the <»dBMtty 
aanso of tketmxn^ waa kasmn, aa exaao^les of it axe to m 
fraud aa early aa the time of Begiomontanaay and in the 
wmrks of Tarta^li&acnd jfono^^dli, and eipecially in tiiose a€ 
Yieta. ^it D^aaeactea iaTWited tiiat mor& general mode of 
applying it, hy which the ns^rnre of m emrvey eMiq>reheiided 
in aome of its dkaraeteristEe properties, ia expreaaed by an 
ai^brakal equation ; which ia* the fbux^dation of Analytical 
Cfeometiy. This brands of geometry, Saatead of inTeaiiga;^ 
iag separately the properties of particolar earves, discusaea^ 
By genial methods, whole classes of cnrroa; and tiie aeiaiee^ 
inaaead of being confined within the narrow limits imposed 
by the complexity and inadeqnacy of tile ancient memoda^ 
ja Bow^ of an inde&ke extent. 

Descartea had giyen a geneFal metiiod of ^wing ina- 
gents to euryea, but it was in many eases of d^^mlt appU- 
cation ; and, to the&eoyery of a preferable me^od, Fennat, 
Roberval, and Bairow, directed their attention. But the 
methods ininented by tiiem, though capablie in many caaea 
of simple and elegant applications, w^re fi?equently imprao- 
tBGabie, and inapplicable to tenaceadental eurvea. Tile 
method of Bbnow^ whieh was> r^ mmSikt to Hiatof Fem 
mat, contained the gam ef thesCUJasandBl and Iate|^ 
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Cakttlda, as Rdbmal's did &at of the Iluxioiuuy. These 
methods, of drawing taogents, which, like the melliod of 
ezhaastions, and those ox Kepler and CaYallerius, involved 
the principle of linnts and indefinitely small elements, with 
&e &eory of the Arithmetic of Infinites of Wallis, contained 
ail the geometrical and analytical views which emhodied 
the fiincbmental principles of the higher cahmlus, and led 
to that memorable invention ; which alone is all that was 
now necessary for the perfection of the science of geometry. 
Htiygens, a native of Holland (1629«-1705), yraa a pro- 
found mathematidaa. He determined the surfiuses of comnds 
and spheroids, it problem of such difficulty, that it was not 
omvioosly attempted. He also discovered the relation of 
JEnvohites and Evolutes, and a method of reducing the pro- 
Mem of rectification to ihat of quadrature. James Gregoiy 
was a geometer of the first rai^ and distinguished for the 
ezodlence of his geometrical writings. He first published an 
account of the £ogaxithmic Curve in a work containing 
theorems for the quadrature and rectification of curves and 
the contents of solids of revolution. The geometrical writ- 
ings of Banrow possessed great exceUence ; his geometrical 
lectures, like some of the works of Qregoiy, were written 
partly in the ancient and partly in the modem style. 
' Although the modem geometiy had made great progress 
in the time of Newton, and was very much improved by 
the fluxionary Calculus, which he had invented, yet its 
pinciples had not been so clearly developed, nor reduced to 
that systematic state which would have enabled him to es- 
tablish, in so symmetrical a fomi, his profi>und discoveries, 
as by the ancient method, although the new calculus was 
.undoubtedly the means employed in making these discove- 
ries ; and this circumstance, with his pre<ulection fisr the 
ancient geometry, accounts for his preference of a method, 
which, notwithstanding the occasional elegance of its re- 
sults, is one of great and embarrassing complexity. So 
much were the principles of the new calculus involved in 
unnecessary metaphysical difficulties, that Bishop Berkeley, 
with some plausibility, questioned their accuracy in a work 
entitied the Analyst, whfi^ induced Madaurin to establish 
its prindples ixrefiragably ; and the means which he em* 



j^byed for this purpose were the ^riiici|^lerof the ancient 
geometry. But, since his time, mese principles hare been 
estabUslied in a more simpie ^md ^uaUy satisfiietory man* 
tier, independently of geometrical considierations. 

The ancient geometry has been. thus superseded by th^ 
modem analytic^ methods, in the higher researches in nuu* 
thematics. Maolaxmn and Robison, howerer, two worthy 
disciples of Newton, haye been considered as his only sue* 
cessors, who hare had great success in employing the same 
instrument of investigation. Matthew Stewart was also dis- 
tinguished £n^ the uncommon elegance of his geometrical 
^orks ; although the partial success attending his applica* 
tion of the science to some of the more difficult researches 
in physical astrcmomy, proves the inefficieney of the methoc^ 
even when aided by the finest genius. Dr Simson is cele* 
brated for his exceUeut edition of EucHd's Elements of 
Oeometry, and lie also Testored soiae of the works of 
Apollonius. Bishop Horsley also published a superior edi* 
tion of Euclid's Elements, and also restored some of the 
works of Apdlonius ; and the Rev. Mr Lawson also gave 
English editions of some of the works of the same au- 
thor, and likewise a treatise on the Geometrical Analysis. 
Plajrfair improved considerably Simson's edition of Euclid's 
dements of Geometry, by introducing algebraical notation 
into the demonstrations of the fiflh book, which, by this 
means, are rendered less prolix, and more clear and precise. 
Euclid's definition of proportion, which is by no means an 
obvious property of proportional quantities, with this disad- 
yantage, and the additional one of prolixity, possesses the 
Important advantage of admitting direct and rigorously cor- 
rect demonstrations in the case of incommensurables ; and, ■ 
with this definition, it is perhaps impossible to make any 
fiirther improvement, of any importance, on Playfair's de- 
monstrations, which appear to be as dear and concise as 
the nature of the subject will admit. On the subject of geo- 
metrical analysis. Sir John Leslie has given a very sys- 
tematic treatise ; but his geometry of curve lines, ihough 
containing many interesting geometrical researches, may, m 
regard to some portions of the^iwjfrk, be considered as an- 
other unsuccesnul attempt, thoi;^ seconded by superior 
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iakntSy to b^j ihe aniskz^ gedntt^fto ndbjcsif bejroadits 

There ace mssij modem matibi»iiatiaiai» of gEeot ean- 
nence, whose aameft are not iB<iwil!TOinied in tins liiatoiical 
sketch of ceometiy^ as they haire distmgaished themselyes 
in other £epadaaieiiis oi mathematical' sciencew Of these 
the most celehiated are Leihnitz^ £iiie% thft. Benuwillisi 
CJairaaty D'AIemhert^ Lagrange^ Young, and lanplaee. An 
account of their improvements aad diacoveniesv and of those 
of Newton, Maclourin, T. Simpson,, and oljieis, will' he found 
m the hastorj of thosftd^artments: of science to whidi they 
belong. 
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MaihamtOkf m that bnndi of «6t«aoe wliich treals of 
Measurable Quantity. 

Geometry is a braneli of matlieiiiatics, wMcH treats of 
that species of quantity called Magnitude ; it is eitli^ 
Theoretical or Practical. 

Tieoreticat Geometry inrestigafes the relations and pro- 
perties of magnitudes. 

MoffnUttdes are of one» two, or three dimensiona; aft lui6% 
surges, and solids. They have no material existence, bol 
they 'may he represented by -diagrams. 

That Branch of Geometry which re£srs t& mflgxatodei 
described upon a plane^ is called Phme G«om£&y; 

RBFINITIONS OF KAONITnDSS. 

1. A point is l^at which has positioB, but not magnitade. 
3; A Um is length without breadth. 

CosBOfLLART, — The extremities of a hue are points; 

and the intersections of one line with anomer are 

also pomts. 

3, Lines which cannot coincide in two points,, without 
coinciding altogether, are called strai^ or ri^&6 Imes. 

GoR.-**Hence two strai^ Uses cannot indose a 
space. Neither can two straight lines have a com- 
mon segm^at ; that is, they cazmoi coliicide m 
part, without oeinciding altogether. 
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4. A crooked or broken line is composed of 
two or more straight lines. 

5. A line, of which no part is a straight line, is called a 
curved line, a curve line, or curve. 

6. A convex or eoncam line is such that it ^ — ^x^ 
i^annot he cut by a straight line in more than ^ ^ 
two points ; the concavity of the intercepted portion is turned 
towards the straight line, and the convexity from it. 

7. A euperficies is that which hath only length and breadth. 

Cob.— -The extremities of a superficies are lines ; and 

the ^intersections of one superficies with another 

are also Hnes. 

. 8. A plane mperfides is that in wMch any two points 

being taken, the straight Une between them hes wholly in 

that superficies. < 

9. A piano rectilineal angle is the ^ 
indination of two strught lines to 
one another, which meet together, 
but are not in the same straight line. ^ 

When several angles are at one point B, anyone of them 
is es^essed by three letters, of which the letter that is at 
the Tertex of the angle — >that is, at the point in which the 
straieht lines that contain the angle meet one another^— is 
put between the other two letters, and one of these two is 
somewhere upon one^ of those straight lines, and the other, 
upon the other line : Thus the angle which is contained 
by the straight Unes AB, CB, is named the angle ABC, or 
CBA ; that which is contained by AB, BD, is named the 
angle ABD, or DBA ; and that which is contained by BD, 
CB, is called the angle DBC, or CBD ; but if there be only 
one angle at a point, it may be expressed by a letter placed'al; 
that point ; as the angle at E. It is sometimes convenient 
to name an angle by a small letter placed within the angle ; 
thus, angle DBC may be called angle n ; angle ABD, m ; 
and ande ABC, mn, ^ ■ 

10. When a straight Kne standing on another 
straight line makes uie adjacent angles equal to 
one another, each of the angles is called a, ri^t 
etn^ ; and &e straight line which stands xxk m^ 
other is called 9k perpendicular to it. 
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11. An obtme ao^e is that ytla^ is gvealer tbaa a right 
sBgle. 

12. An cicute angle is ihat 
"wbich is less than a right angle..^ 

13. A figure is that wluch. is inclosed by one cmc more 
bcmndaries* The space contained within the boundary of 
a plane figure is.^C£dled its surface; and its auriace in re-* 
ference to that of another figuroi mth which it is compazedi 
is called its area^ 

14. A circle is a plane figure contained by 
one line, whicl^ is called the cireumferencei 
and is such that all straight lines drawn from 
a certain point within me figure to the cir- 
cumference^ are equal to one another. 

15. This point is called the centre of the circle. 

16. A diameter of a drcle is a straight line drawn thromgh 
the centre, and terminated both vrays by the circumferenpe^^ 

17. A hne drawn from the centre to the dzeumfiwa&M^; 
of a circle is called a rei^aW. 

18. A semicircle is the figure contained by a diameter 
and the part of the circumference cut; off, by thedkme^. 

19. Rectilineal figures are those which ajee cont^ed by 
straight lines. 

20. TH/o^o/ figures, or triangles, by ^eestiaightlineft. 
'* 21. Qttadrilateral^ by four straight li^es. 

. 22. MultikUeral figures, or pofygons, by mcf e than four 
straight lipes. 

23. Of three-sided figures, an equilateral triangle is that 
lybich has three equal sides, as E. 

24. An isospelee triangle is that 
lYhich has only two sides equ^ as I. 

25. A scalene triangle is that which has three uneq^al sides, 
asS. 

26. A right-angled triangle is that which has a right 
angle. ^j^ 

•27' An oltuse-angled tri- 
angle is that which has an 
obtuse angle. 

28. An acute-angUd triangle is' that which has three 
acute angles. 
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129. Of ibmMlnldl %ii»eBy a j^u^ra is 
wbich has aQ its sides eqoal, and 
angles right angles. ^_«__ 

^ 30. J^ oblong or rectangle k likal wlilcli bas a^ its angles 
xi^^ aBgks, but ham »€ft aM its sides 'e^asL 

31. A rkomhu k fitat wliioh lias ail 
its sides eqpud, Init its sidles are not 
n^^QB^es. ^ 

32. A parallelogram is a quadrilateral, ef ^v»Iu(Al the op- 
posite sides are paraHci. 

33. All other :foiiiHRded tfigares besides liiese, are called 
Trapezvwms. 

34. IVlieB aa an^ €f avedalineal %mt k less f~7 
than two right angles, it k oaAied a BokmU an^le ; a I *^ 
^aad when graater than two rig^t asigles, it is said to be 
re^evOrant^ as B. 

35. Any «de -ef a ve($iilineaA figure may be -called the 
^oie. In aT^t-angled I6riangle, the side opponte %e the^ right 
angle k called the hypotenuse ; eitker of the other two sidhss, 
lize haw ; and the ether, %he pmpendicular^ In aa isosceles 
triangle, the side wMch k neiiiiar of'the equal sides is caQed 
the ^flW9. The penat at wtndi an angle k formed, k called 
the angular point. The angular point opposite to the base 
ef a triangle k cafled %he ^mrlets ; and-^e angle at the ver- 
tex, the vertical an^. 

36. The abkuAe of a trian^e, or a i^raHelogram, k a 
perpendicular drawn from the opposite angle or side upon 
the base. 

37* A straight line joiinng two ^ the opposite angular 
pomts of a quadrilateKal, k billed a diagonal. 

38. Paralld atraight lines are sudi as are in — — — «. 
the same plane, and which, being predaoed evcir ■ ' ' 
so far both we^s, do not meet. 

POSTUItATES. 

1. Let it be granted ihat a stra%ht*line m»f be dia«m 
fsun any 4ae point to anj other point. 

13. That a tenninated strai^t line viqr be 'pioduced to 
any length in a straight Une. 



3. And ihat a circle ma^ he ^noribed imm vay centre, 
and Tvith any radius. 

AXIOMS. 

X. Things vriuck are espaai to tiie mme thing ore equal 
ta one ano^er. 

2. If equals he added to equals^ the wholea ai% emud. 

3. If equals l)e taken firom equaisy the remBindeni are 
equal. 

4. K equals he ndded to uneqnahy the T^iuiles are xmeqiiaL 

5. If equals he taken from unequak, i^B a^maindeiB are 
lineqnal. 

6. Things which are douhle of the flBme, ave equal to one 
another. 

?• Things wMdi are halves ^ :^ aaone, me equal to ddb 
anotlier. 

8. Magnxtudes which cQ«ii<ade ym£k com amyHier—- that iie^ 
which exactLj fill the same space---«re eqaal to one imother. 

9. The whole is greater than its psrt 

10. An E^ht angles axe equal to one another. 

11. Two straight lines cannot he drawn through tiie sajBie 
point, parallel to the same straight line^ without coinciding 
with one another. 

12. It is possible &r iaac^er £gufe :lo edst» equal in 
erexy reaj^eot to any giv^en figure. 

DSFXKmONS OF TEBMB. 

1 . A propaskian is a portion cf sdesce, and is a iheoreni^ 
a j)rohlem, or a lemma* 

2. A theorem k a tniih which is ^stahliflLhed hf a demoia- 
atration. 

3. A jpro&i#f» either proposes aeroiftlnng to he effected, 
as the construction of a fi^pse^ or it is a question that t^ 
quires a solution. 

4. A lemma^ a subordinate tnil^ previousfy:estahliske^ 
to he en^lc^red in "die demonstration :cf a theosem, er the 
SKilutifiqi of a problem* ^ 

5. A hypothesis is a fact assumed without pioef, ekher 
in the enunciatioaof a preposilioD, sor in the OQttkse of a 
denuRnatration. 



6. A cotoiicury is a coiue<jueiice eaBiijr deduced from one 
or more propositions. 

7* A scholium is a remark (m one or more propositioius, 
which explains their application, connection^ limitation, ex- 
tension^or some other important circuznstance in their natore. 

8. A demonstration is a process of reasoning, and is 
either direct or indirect. 

9. A direct demonstration is a regcdar process of reason- 
ing from the premises to the conclusion. 

10. An indirect demonstration estahlishes a proposition, 
by proving that any hypothesis contrary to it, is contradic- 
tory or absurd; and it is, therefore, sometimes called a 
rediictio ad ahsurdum, 

11. The enunciation is the statement or expression of the 
proposition ; the particular enunciation is its statement in 
reference to a particular figure or figures. 

12. The construction is an operation by which lines are 
drawn or points determined according to certain conditions. 

13. The data or premises of a proposition are the rela- 
tions or conditions granted or given, from which new rela- 
tions are to be deduced, or a construction to be effected. 

EXPLANATION OP SIGNS. 

The signs -|- and — * are called plus and minus, ' The 
former indicates addition ; thus A -f- B is the sum of A and 
B, ^d A -f- B -f C is the sum of A, B, and C : the latter 
indicates subtraction ; thus, A — - B is the excess of A above 
B; soA-J-B — Cis the excess of A + B above C. 

The signs z:^ and .^ are called greater and less. Thus 
Az^h means that A is greater thsui B ; and A^^ B, that 
A is less than B. 

The sign =, called egzudy is the sign of equality ; thus 
A = B. implies that A is equal to B. 

The snudl letters a, 5, c, m, n, /?, g^ &c. are commonly 
used to denote numbers. A number placed before any 
quantity serves as a multiplier to it : thus, 3 A means three 
times A ; m A means m times A, or A taken as. oftok as 
there are units in m. 

The square described on a line A is sometimes e^itpresited 
by A* called A square ; or, if AB be the line, by AB*. - 
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PBOPOSITION I. PROBLEML 

To describe an. e<]U]lateral triangle upon a given finite 
strsdglit line. 

Let AB be tbe given straight line ; it is required to de- 
scribe an equilateral triangle upon it. 

From the centre A, at the distance AB, describe (Postu- 
late. 3) the circle BCD, and from the centre B, at the dis- 
tance BA, describe the circle ACE ; and ^ 

£rom the point C, in which the circles cut 
one another, draw the straight lines (Post. 

1) CA, CB, to the points A, B ; ABC 
shall be an equilateral triangle. 
- Because the point A is the centre of the circle BCD, AC 
is equal (Definition 14) to AB ; and because the point B 
is the centre of the circle ACE, BC is equal lo B A ; but it 
has been proved that GA is equal to AB ; therefore CA, 
CB, are each of them equal to AB; therefore (Axiom I) 
C A is equal to CB ; wherefore C A, AB, BC, are equal to 
one another ; and the triangle ABC is therefore equilateral, 
and it is described upon the given straight luxe AB. 

PROPOSITION ir. PBOIB^H. 

From a given point to draw a straight line equal to a 
given straight line. 

Let A be the riven point, and BC the given straight 
line ; it is requirea to draw from the point A a straight line 
equal to BC. — From the point A to B draw (Post. I) the 
sdaight line AB; and upon it 
describe (1. 1) the equilateral tri- 
angle DAB, and produce (Post. 

2) the straight lines DA, DB, to 
E and F ; from the centre B, with 
the radius BC, describe (Post. 3) 
the circle CGH, and from the 
centre D, at the distance DG, 
describe the circle GKL. AL 
shall be equal to BC. Because 
the point B is the centre of the 
circle OGH, BC is equal (Def. 14) to BG; ajad because D 
i» the'^e^ke of the pvcle GKL, DL is equal tV DG» and 
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DA, DB, parte of Humt ve muI ; iherefiire ike remaiiKkr 
AL is e<|ual to tfaje renx^ndor BG ( Ax. 3) : But it has been 
shown tnat BC is equal to BG; wher^ore AL and BG 
are each of them equal to BG ; and things that aie equal 
to the same are equal to one another ; therefore the stzai^t 
line AL is equal -to BC. Whereforo fixMn the giren point 
A a straight line AL. has heen drawn equal to the giYCn 
straight hne BC. 

FROFOSITtON HI. FBOBLSM. 

From the greater of two giyen straight lines to cut off a 
part equal to the less: 

Let AB and C be the two giren straight 
lines, whereof AB is the areata-. It is re- 
quired to cut off from J&, the greater, a 
part equal to C, the less. 

fVom the point Adraw ^L 2) tlie straight 
line AD equal to C ; andnrom the centre A, and with the ra- 
dius AD, describe (Post 3) the circle DEF ; and because M 
is the centre of the ciicleDEF, A£ shall be equal to AD; but 
the straight line C is likewise equal to AD ; whence AE aad 
G are ecMsh of them equal to AD ; wherefore the straight 
line AE is equal to C (Ax. 1), and from AB, the greater of 
two straight lines, a part AE has been cut off equal to C» 
the less. ; 

PROPOSITION TV. THEOREM. 

If two triangles have two sides of the one equal to two 
sides of the other, each to each, and have likewise the 
angles contained by those sides equal to one another, their ' 
bases, or third sides, ^hall be equal ; and the two triangles 
^shall be equal ; and their other angles shall be equal, each, -t^ 
to each, namehr, those to which the equal sides are opposite. 
Or, if two sides and the contained angle of one triangle be « 
respectiyelj equal to those of another, the triangles are 
equal in every respect. 

Let ABC, DEF, be two triangles which har&the t^ra 
udesAB, AC, equsJto thetwosidesDEyDF^eachtoeacib^' 
namely, AB to DE, and AC to DF; and the an^^ 9AQ 
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mpal io line an^ EDF^ Hie bsse 
BC tdiaU be efoai to 1^ liable EF ; 
and iSbB tnamgle ABO to the triangle 
DEF ; wad 4ihe«th^ angles, to wlw;h 
tlie espial odes are (^pposite, sball be 
eqmlf each to eaeh; namely, the angle 
ABC ti> the aog^e D£F, and tiie angle ACB to DFE. 

For, if the tdangle ABO be aj^li^ to ilie triangle DBF, 
so Uiat tlie point A maj be on D, and the straight line AB 
apon BE, tiie point B shall coincide with the point £^ be- 
cause AB is equal to DE ; and AB coinctdii^ Tvith DE, AC 
shall coincide Tvith DF, because the angle B AC is equal to 
the an^eEDF; wherefore also the point C shall coincide witik 
the point F, because AC is equal to DF : but the point B 
fx>incide8 mih tiiie point E; wherefore the base ^7ts3iall co- 
incide with &e base EF (Cor. Def. 3), and shall be equal to 
it. There^ore^ also, tiie whole triangle ABC shall coincide 
widi the whole triangle DEF, and be equal to it ; and the 
remaining angles of tne one shall coincide with the remain- 
ing angles of the other, and be equal to them ; namely, the 
angle ABO to the anj^e DEF, and the an^e ACB to the 
angle DFE. 

PBOPOSmOK T. THECMREK. 

The angles at the base of an isosceles triangle are equal 
to one another ; and if the equal sides be produced, the 
angles upon the other side of the base shall also be eqqal. 

Jjet ABQ be an isosceles triangle, of which the side. AB 
is equal to AC, and let the straight lines AB, AC, be pn>- 
duced to D and E, the angle ABO shall be equal to the 
angle ACB, and the angle CBD to the angle BCR 

In BD take any point F, and from AE, the greater, cut 
off AG equal (I. 3) to AF, the kss, and join FO, GB. 

Because AF is equal to AG, and AB tb 
AC, the two sides FA, AC, are equal to the 
two GA, AB, each to each ; and they con- ^ 
tain the ande FAG common to the two tri- " 
angles AFC, AGB ; th^efore the base FO 
is equal (I. 4) to the base GB, and the tri- 
angjfe AFC to the triangle AGB; and the 
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remaining angles of the one are equal to the remaining angles 
of the other, each to each, to which the equal sides are op- 
posite ; namely, the angle ACF to the angle ABG, and the 
angle AFC to the angle AG© : And because the whole AF 
is equal to the whole AG, and the part AB to Ihe part AC, 
the remainder BF shall be equal (Ax. 3) to the remainder 
CG ; and FC was proved to be equal to GB; therefore the 
two sides BF, FC, are -equal to the two CG, GB, each to 
each; but the angle BFC is equal to the angle CGB; 
wherefore the triangles BFC, CGB, are equal, and ilueir. re- 
maining angles are equal, to which the equal sides are op- 
posite j therefore the an^le FBC is equal to the angle GCB, 
and the angle BCF to the angle CBG. Now, sdnce it has 
been demonstrated that the whole angle ABG is equal to 
the whole ACF, and the part CBG to the part BCF, the 
remaining angle ABC is therefore equal to the remaining 
angle^ACB, which are the angles at the base of the triangle 
ABC : And it has also been proved that the angle FBC is 
equal to the angle GCB, which are the angles upon the 
other side of the base. 

Cor. — ^Hence eyeiy equilateral triangle is also equiangu- 
lar. 

SckoHum.^^Thi^ proposition may be very simply demon- 
jstrated by bisecting the vertical angle A by a line cutting 
the base. Then (1. 4) there are two triangles equal in every 
respect, and therefore the angles at the base are equal. 
After Proposition 13 is proved, it could then be easily 
shown that the angles on the other side of the base are 
equal. It is evident that some Hne will bisect the vertical 
angle ; and although the method of doing it is not known 
till Problem 9 be solved, yet this does not affect the truth 
of the proposition. 

This proposition may also be easily demonstrated by sup- 
posing another isosceles triangle, having its two sides and 
vertic^ angle equal to those of ABC (Ax. 12^. For if 
ABC, DEF, in Proposition 4, be these triangles, it is proved, 
as in Proposition 4, that angle B = £ ; but as in this case 
the two sides CA, AB, are also respectively equal to ED, 
DF, it follows that angle C = E (I. 4) ; and as B and C 
are each z= E, therefore B = C. 
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PROPOSITION VI. THEOREM* 

If two angles of a triangle he equal to one another, tide 
ndes wlucb subtend, or are opposite tq^ those angles, shall 
also be equal to one another. 

Let ABC be a triangle haying the angle ABC equal to 
the angle ACB^ ihe sme AB is also equal to the side AC. 

For, if AB be not equal to AC, one of them is greater 
than the other : Let .^B be the greater, and from it cut 
(1. 3) off DB equal to AC, the less, and join DC ; 
&erefbre^ because in the triangles DBC, ACB, 
DB ia equal io AC, and BC common to both, 
the two sides DB^ BC, are equal to the two AC, 
CB, each to each ; but the angle DBC is also 
equal to the angle ACB ; therefore the base DC ^ 
ia equal to the base AB, and the triangle DBC is equal to 
the triangle ACB (1. 4), the less to the greater ; which is 
absurd. Therelbre AB is not imequal to AC ; that is, it is 
equal to it. 

CoR. — ^Hence every equiangular triangle is also equilateraL 

PROPOSITION Vn. THEOREM. 

Upon the same base, and on the same side of it, there 
cannot be two triangles that have their sides which are ter- 
minated in one extremity of the base equal to one another, 
and likewise those which are terminated in the other ex- 
tremity, equal to one another. 

If it be possible, let there be two triangles ACB, ADB, 
upon the same base AB, and upon the same side of it, 
which have their sides OA, DA, terminated c^^ 
in A equal to one another, and likewise their 
sides CB, DB, terminated in B, equal to one 
another. 

Join CD ; then, in the case in which the 
vertex of each of the triangles is without the 
other triangle, because AC is equal to AD, the angle ACD 
is equal (1. 5) to the angle ADC : But the angle ACD is 
greater than the angle BCD ; therefore the angle ADC is 

greater also than BCD; stiU greater, then, is the angle 
DC than the angle BCD. Again, because CB is equal 
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to DB, the angle BDC is equal to the an^ BCD; but it 
has been demosstFated to be greater than it ; which is im- 
possible. 

Bat if one of the T«rtioes» as D, be widiia the other til- 
angle ACB ; produce AC, AD, to E^ F ; then, becanseAOis 
equal to AD in the triangle ACD, theicfere 
the angles ECD, FDO, upon the other aide 
of the oase CDy are equal to one anothnv 
but the angle £CD is greats than the angle 
BCD ; wherefore the an^le FDC is likewise 
greater than BCD; mudi more then' is the ^ ^^ # 
angle BDC greater tiiaa the ande BCD. 
A^dn, because CB is equal to DB> the angle BDC is equal 
to the angle BCD ; but BDC has htea prored to be greater 
tiian the same BCD ; which is impossible. 

The case in which the yertex of one tiian^isuponaside 
of the other, needs no demonstratioB* 

PROPOSITION Vm. THEOBBBT. 

If two triangles hare two sides of the one equal to two 
sides of the other, each to each, and have likewise their 
bases equal, the an^e which is contained bj the two sides 
of the one shall be equal to the angle contained by the two 
sides of the other. Chr, if the three sides of otae triangle be 
respectiydj equal to those of another, the triangles are 
equal in ererj respect 

Let ABC, DEF, be two triangles haying the two sides 
AB) AC, equal to the two sides DE, I^, each to each, 
namdij, AB to DE, and AC to 
DF; and also the base BC equal 
to the base EF. Thean^eBAC 
is equal to the angle !1^F. 

For, if the triangle ABC be 
applied to the triangle DEP, so b*— — — ^ s^ 
that the point B be <m E, and the strait fine BC upon 
EF, the point C shall ako coincide with the pomt F, be- 
cause BC is equal to EF ; and BC coinciding witnEF,th6re^ 
fore BA and AC shall coincide with ED and DF ; foz^ if 
BA and C A do not coindde with ED and FD, but haye a 
different situati(m as EG and FG, then, upon the aome 
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lam EF, and upoa ihe same nde of i^ thoe can be two 
tDBo^eai EDF, EOF, tibailiaTe tiiek odes widdi are ter- 
minated in one extremitj of the base ernial to one anotheri 
and fikewiie theb aides tenunaled in ue otiber eztremitjr. 
But this is impossible (1. 7) ; therefore, if the base BO o^ 
incides 'mih the base EF, the aides BA, AC, cannot but 
coincide with the aides £D, DF ; wberelmre, likewise, the 
angle BAC coincides with the angle EDF, and is efiud 
(Ax. 8} to it 

PROffoansDir ix. mvunu 

To taseet a given lediKiieal an^e— ^tliat is^ to diyide it 
into two equal angles. 

Let BAC be the ^ven rectilineal angle ; it is required to 
'bisect it. 

Take any point D in AB, and from AC cut (1. 3) off AE 
equal to AD ; join DE, and upon it deacnbe {l 1) an 
equilateral trian^e DEF; then join AF; 
the straight line AF lasects the angle BAC. 
Bec^ise AD is equal to AEy and^AFJa 

triangles *" * 




the two sides DA, AF, are equal to the two 
aides EA, AF, ^^ ^ each; but the base 
DFis also equal to the base EF; therefore _ 

the angle DAF is equal ^I. 8) to the an^ EAF; where- 
fore the given rectOineal angle BAC is bisected by the 
straight line AF. 

FROFOSmON X. FROBUSH. 

To bisect a given finite stra^ht line— 4hat is, to divide it 
into two equal pearls. 

Let AB be the given straight line ; it is required to di- 
vide it into two equal parts. 

Describe (L 1) upon it an equilateral triangle ABC, and 
bisect (L 9) the angle ACB by the straight 
Hue CD. AB is cut into two equal parts in 
the point D. 

Because AC is eqoal to CB, and CD com- 
mon to the two triangles ACD, BCD ; the 
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two sides AG, CD, are equal to ihe two BC, CD, each t6 
each ; but the angle ACD is also equal to the angle BCD; 
therdTore the base AD is equal to tiie base DB (1.4), and 
the straight line AB is divided into two equal parts in tilie 
point D. 

PBOPOSmON XI. PBOBLEM. 

To draw a straight line at right angles to a given straight 
line, fix)m a given point in the same. 

Let AB be a given straight line, and C a point given in 
it ; it is required to draw a straight line from the point C 
at right angles to AB. 

T^e any point D in AC, and (1. 3) make CE equal to 
CD, and upon DE describe (1. 1) the equilateral triangle 
DFE, and join FC ; the straight line FC, 
drawn from the given point C, is at right 
an^es to the given straight line AB. 

Because DC is equal to CE, and FC 
common to the two triangles DCF, ECF, 
the two sides DC, CF, are equal to the two EC, CF, each 
to eadi ; but the base DF is also equal to the base EF ; 
therefore the an^le DCF is equal (1. 8) to the angle ECF ; 
and thej are adjacent angles ; therefore (Def. 10) each of 
the angles DCF, ECF, is a right angle. Wherefore, from 
the given point C, in the given stra^ht line AB, "EC has 
been drawn at right angles to AB. 

FBOPOSITION XII. PROBLEM. 

To draw a straight line perpendicular to a given straight 
line of an unlimited length, from a given point without 
it. 

Let AB be the ffiven straight line, which may be produced 
to any length both ways, and let C be a point without it. 
It is required to draw a straight line 
perpendicular to AB from the point C. 
Take any point D upon the other 
ade of AB, and from the centre C, with 
the radius CD, describe (Post. 3) the 
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drde EiG^P meeting AB in F, G ; aad bisect (1. 10) FG in 
H, and join CF, CH, CG ; the straiglit line CH, drawn 
from the given point C, is perpendicular to the given straight 
line AB. 

Because FH is equal to HG, and HO common to the 
two triangles FHC, GHO, the two sides FH, HO, are equal 
to the two GH, HO, each to each ; now, the base OF is 
also equal (Def. 14) to the base OG ; thereifore the an^le 
CHF is equal (1. 8) to the angle OHG; and they are adja- 
cent angles ; therefore each of them is a right angle, and 
CH is perpendicular to AB (Def. 10). 

PROPOSITION Xm. THEOREM. 

The angles which one straight line m£^es wiih another 
upon one side of it, are either two right angles, or are to- 
gether equal to two right angles. 

Let the straight -line AB msike with OT>, upon one side 
of it, the angles OBA, ABD ; these are either two right 
angles, or are together equal to f. c a 

two right angles. 

For, if the angle OBA be equal 
to ABD, each of them is a right 
angle (Def. 10); but, if not, from i^ A 
the point B diw BE at right angles (1. 11) to OD ; there- 
fore the angles OBE, EBD, are two ri^t angles ; and be- 
cause CBE is equal to the two angles OBA, ABE, together, 
add the angle EBD to each of these eqtiaJs ; therefore the 
angles OBE, EBD, are equal (Ax. 2) to the three angles 
CBA, ABE, EBD. Again, because the angle DBA is 
equal to the two angles DBE, EBA, add to these equals 
the angle ABO ; therefore the angles DBA, ABO, are equal 
to the three angles DBE, EBA, ABO ; but the angles OBE, 
EBD, have been demonstrated to be equal to the same three 
angles ; and things that are equal to the same are equal 
(Ax. 1) to one another; therefore the angles OBE, EBD, 
are equal to the angles DBA, ABO ; but OBE, EBD, are 
two right angles; therefore DBA, ABO, are together equal 
to two right angles. 

Or thus : let the angles DBE, EBA, ABO, be d^oted 
by m, n, ^, respectiyely (as in Def. 9), then DBA will be 
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mny and 'EBOnx; alio aagle mnr=:fn + m and f^mzzz 
9-f-j;; tiietefore 

but tn + nx^ifn + n-^-x; 
tii€refore«ifi + ^ »^^ M + nx, being eqnal to the nme 
tiiree afngles^ ^^ equal to one anotker ; thai is^ 
«i»-f«=:m + *^^ = ^o right an^es. 

FB0F08ITI0N XIY. THEOKEK. 

I^ at a point in a strai^t Iine» two other stra%ht lines, 
npon the opposite sides of ity make the adjacent angles to- 
gether equal to two right angles, these two straight lines 
uiall be in one and the same stnught line. 

At tfie point B m the strai^ fine AB^ let fhe two 8tin%ht 
lines BC, BD, npon the opposite sides of AB, make the ad* 
jacent angles ABO, ABD, eqnal together to 
two tk^t aisles. BD k in the same straight 

For» if BD be not in the same straight line 
with OB, let BE be in the same straight line ^ 
with it ; then, because the straight Ime AB makes angles 
with the straight line CBE, npon one side of it^ therefore the 
angles ABO, ABE, are tqgeth^ equal (L 13) to two riehi 
angles ; but the angles iJBO, ABB, are likewise togethex 
equal to two zif^t aasles ; therefore the angles OBA, ABE^ 
axe eqmd to the an^es OBA^ ABD : take away the oonir 
mon angle ABC, arc the remaining ande ABE is equal 
(Ax. 3) to the remaining angle ABD, the less to the greater, 
whidi is inqtossihle; therefore BE is not in the same 
atrai^t fine withBO. And, in like mann»'y it may be de- 
SKmsbrated, ihat no other can be in the same strai^t fine 
vnHk it but BD> whiGli> ^erelbre, is in Uie same strai^ 
finewilhOB. 

FROPOSITION XT. THDOBSM. 

If two straight Enes cut one another, the rertical or op- 
posite ang^ shall be equal. 

Let the two straight lines AB, OD, cut one another in the 
peint E; the angle AE^ shall be equal to the angbDEB^ 
ttudCEBtoAED. 





1» 

FcatAe an^ CEA, AED, vl&idi the 8taai||^liaeAE 
makes ivitk ihe straight line CD, are together enfoal (1.13) 
to two i^lit angles; and the anffks " 
AED, DEB, which the straight Hne 
DE xnakes witli ihe sfcrai^t hne AB^ 
are also together equal to two right angles ; therefore iihe 
two angles CBA^ A£D, are equal to iJie two A ED, DEB. 
Take awaj the common angle AED, and the remaining 
angle CEA is equal (Ax. 3) to the remaining anffle DEB. 
In the same manner it can be demonstrated mat me angles 
CEB, AED, are equal. 

CoR. 1^— 'f^m ukis it is mamftsi^ that, if two strai^^ 

Imes cut one another, the angles which, they make at 

the point of iheir iixta96ctio% are togeliher equal to 

four inght angles. 
CoBu. 2. — ^And bence, aA tiie angjles made Irf any numbei 

of lines meeting in one p<unty are together equal to 

fiyur right an^es. 

moFosmoif xn. thbobbm. 

If one side of a triangle be produoed, the ezteri<»r angle 
is greater than either of the interior ojpposite angles. 

Let ABO be a trkngie, and let its side BO be produced 
to D, the exterior angle AOD is greater ^lan either of the 
interior opposite angles OBA, BAO. 

Bisect (1. 10) AO in E, join BE and pro- 
doce it to F, and make EF equal to BE ; 
join also FO, and piroduee AO to O. 

Because AE is equal to EO, and BE to 
EF ; AE, EB^ are equal to OE, EF, each ^ 
to eacb; and the an^e AEB is equal 
to the angle OEF (1. 15), because ther are 
opposite vertical an^es; UieTefoTe(I.4; the 
base AB is equal to ihe base OF, and the trian^ AEB 
to the triangle OEF, and the remaining angles to the re- 
maining anpes, esdi to each, to whidi the equal sides are 
2>p08ite ; wherefore the angle B AE is equal to the ai^e 
OF ; but the angle EOD is greater than the angle EOF; 
therefore the angle EOD, that is, AOD, is greater than B AE. 
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In the same manner^ if the side BC be bisected, it may be 
demonstrated that the angle BCG, that is (1. 15), the angle 
ACD, is greater than the angle ABC. 

PROPOSITION XVn. THEOREM. 

Any two angles of a triangle are together less than twd 
right angles. 

Let ABC be any triangle ; any two of its angles together 
are less than two ri^t angles. 

Produce BC to D ; and because ACD is the exterior 
angle of the triangle ABC, AGD is greater than the interior 
and opposite angle ABC (1. 16) ; to each 
of these add the angle aCB; therefore 
the angles ACD, ACB, are greater than 
the an|ies ABC, ACB ; but ACD, ACB, 
are together equal to two right angles 
(I. 13) ; therefore the angles iJBC, BCA b" 
are less than two right angles. In like manner it may be 
demonstrated, that BAC, ACB) as also CAB, ABC, are 
less than two right angles. 

Proposition xvni. theorem. 

The greater side of eVery triangle has the greater angle 
opposite to it. 

Let ABC be a triangle, of which the side AC is greateir 
than the side AB ; the angle ABC is also greater than the 
an^e BCA. 

Because AC is greater than AB, make (1. 3) AD equal 
to AB, and join BD ; and because ADB 
is the exterior angle of the triangle BDC, 
it is greater than the interior and oppo- 
site an^e DCB (1. 16) ; but ADB is equal „ 
to ABD (I. 5), because the side AB is equal to the side 
AD ; therefore the angle ABD is likewise greater than the 
angle ACB ; wherefore the angle ABC is still greater thaa 
ACB. 
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PROPOSITION XIX. THEOREM. 

The greater angle of eyerj triangle is subtended by the 
greater side, or has the greater side opposite to it. 

Let ABC be a triangle, of which the angle ABC is greater 
than the angle BCA ; the side AC is Uke- -^ 
ynse greater than the side AB. 

For, if it be not greater, AC must either 

be equal to AB, or less than it ; it is not i ^ 

equal, because then the angle ABC would be equal to the 
angle ACB (I. 5) ; but it is not ; therefore AC is not 
equal to AB ; neither is it less ; because then the anjgle ABC 
would be less than the angle ACB (1. 18) ; but it is not ; 
therefore the side AC is not less than AB ; and it has been 
shown that it is not equal to AB ; therefore AC is greater 
than AB. 

PROPOSITION XX. THEOREM. 

Any two sides of a triangle are together greater than the 
third side. 

Let ABC be a triangle ; any two sides of it together are 
greater than the third side ; namely, the sides BA, AC^ 

g eater than the side BC; and AB, 
Dy greater than AC; and BC, CA, 
greater than AB. 

Produce BA to the point D, and make 
(1. 3) AD equal to AC ; and join DC. 

Because DA is equal to AC, the angle ADC is likewise 
equal to ACD (I. 5) ; but the angle SCD is greater than 
the angle ACD ; therefore the angle BCD is greater than 
liie angle ADC ; and because the angle BCD of the tri- 
angle DCB is greater than its angle BDC, and that the 
greater side is opposite to the greater angle (1. 19) ; there- 
fore the side DB is greater than the side BC ; but DB is 
equal to BA and AC; therefore the sides BA, AC, are 
greater than BC. In the same maimer it may be de- 
monstrated, that the sides AB, BC, are greater than CA^ 
and BC, CA, greater than AB* 
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PROPOSITION XXI. TBEOBBH. 

If from ihe ends of the side of a tnaai^e^ fliere be dra^m 
two straiglit lines to a point within the triangle, these two 
Imes shafi be less than the other two sides cc Ihe triangle, 
but shall contain a greater angle. 

Let die two straight lines BD, CD, be drawn fix>m B, C, 
ihe ends of the side BC of the triangle ABC, to the point 
D within it ; BD and DO are less than the other two aides 
BA, AC, of the triangle, but contain an angle BDC greater 
than the andie BAC. 

Froduoe BD to E ; and becanse two sides of a triangle 
are greater than the third ^de, the two sides BA^ AE, of 
the triangle ABE are greater than BE. To 
each of these add EC ; therefore Ihe sides 
BA, AC, are greater than BE, EC. Again, 
because the two sides CE, ED, of the tri- 
angle CED are greater than CD, add DB 
to each of these ; therefore the sides CE, ^ 
EB, are greater than CD, DB ; but it has been shown that 
BA, AC, are greater than BE, EC ; still greater, then, are 
BA, AC, than BD, DC. 

Again, because the exterior angle of a triangle is greater 
than the interior and opposite angle, the exterior andie 
BiPC of the triangle CDE is greater than CED ; for So 
same reason, the exterior angle CEB of the triangle ABE 
is greater than BAC ; and it has been demonstrated that 
ihe angles BDC is greater than the angle CEB ; still greater, 
then, is Ihe angle BDC than the angle BAC. 

PROPOSITION XXn. PBOBUESK. 

To m^e a triangle of which the sides shall be equal to 
three g»^ sti^isjght lines ; but any two whateyer of ijieiste 
lines must be gireater than the third (1. 20). 

Let A, B, C, be the three giyen straight lines, of whi<& 
any two whaterer are greater than the tlurd ; namely A and 
B greater than C, A and C greater than B, and B and C 
tiuoi A. It is required to make a triangle of which tho 
sides shall be equal to A, B, C, each to each. 

Take a straight fine DE terminated at the point D, bat 
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nnliinifed towards E, and make (L 3) DF equal to A, FO 
to B, and OH equal to O; and &om the centre F, with the 
xadins FD, desmbe the drde DEIj 

g"*ost. 3) ; and from the centre G, with 
e radius GH, desc ribe another circle 
HLK, and join KF, KG; the triangle 
KFG has its sides equal to the three 
straight fines A, B, C. 

Because the point F is the cen tre o f 
the circle DKL, FD is equal to FK (Def. 14) ; hut FD is 
equal to the straight line A ; therefore FK is equal to A. 
Again, because G is the centre of the drde LKH, GH is 
equal to GK; but GH is equal to C ; therefore alsoGK w 
equal to C, and FG is equal to B; therefore the three 
steught lines KF, FG, GK, are equal to the three A, B, C. 
And therefore the triangle KFG nas its three ddes KF, 
FG) GK, equal to the t£:ee given strmght lines, A,B, C. 

FBOFOSmOK XXm. PROBLEM. 

At a given point in a given straight line, to make a rec- 
tilineal an^e equal to a given rectilineal angle. 

Let AB he the given straight line, and A the given point 
in it, and DOE the given re^ilineal angle ; it is required to 
make an angle at the given point A in 
the given straight line AB, ~ ~ ~ 
be equal to the given rectilineal 
DCE. 

Take in CD, C5E, any points 
and join DE; and make (L2 ^ ^^ 

triangle AFG, the sides of whidi shall be equal to the three 
straight Knes CD, DE, CE, so that CD be equal to AF, 
CE to AG, and DE to FG ; and because DC, CE, are equal 
to FA, AG, each to each, and the base DE to the base FG; 
the angle DCE is equal to the angle FAG (I. 8). There- 
ft>re, at the siven point A in the given straight line AB, 
the angle FAG is made equal to the given rectilineal angle 
DCE. 

FROPOSrnON xxiv. iheoreu. 
^ If two trian^es have two sides of the one equal to two 
Bides ef the other^ eadi to eadi, but the an^ eontauied hj 
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Hjtilineal angle ; it is required to 
L point A in 9 j^ 

\ that shafl - A A 

hneal angle / \ / \ 

oints D, E, ^^"""^ 7^^ 
(1. 22) the ^ 
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the two sides of one of tliem greater than tlie angle con* 
tained by the two sides equal to them, of the other ; the 
base of that which has the greater angle shall be greater 
tiian the base of the other. 

Let ABO, DEF, be two triangles which have the two 
Bides AB, AC, equal to the two DE, DF, each to each ; 
namely, AB equal to DE, and AC 
to DF ; but the an^e BAC greater 
than the angle EDF; the base BC 
is also greater than the base EF. 

Ofthe two sides DE,DF, let DE ^ 
be the side which is not greater »" 
than the other, and at the point D, in the straight line DE, 
make (1. 23) the angle EDG equal to the angle BAC ; and 
make DG equal to AC or DF (1. 3), and join EG, GF. 

Because DE is not greater than DF or DG, therefore the 
angle DGE is not greater than DEG ; but angle DHG is 

S eater than DEG (1. 16) ; therefore DHG is greater than 
GE, and hence the side DG or DF is greater than DH ; 
therefore the line EG must lie between 1^ and ED, or the 
point F must be below EG. 

Because AB is equal to DE, and AC to DG, the two 
sides BA, AC, are equal to the two ED, DG, each to each, 
and the angle BAC is equal to the angle EDG; therefore 
the base BC is equal to the base EG (1. 4) ; and because 
DG is equal to DF, the ande DFG is equal to the angle 
DGF (1. 5) ; but the angle DGF is greater than the and.e 
EGF; therefore the angle DFG is greater than EGF; 
and stiU greater is the angle EFG than the angle EGF ; 
and because the angle EFG of the triangle EFG is greater 
than its angle EGF, and that the greater side is opposite t# 
the greater an^e (1. 19), the side EG is therefore greater 
than the side EF ; but EG is equal to BC ; and therefore 
also BC is greater than EF. 

PBOFOSinOK XXV. THEOREM. 

If two triangles have two sides of the one equal to two 
Bides of the other, each to each, but the base of the one 
greater than the base of the other, the angle contained by 
the sides of that which has the greater base, i&aU be greater 





I-IBSIBOOK. 'S3 

than the angle contained by ihe sides eqiial to them, xii&e 
other. 

Let ABO, DEF, be two triangles whicli haye the two 
Bides A6, AC, equal to the two sides DE, DF^ eack to 
each ; namely, AB equal to DE, and 
AC to DF; but the base CB is 
greater than the base EF ; the angle 
BAG is likewise greater than me 
an^e EDF. b c - jr 

For, if it be not greater, it must either be equal to it, or 
less ; but the angle BAG is not equal to the angle EDF, 
because, then, the base BG would be equal to EF (1. 4), 
but it is not ; therefore the angle BAG is not equal to the 
angle EDF ; neitber is it less ; because then the base BG 
would be less tban tbe base EF (I. 24) ; but it is not ; 
tberefore tbe angle BAG is not less tban tbe angle EDF ; 
and it was sbown tbat it is not equsd to it ; tberefore tbe 
angle BAG is greater than the angle EDF. 

FBOFOSITION XXVI. THEOREM. 

If two triangles have two angles of the one equal to two 
angles of the others each to each, and one side equal to 
one side ; namely, either the sides adjacent to the equal 
angles, or the sides opposite to the equal angles in each ; 
then shall the other sides be equal, each to each ; and also 
the third angle of the one to the third angle of the other. 

Or, if two angles and a side in one triangle be respec- 
tiyely equal to two angles and a corresponding side in 
another trian^e, tbe two triangles shall be equal in every 
respect. 

Let ABG, DEF, be two triangles which have the angles 
ABG, BGA, equal to the angles DEF, EFD; namely, 
ABC to DEF, and BGA to EFD ; f p 

also one side equal to one side ; and 
first let those sides be equal which are 
adjacent to the angles that are equal 
in the two triangles, namely, BG to ____^ 
EF ; the other sides shall be equa^ ^ ^ *" 

each to each, namely, AB to DE, and AG to DF ; and the 
thixd angle BAG to the third angle EDF» 

n 
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For, if AB1)6 not eoiial to DE» one <tf them must bo the 
greater. Let AB be the greater of tiie two, and make BG 
equal to DE, and join GG ; therefore, because BG is equal 
to DE, and BC to EF, the two sides GB, BC, are equal to 
the two DE, EF, each to each; and the angle GBO is equal 
to the angle DEIF; therefore the base GO is equal to the 
base DF (1. 4), and the triangle GBG to the triangle DEF, 
and the omer angles to the other angles, each to each, to which 
the equal sides are ^posite ; therefore the angle GOB is 
equal to the angle DFE ; but DFE is, by the hypothesis, 
equal to the an^e BOA ; wherefore also the angle BOG is 
equal to the angle BOA, the less to the greater/r^ch is im- 
possible ; therefore AB is not unequal to D}^ that is, it is 
equal to it ; and BO is equal to EF ; therefore the two AB, 
BO, are equal to the two DE, EF, each to each ; and the 
angle ABO is equal to the angle DEF ; the base therefore 
AC is equal to tne base DF, and the third angle BAO to 
the third angle EDF. 

Next, let the sides which are opposite to equal angles in 
each triandle be equal to one another, J^ 
namely, J& to DE ; likewise in this 
case, the other sides shall be equal, AO 
to DF, and BO to EF ; and also the 
third angle BAO to the third EDF. 

For, if BO be not equal to EF, let 
BO be the greater of them, and make BH equal to EF, 
and join AH ; and because BH is equal to EF, and AB 
to DE, the two AB, BH, are equal to the two DE, EP, 
each to each ; and they contain equal angles ; therefore the 
base AH is equal to the base DF, and the triangle ABH to 
the triangle DEF, and the other angles shall be equal, each 
to each, to which the equal sides are opposite ; therefore the 
angle BHA is equal to the angle EFD ; but EFD is equal 
to the angle BOA ; therefore also the angle BHA is equal 
to the angle BOA, that is, the exterior angle BHA of the 
triangle AHO is equal to its interior and opposite angle 
BOA ; which is impossible (1. 16) ; wherefore BO is not 
unequal to EF, that is, it is equal to it ; and AB is equal 
to DE ; therefore ^e two AB^ BO, are equal to the two 
DE, EF, each to each ; and they contain equal angles ; 
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wherefore the haie AC if equal to the hase DF, and lihe 
third angle BAC to the third angle EDF. 

raOPOSITION XXVII* THEOREM. 

K a straight line ^ling upon two other straight lines 
makes the altemate angles equal to one another, &ese two 
straight lines shall he parallel. 

Let the straight line EF, which falls npon the two straight 
lines AB, CD, make the alternate angles AEF, EFD, equal 
to one another; AB is parallel to CD. 

For, if it he not parallel, AB and CD, being produced, shall 
meet either towards B, D, or towards A, C ; let them be 
produced and meet towards B, D, in ^ 
the point G ; therefore GEF is a tri- 
angle, and its exterior angle AEF is 
greater (I. 16) than the interior and 
opposite angle EFG ; but it is also equal to it, which is infr- 
possible; therefore AB and CD being produced, do not 
meet towards B, D. In like manner it may be demon- 
strated, that they do not meet towards A, C ; but those 
straight lines which meet neither way, though produced 
erer so far, are parallel to one anothar (D^. 3o). AB 
therefore is parallel to CD. 

PBOPosinoN xxYin. theorem. 

If a straight line filing upon two other straight lines 
makes the exterior angle equal to the interior and opposite 
trpon the same side of the line, or makes the interior angles; 
upon the same side together equal to two right angles, the 
two straight lines shall be parsdlel to one another. 

Let the straight line EF, which fiiUs ^on the two straight 
lines AB, CD, make tibe exterior angle EQB equal to the m- 
terior and opposite angle GHD upon the 
same side ; or make the interior aneles ^l^ 
on the same side BOH, GHD, together 
eqtial to two right an^es ; AB is ji^nallel g 
to CD. ^ 

Because the angle EGB is equal to the 
angle GHD, and the an^le EGB equal to the an^e AGH 
(1. 15), the an^e AGH is equal to l^e angle QBD; and 
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ihey are the akemate angles ; tiiexefore AB is paxaQel to 
CD (1. 27). Again, because the angles BGH, GHD, are 
equal (by Hyp-) to two right angles ; and that AGH, BGH, 
are also equal to two right angles (1. 13} ; the angles AGBE, 
BGH, are equal to the angles BGH, GHD. Take away 
the common angle BGH; therefore the remaining angle 
AGH is equal to the remaining angle GHD ; and they are 
alternate angles; therefore AB is parallel to CD. 

PBOFOSmOX XXIX. THEOREM. 

If a straight line fall upon tfro parallel straight lines, it 
makes the aJtemate angles equal to one another ; and the 
exterior angle equal to the interior and opposite upon the 
same side ; and likewise the two interior angles upon the 
same side together equal to two right angles. 

Let the straight line £F Ml upon the parallel straight 
lines AB, CD ; the alternate angles AGH, GHD, are equal 
to one another ; and the extenor angle EGB is equal to the 
interior and opposite, upon the same side, GHD ; and the 
two interior angles BGHj GHD, upon the same side, are 
together equal to two right angles. 

For if AGH be not equal to GHD, let KG be drawn 
making the angle KGH equal to GHD, and produce KG 
to L; then KL will be pan^el to 
CD a. 27) ; but AB is also paraUel 
to CD ; therefore two straight lines a^^^^^..,.^^^^'-^ ' a 
are drawn through the same point ''''' 
G, parallel to CD, and yet not co- ^' 
inciding with one another, which is 
impossible (Ax. 11). The angles AGH, GHD, therefore 
are not unequal ; that is, they are equal to one another. 
J^ow, the angle EGB is equal to AGH (1. 15) ; and AGH 
is proved to be equal to GHD ; therefore EGB is likewise 
equal to GHD ; add to each of these the angle BGH ; 
therefore the angles EGB, BGH, are equal to the angles 
BGH, GHD ; but EGB, BGH, are equal to two right 
angles (1. 13) ; therefore also BGH, GHD, are equal to 
two right angles. 

CoB.~If two lines KL and CD make, with BF, the two 
angles KGH, GHC, together less tiuun two right 
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angles, KQ- aad OH ynSL meet on the side of EF 
on which ihe two angles are that are less than two 
right angles. 
For, if not, KL and CD are either parallel, or they meet 
on the other side of EF; but thej are not parallel ; for die 
angles KGH, GHC, wonld then be equal to two ri^t 
angles. Neither do they meet toward the points L and D ; 
for the angles LGH,-GHD, wonld then be two angles of a 
triangle, and less than two right angles ; but this is impos- 
sible ; for thQ four angles KGH, HGL, CHG, GHD, are 
together equal to four right angles, of which the two KGH, 
CHG, are by supposition less than two right angles ; there- 
fore the oth.er two, HGL, GHD, are greater than two right 
angles. Therefore, since KL and CD are not parallel, and 
do not meet towards L and D, they will meet if produced 
towards K and C. 

FROFOSmON XXX. THEOREM. 

Straight lines which are parallel to the same straight line 
are parallel to one another. 

Let AB, CD, be each of 'them paraHel to FF, ABis also 
parallel to CD. 

Let the straight Ime GHK cut AB, EF, CD ; and because 
GHK cuts the parallel straight lines AB^ EF, the angle 
AGH is equal to the angle GHF (1. 29). 
Again, because the straight line GK cuts ^ 
the parallel straight lines EF, CD, the ^ 
angle GHF is equal to the angle GKD ; *" 
and it was shown that the angle AGK 
is equal to the angle GHF; therefore 
also AGK is equal to GKD, and they are alternate angles i 
therefore AB is parallel to CD (L 27). 

PROPOSITION XXXI. PROBLEM. 

To draw a straight line through a given point parallel to 
a given straight line. 

Let A be the giren point, and BC the given straight line ; 

it is required to draw a straight line i a ^ 

throuffht £ke point A, parallel to the ^y^ , 

straight line BC. » ^ * ■■■ g 
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In BO take any point D, and join AD ; and at the point A, 
in the straight line AD make (L 23) the angle DAE equal 
to the angle ADC ; and produce the straight line EA to F. 
. Because the strai^t line AD, Tfhich meets the two 
straight lines BC, EF, nifkes the alternate angles EAD, 
ADO, equal to one anoth^, EF is parallel to iSo (L27)* 
Therefore the straight line EAF is drawn through the giTen 
point A parallel to the giTen straight lina BO. 

FROPOBITIOK XXXn. THEOREM. 

If a side of any triangle he produced, the exterior angle 
18 equal to the two interior and opposite angles ; and vie 
tbiee interior angles of eyeij triangle are equal to two right 
singles. 

Iiet ABO he a triangloi and let one of its »des BO be 
produced to D ; the exterior angle ACD is .equal to the two 
interior and opposite angles OAB, ABO, and the three in- 
terior angles of the triangle ; namelj, 
ABO, BOA, OAB, are t^ether equal 
to two right angles. 

Through the point O draw OE pa- 
rallel to the straight line AB (1. 31) ; and because AB is 
parallel to OE and AO meets them, the alternate angles 
BAO, AOE, are equal (1. 29). Again, because AB is pa- 
rallel to OE, and BD falls upon them, the exterior angle 
EOD is equal to the interior and opposite angle ABO ; but. 
the angle AOE was shown to be equal to the angle BAO ; 
therefore the whole exterior angle AOD is equal to the two 
interior and opposite angles OAB, ABO ; to these angles 
add the angle AOB, and the angles AOD, AOB, are equal 
to the three angles OBA, BAO, AOB ; but the angles 
AOD, AOB, are equal to two right angles (1. 13) ; there- 
fore also the angles OBA, BAO, AOB, are equal to two 
right angles. 

OoR. 1. — ^All the interior angles of any 
rectilineal figure, together with four 
right angles, are equal to twice as _^ '■ -->^ 
many right angles as the figure has *^ 




For any rectilineal figure ABODE can. 




lie divided info as many tiian^ as the figure has sides, 
bj drawing straight lines from a point F within the fignre 
to each of its angles. And, hy the preceding prc^KMiition, 
all Ihe angles of these triangles are equal to twice as many 
light angles as there are triangles ; that is, as there axe sides 
of the %ure; and the same angles are equal to the angles 
of the figure, together with the angles at the point F, wmc^ 
is the common vertex of the triangks; that is (L 15, Cor. 3), 
together with four right angles. Therefore aU the angles of 
tiie %ure, together with four ri^ht angles, are equal to 
twice as many right ansles as the ngure has sides. 

Let the sum of the mterior angles be denoted by I, the 
number of sides hy n, and a right angle by B^ then 

I + 4R=:2nR. 

Cob. 2. — ^All the exterior angles of any rectilineal figure 
are together equal to four right angles. 

Because eyery interior angle ABO, 
with its adjacent exterior ABD, is 
equal to two r%ht angles (1.13); 
therefore all the interior, together 
with all the exterior angles of the fi- 
gure, are equal to twice as many right ^ 
angles as there are sides of the figure; 
that is, by the foregoing oorollaiy, they 
are equal to all the interior angles of the figure, together 
with four right angles ; therefore all the exterior angles are 
equal to four right angles. 

PROPOSITION XXXni. THEOREM. 

The straight lines which join the extremities of two equal 
and parallel straight lines, towards the same parts, are also 
themselycs equal and paralleL 

Let AB^ CD, be equal and parallel straight lines, and 
joined towards the same parts by the straight lines AC, 
BD ; AC, BD, are also equal and paralleL a 

Join BC ; and because AB is parallel to 
CD, and BC meets them, the alternate 
angles ABC, BCD, are equal (i. 29) ; and 
beouise AB is equal to CD, and BC common to the two 
triangles ABC, DCB» the two sides AB^ BC, are equal to 
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the two DC, CB ; and the angle ABC is equal to the ande 
BCD ; therefore l^e base AC is equal to the base BD (1. 4), 
and the triangle ABC to the triangle BCD, and the other 
angles to the other angles, each to each, to which the eqnal 
sides are opposite ; therefore the angle ACB is equal to the 
angle CBD ; and because the straight line BC meets the 
two straidit lines AC, BD, and makes the ahemate andes 
ACB, CBD, equal to one another, AC is paiafld to BD 
(1. 27) ; and it was shown to be equal to it. 

Cob.— -If two equal perpendiculars be drawn to a steaight 
line on the same side of it, the straight line joinmg 
their extremities is parallel to the ibnner, and equal to 
the intercepted part of it. 

For the perjpendiculars are equal and also parallel (1. 28) ; 
therefore the hues joining their extremities are equal and 
parallel. 

FROPosrnoN xxxiv. thboreh. 

The opposite sides and angles of parallelograms are equal 
to one another, and the diagonal bisects them ; that is, di- 
vides them in two equal parts. 

Let ACDB be a parallelogram, of which BC is a diagonal ; 
the opposite sides and angles of the figure are equal to one 
another, and the diagonal BC bisects it. 

Because AB is piffallel to CD, and BC meets them, the 
alternate angles ABC, BCD, are equal to one another 
(1. 29) ; and because AC is parallel to jBD, 
and BC meets them, the alternate angles 
ACB, CBD, are equal to one another; 
wherefore the two triangles ABC, CBD, 
have two angles ABC, BCA, in one, equal to two andes 
BCD, CBD, in the other, each to each, and one side JBG 
common to the two triangles, which is adjacent to their 
equal angles ; therefore their otiber sides shall be equal, edch 
to each, and the third angle of the one to the third angle ot 
the other (1, 26) ; namely, the side AB to the side CD, and 
AC to BD, and the angle BAC equal to the angle BDC : 
And because the angle ABC is equal to the angle BCD, 
and the angle CBD to the angle ACB, the whole ai^le 
ABD is equal to the whole angle ACD : And the an^ 
BAC has be€^ shown to be equal to the ai^le BDC; therC"' 
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fore the opposite sides and an^ieB of parallelograms are equal 
to one another : also, tbeir diagonal bisects them ; for AB 
being equal to CD, and BC common, the two AB, BC, are 
equsd to the two DC, CB, each to each ; and the angle 
ABC is equal to the angle BCD ; therefore the triangle 
ABC is equal to the triangle BCD (1. 4), and the diagonal 
BC diyides the parallelogram ACDB into two equal parts. ' 
Cor. 1. — ^Pax^el lines are equidistant. 
For, if from two points in one of them perpendiculars 
be drawn to the other, thej are parallel (1. 28), and the two 
lines intercepted between them are parallel; therefore a 
parallelogram is £)imed, of which the perpendiculars are 
opposite sides, and are therefore equal. 

Cob. 2.^— -Hence two triangles or two parallelograms be- 

.. tween the same parallels have tlie same altitude ; and 

if they have the same altitude, and be on the same side 

of bases that are in the same straight line, they are 

between the same parallels. (1. 33, Cor.) 

PROPOSITION XXXV. THEOREM. 

Parallelograms upon the same base and between the same 
paraJlels, are equal to one another. 

Let the parallelograms ABCD, EBCF (see the 2d and' 
3d figures), be upon the same base BC, and between the 
same parallels AF, BC, the parallelogram ABCD shall be 
equal to the parallelogram EBCF. 

If the sides AD, DF, of the parallelograms ABCD, 
DJBCF, opposite -to the base BC, be termi- jl. 
nated in the same point D, it is plam that 
each of the parallelograms is double of the 
tdioigle BDC (I. 34) ; and they are there- 
fore equal to one another. 

But, if the sides AD, EF, opposite to the base BC of the 
paralldograms ABCD, EBCF, be not terminated in the 
same point, then, because ABCD is a parallelogram, AD is 
equal to BC ; for the same reason EF is equal to BC ; where*^ 
f6re AD is equal to EF (Ax. I) ; and DE is common f 
thorefbre (Ax. 2 or 3) the whole or the remainder AE is 
e^ual to the whole or the remainder DF ; AB also is equal 
to DC ; and the two EA, AB,. are therefore equal io the 
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two FD, DC, eadi to each ; and the exterior angle FDCis 

equal (1. 29) to the interior 

EAB; ^erdbre the base £B 

IS eqiud to the base FC, and 

the triangle EAB eqnal to 

Ike triangle FDO (I. 4) ; 

take the triangle FDC from the trapezium ABCF, and from 

the same trapezium take the triangle EAB, the remainders 

liierefbre are equal (Ax. 3) ; that is, the parallelogram 

ABCD is equal to the parallelogram EBCF. 

PROPOSITION XXXTI. THEOREM. 

Parallelograms upon equal bases, and between the same 
parallels, are equal to one another. 

Let ABCD, EFGH, be parallelograms upon equal bases 
BC, FG, and between the same pa- 
rallels AH, BG, the parallelogram 
ABCD is equal to £FGE(. 

Join BE, CH ; and because BC is 
equal to FG, and FG to EH (1. 34), 
BC is equal to EH ; and thej are parallels, and joined to- 
wards the same parts by the straight lines BE, CH ; there- 
fore (1. 33) EB, CH, are both equal and parallel, and EBCH 
is a parallelogram ; and it is equal to ABCD (1. 35), bo- 
cause it is upon the same base BC, and between the samo 
parallels BC, AH : For the like reason, the parallelogram 
KFGH is equal to the same EBCH ; therclbre also tiie 
parallelogram ABCD is equal to EFGH.~ 

PROPOSITION XXXVn. THEOREM. 

Triangles upon the same base, and between the same pa- 
rallels, are equal to one another. 

Let the triangles ABC, DBC, be upon the same base BC 
and between the same parallels AD, BC ; the triangle ABO 
is equal to the triangle DBC. 

I^oduce AD both ways to the points E, F, and through 

B draw BE paraUel to CA (1. 31) ; and sJ ^^ / 

through C draw CP parallel to BD; \ /X\ / 
therefore, each of the figures EBCA, \// \/ 
DBCF, is a paiallelogram ; and EBCA Y Y 
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is equal to DBCF (1. 35), becante they are npcni the 
base BC) and between the same parallds BC, £F ; and the 
triangle ABC is the half of the parallelognm EBCA, be- 
cause the diagonal AB bisects it (1. 34) ; and the triande 
BBC is the half of the parallelogram DBCF, because Sie 
diagonal DC bisects it. But the halres of equal things are 
equal (Ax. 7) ; th^efi^re the triangle ABC is equal to llie 
triangle DBC. 

FROPOSmON XXXYin. THEOREM. 

Triangles upon equal bases, and between the same pa- 
rallels, are equal to one another. 

Let the triangles ABC, DEF, be upon equal bases BC, 
£F, and between the same parsJlels BF, AD; the triangle 
ABC is equal to the triangle DEF. 

Produce AD both ways to the points G, H, and through 
B draw BG parallel (1. 31) to CA, and through F draw FH 
parallel to ED. Then eadi of the 
igures GBCA, DEFH, is a parallelo- 
gram ; and they are equal to one an- 
other (1, 36), because they are upon 

equal oases BC, EF, and between the same parallels BF, 
GH ; and the triangle ABC is the half of the parallelogram 
GBCA (1. 34), because the diagonal AB bisects it ; and 
^e triangle DEF is the half of the parallelogram DEFH, 
because the diagonal DF bisects it. But the halyes of equal 
things are equ^ (Ax. 7) ; ^erefore tlie triangle ABU iB 
equsu to the triangle DEF. 

PROPOSITION XXXIX. THBQBEM. 

Equal triangles upon the same base, and upon the same 
side of it, are between the same parallels. 

Let the equal triangles ABC, DBC, be upon the same 
base BC, and upon the same side of it; tiiey are between 
the same parallels. 

Join AD; AD is parallel to BC ; for, if it is not, through 
the point A draw (1. 31) AE parallel to BC, ^ 
and join EC ; the triangle ABC is equal to 
the triangle EBC (1. 37), because it is upon 
the same base BC^ and between the same pa- 
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rtSkh BC, AE. But the triangle ABC is equal to the tri- 
angle BDG ; therefore, also, the triangle BDC is equal to 
the triangle EBC, the greater to the less, which is impos- 
sible ; therefore AE is not parallel to BC. In the same 
manner, it can he demonstrated that no other line but AD 
is parallel to BC ; AD is therefore parallel to it. 

OoR. — ^This proposition is true of parallelograms. 

For, if ABC, BDC, be the halves of the panJlelograms, 
then, since AD is parallel to BC, the sides of the two pa- 
rallelograms passing through A and D, and being both pa- 
rallel to BC, must He in the same line with AD (Ax. 11). 

FROPOSinON XL. THEORBM. 

Equal triangles upon the same side of equal bases, that 
are in the same straight line, are between the same pa- 
rallels. 

Let the equal triangles ABC, DEF, be upon the same 
side of equal bases BC, EF, in the same straight line BF ; 
they are between the same parallels. 

Join AD ; AD is parallel to BC ; for, 
if it is not, through A draw (1. 31) AG 
parallel to BF, and join GF. The tri- 

jangle ABC is equal to the triangle GEF ^- ^ _ 

(1. 38), because thej are upon equal bases BC, EF, and 
between the same parallels BF, AG ; but the triangle ABC 
is equal to the triangle DEF ; therefore also the triangle 
DEF is equal to the triangle GEF, the greater to the less, 
which is impossible ; therefore AG is not parallel to BF. 
And in the same manner it can be demonstrated that there 
is no other parallel to it but AD ; AD is therefore parallel 
toBF. 

CoR. — ^This proposition is also true of parallelograms* 

It may be proved in the same manner as the Cor. to last 
proposition. 

PROPOSITION A. THEOREM. 

Equal triangles, between the same parallels, are upon 
equal bases. 

Let the areas of the triangles ABC, DEF, be equal, and 
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let them lie between the same p^andleU AG, CF, then theis 
bases AB, DE, are equal. 

If AB be not equal to DE, let it be 
greater, and make DG =: AB, and join 
G, F. Then, smce AB = DG, the tri- 
angles ABO, DGF, are equal (1. 38) ;i 
but the triangles ABC, DEF, are given equal; therefore the 
triangle DEF is equal to DGF, the less to the greater, which 
is impos^ble. Therefore the base AB is not great^ than 
DE, and in a similar manner it may be proved not to be 
less ; therefore AB = DE. 

CoR.—- This proposition is true of parallelograms. 

For, if ABC, DEF, be the halves of the parallelograms, 
Hb^j are equal, and therefore AB = DE. 

Scholium 1. — The preceding seven propositions, Tvith the 
corollaries to the last three, are also true, when the term 
altitude is substituted for the expression between the same 
parallels ; observing, that in the last three propositions it is 
not necessary that the two triangles or parallelograms be 
upon the same sides of their bases, or that their bases be in 
the same straight line ; for when the two £gures do not fulfil 
these conditions, other two equal to them, in every respect 
may be constructed so as to fuMl them (I. 22), and the 
demonstrations will apply to the latter (1. 34, Cor. 2).- 

SchoL 2.— *It appears from these propositions, also, that 
of these three conditions — the equality of the bases, of 
the altitudes, and of the areas of two parallelograms or tri- 
angles— ^if any two be given, the tlurd wiU also be ful- 
filled : that is, if the bases and altitudes be equal, the areas 
are equal ; if the bases and areas be equal, the altitudes are 
equal ; and if the areas and altitudes be equal, the bases are 
equaL 

FBOFOSmON XLI. THBOBEM. 

If a parallelogram and a triangle be upon the same base, 
and between the same parallels, the parallelogram shall be 
double of the triangle. 

Let the parallelogram ABCD and the triangle EBG be 
lipon the same base BC, and between the same paraUek BC, 
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AE^ the paralldogram ABGD k double of a. 
die triangle EBC. 

Join AC ; then the triangle ABC is eooal 
to the triangle EBC (I.37)> because they 
are upon the same base BC, and between the 
same parallels BC» AE. But the parallelogram ABCD is 
double of the triangle ABC (1. 34), because the diameter 
AC diyides it into two e^ual parts ; wherefore ABCD is 
also double of the triangle EBC. 

PROFOSinON XLn. PROBLEM. 

To describe a parallelogram that shall be equal to a giren 
triangle, and haye one of its angles equal to a given recti- 
lineal angle. 

Let ABC be the giren triangle, and D the given rectili- 
neal angle. It is required to describe a parallelogram that 
shall be equal to the given triangle ABC, and have one of 
its angles equal to D. 

Bisect (1. 10) BC in £, join AE, and at the point E in 
the straight hne EC make (1. 23) the angle CEF equal to 

D ; and through A draw AG parallel to a t a, 

EC (1. 31), and through C draw CG pa- 
rallel to EF ; therefore FECG is a paral- 
lelogram. And because BE is equal to EC, 
the triangle ABE is likewise equal to the b~ 
triangle AEC (1. 38), since they are upon equal bases BE, 
EC, and between the same parallels BC, AG ; therefore the 
tziangle ABC is double of the triangle AEC. And the pa- 
rallelogram FECG is likewise double of the triangle ArlC 
(I. 41), because it is upon the same base, and between the 
same parallels ; therefore the parallelogram FECG is equal 
to the triangle ABC, and it has one of its angles CEF equal 
to the given angle D ; wherefore there has been descnbed 
a parallelogram FECG equal to a given triangle ABC, 
having one of its angles CEF equal to the given angle D. 

FBOPosinoN xi.ni. theorem. 
The complements of the parallelograms which are about 
the diagonal of any parallelogram, are equal to one another. 

Let ABCD be a parallelogram, of which the diagonal is 
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AG ; let EH, FG, lae 4he paxaUelograins abont AC ; &at li, 

through wlicK AG passes, and BK, KD, A_a s 

the other parallelogranis which make up Ihe ^^ 
Yrhole figure AB^D, which are therefore 
called the complements. The complement 
BK is equal to the complement KD. 

Because ABGD is a parallelogram, and AG its diagonal, 
the triangle ABG is equal to the triangle ADC (1.34). 
And because EKHA is a parallelogram, the diagonal ii 
which is AK, the triangle A£K is equal to the triangle 
AHK. For iJie same reason, the triangle KOG is equal to 
the triangle KFC. Then, because the triangle AEK is 
equal to the triangle AHK, and the triangle KGG to KFC; 
the triangle AEK, together with the triangle KGG, is equal 
,. to the triangle AHK, together with the triangle KFG. but 
the whole triangle ABG is equal to the whole ADG ; there- 
fore the remainmg complement BK is equal to the remain-- 
ing complement KD. 

PBOPOSITION XLIV. PBOBLEM. 

Tq a given straight line to apply a parallelogram, which 
shall be equal to a given triangle, and have one of its angles 
equal to a given rectilineal angle. 

Let AB be the given straight line, and G the given tri- 
angle, and D the given rectilineal angle. It is reqiured to 
apply to the straight line AB a parallelogram equal to the 
triangle G, and having an angle equal to D. 

Make (1. 42) the parallelogram BKFG equal to the tri- 
angle G, and having the angle EBG equal to the angle D, 
' so that BE be in the same straight line with AB, and pro- 
duce FG to H ; and through A 
draw (1. 31) AH parallel to BG 
or EF, and join HB. Then be- 
cause the straight line HF faHs 
upon the parallels AH, EF, the 
angles AHF, HFE, are together equal to two right angled 
(1. 29) ; wherefore the an^es BHF, HFE, are less than 
two right angles. But straight lines, which, with another 
0traight line, make the interior angles upon the same side 
less than two right angles^ do meet if produced &r enough; 
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iherefere HB, FE, shall meet, if produced ; let them meet 
in K, and through K draw KL parallel to EA or FH, and 
produce HA, GB, to the points L, M. Then BLKS is a 
parallelogram, of which the diagonal is HK ; and AG, ME, 
are the parallelograms about HK ; and LB, BF, are the 
complements ; therefore LB is equal to BF (1. 43). But 
BF IS equal to the triangle O ; wherefore LB is equal to the 
triangle ; and because the angle GBE is equal to, the 
angle ABM (L 15), and likewise to the angle D ; the angle 
ABM is equal to the angle D ; therefore tiie parallelogram 
LB is applied to the straight line AB, is equal to the tri- 
angle C, and has the angle ABM equal to the angle D. 

PROPOSITION JOsY. PROBLEM. 

To describe a parallelogram equal to a giren rectilineal 
f gure, and having an angle equal to a giyen rectilineal 
angle. 

- Let ABCD be the given rectilineal figure, and E the 
giyen rectilineal angle. It is required to describe a paral- 
kl<^ram equal to ABCD, and having an angle equal to. £. 
Join DB, and describe (1. 42) the parallelogram FH equal 
to the triangle ABD, and having the angle HKF equal to 
the angle E ; and (1. 44) to n. 
the straight line GH applj 
the paraUelogram GM equal 
to the triangle DBC, having 
the angle GHM equal to the 
angle E. And because the 
angle E is equal to each of the angles FKH, GHM, the 
angle FKH is equal to GHM ; add to each of these the 
angle KHG ; therefore the angles FKH, KHG, are equal 
to the angles KHG, GHM ; but FKH, KHG, are equal to 
two right angles (1. 29) ; therefore also KHG, GHM, are 
equal to two right angles; therefore KH is in the same 
straight line (1. 14) with HM. And because the straight 
line UG meets the parallels KM, FG, the alternate ^gles 
MHG, HGF, are equal ; add to each of these the aattrle HGL ; 
therefore the angles MHG, HGL, are equal t^'Sie angles 
HGF, HGL ; but the angles MHG, HGI^ ateetmsl to two 
fight angles ; wherefore abo the angles HGF, ttGI^ are 
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equal tq/wo right angles, and FG is therefore in the same 
straight line with GL. And hecanse KF is parallel to HG, 
and HG to ML, KF is paraUel to ML (1. 30) ; hut KM, 
FL, are parallels; wherefore KFLM is a parallelogram. 
And hecause the triangle ABD is equal to the parallelogram 
HF, and the triangle DBC to the parallelogram GM, the 
whole rectilineal figure ABCD is equal to the whole paral- 
lelogram KFLM ; therefore the parallelogram KFLSI has 
been described equal to the given rectilineal figure ABCD, 
having the angle FKM equal to the given dngle E. 

Cor. — ^From this it is manifest how to a given straight 
line to applj a parallelogram, which shall have an angle 
equal to a given rectilineal angle, and shall he equal to 
a given rectilineal figitte ; namely, by applying to the 
given straight line a parallelogram equsJ to the first 
triangle ABD (1. 44), and having an angle equal to 
the given angle. 

PROPOSITION B. PROBLEM. 

To describe a triangle that shall be equal to a given recti- 
lineal figure. 

Let ABCDE be the given figure, to find a 
triangle equal to it. 

Produce the side AB towards F kad G ; 
join D, B, and firom C draw CG parallel to 
DB, and join D, G. Also, join A, D, and ** -»- » <* 
through E draw EF parallel to AD, and join D, F. FDG 
is the triangle required. 

For, since DB and GC are parallel, the triangles DGB 
and DCB are equal (1. 37)- For a similar reason, the tri- 
angles AED and AFD are equal ; therefore the triangles 
AFD, BGD, together are equal to AED and BCD; and 
adding ADB to these equals, the whole triangle FDG is 
equal to the figure ABCDE. 

SchoL—^y means of this problem any crooked boundary 
may be rectified ; ^at is, a straight line may be found that 
will cut off the sam^ space on each side of it that the crooked 
boundary does. By means of the parallel ruler, this straight 
boundary may be easily found. The problem is of great 
utility in land*surveyuig. 

B 
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PROPOSITION XLVI. PROBLEM. 

To describe a square upon a given straight Hne. 

Ijet AB be the given straight line ; it is reqinred to de> 
, scribe a square upon AB. 

From the point A draw (1. 11) AC at right aen^les to AB, 
and make (1. 3) AD equal to AB, and (1. 31) through Ae 
point D draw DE parallel to AB, and through ^ 
B draw BE parallei to AD ; therefore ADEB j^ 
is a paraUelogram ; whence AB is equal to DE 
(1. 34), and AD to BE. But BA is equal to 
AD ; th^pefore the feur straight lines BA, AD, 
DE, EB^ are equal to one another, and the pa- a 
rallelogram ADEB is equilateial. It is likewise reictangu- 
kr ; for the straight line AD mee^gthe parallels AB, DE, 
makes the angles BAD, ADE, eqiml to two right angles 
(1. 29). But BAD is a right angle ; therefore also ADE is 
a right angle. Now, the opposite angles of parallelograms 
are equal ; therefore each.of Ihe opposite angles ABE, BED, 
is a nght angle ; wherefore the figure ADEB is rectangular, 
and it has been demonstrated that it is equUateral ; it is 
therefore a square, and it is desmbed upon the given s^ght 
line AB. 

OoR* — ^Hence every parallelogram that has one right angle 
has all its angles right angles. 

PROPOSITION XLVH. XHEORBBC 

In any right-wangled triangle, the square which is described 
upon the side .subtending die right au^e, is equal to the 
squares described upon the sides whim contain the r%bt 
angle. 

Let ABC be a right-angled triangle 
having the right angle BAG ; the square 
described^upon the side BC is equal to »> 
the squares described upon BA, AC. 

On BC describe (I. 46) the square 
BDEC, and on BA, AC, iiie squares 
GB, HC ; and (1. 31) through A draw 
AL parallel to BD or CE, and join AD, 
FC; then, because each of the angles 
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BAO, BAG, is a right angle (Def. 29), the two slight 
lines AC, AG, are in the same straight line (1. 14) ; for 
the same reason, AB and AH -aie in llie same straight line ; 
asid because iiie angle DBC is equal to the angle FBA, 
each of them being a right angle, add to each the angle. 
ABC, and the whole angle DBA is equal to the whole FBC 
(Ax. 2) ; and because the two sides AB, BD, are equal to 
the two FB, BC, each to each, and the andle DBA equal to 
the angle FBC, therefore (I. 4) the base AD is equal to the 
base FC, and the triangle ABD to the triangle FBC. Now, 
the parallelogTam BL is double of the triangle ABD (1. 41), 
because thej are upon the same base BD, and between tlie 
same parallels BD, AL ; and the square GB is double of 
the triangle FBC, because these also are upon the same base 
FB, and between the same parallels FB, GC. But the 
doubles of equals are equal to one other (Ax. 6) ; therefore 
thej>arallelogram BL is equal to the square GB. And, in 
the same manner, by joining AE, BK, it is demonstrated 
that the parallelogram CL is equal to the square HC. There- 
fore the Avhole square BDEC is equal to the two squares 
OB, HC ; and the square BDEC is described upon the 
straight line BC, and the squares GB, HC, upon BA, AC ; 
wherefore the square upon the side BC is equal to the 
squares upon the sides BA, AC. 

CoR. — ^The square of either of the sides of a right-angled 

triangle, is equal to the dijHerence between the squares 

of the hypotenuse and the other side. 

For BC2 = Al^ + AC2, and taking AC^ from both 

these equals, there remains BC^ — AC^ = AB^ ; or taking 

A» from both, then BC^ _ AB^ = AC^. 

Or, csdling the hypotenuse, the base, and the perpendi- 
cular, H, B, and P, respectively, H^ =: B^-f- P^ There- 
fore H^ — B^ = P^ ; and H^ — p2 = B^. 

PROPOSITION XLVm. THEOREM. 

K the square described upon one of the sides of a triangle, 
be equal to the squares described upon the other two sides 
of it, the angle contained by these two sides is a right angle. 

If the square described upon BC, one of the sides of the 
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triangle ABC, be equal to the squares upon the other sides 
BA, AC, the angle BAC is a right ande» 

From the point A draw (1. 11) AD at right angles to 
AC, and make AD equal to BA, and join DC. Then, be- 
cause DA is equal to AB, the square of DA is 
equal to the square of AB. To each of these 
add the square of AC ; therefore the squares of 
DA, AC, are equal to the squares of BA, AC. 
But the square of DC is equal to the squares of b" 
DA, AC (I. 47), because DAC is a right angle ; and the 
square of BC, by hypothesis, is equal to the squares of BA, 
AC ; therefore the square of DC is equal to the square of 
BC ; and therefore also the side DC is equal to the side 
BC. And because the side DA is equal to AB, and AC 
common to the two triangles DAC, BAC, and the base DC 
likewise equal to the base BC, the angle DAC is equal to 
the angle BAC (1. 8). But DAC is a right angle ; there- 
fore ako BAC is a right angle. 

EXERCISES. * 

1. A line^ that bisects the vertical angle of an isosceles 
triangle, also bisects the base perpendicularly. 

2. If the vertical angle of an isosceles triangle be a right 
angle, each of the angles at the base is half a right angle. 

3. If a side of an isosceles triangle be produced beyond 
the vertex, the exterior angle is double of either of the 
angles at the base. 

4. Of all lines that can be drawn from a given point to a 
given line, the perpendicular upon it is the least ; and of all 
others, that which is nearest to the perpendicular is less than 
one more remote ; and only two equal lines can be drawn to 
it from that point, one upon each side of the perpendicular. 

5. If the exterior angle and one of the opposite interior 
angles, in one triangle, be double those of another, the re- 
maining opposite interior angle of the former, is double that 
of the latter. 

Note, — ^This proposition is the geometrical principle on 
which the construction of Hadley s quadrant depends. 

* When the word line is used^ straight line is understood, unless 
Otherwise expressed. 
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6. If two intersecting lines "be respectiTely parallel, or 
equally inclined, to other two intersecting lines, tide inclina- 
tion of the former is equal to that of the latter. 

7. The difference hetween two sides of a triangle is less 
than the third side. 

8. The sum of two sides of a triangle is greater than 
twice the line joining the vertex and the middle of the hase. 

9. Half the base of a triangle is greater than, equal to, or 
less than, the line joining the middle of the base and the ver- 
tex, according as the vertical angle is obtuse, right, or acute. 

10. In a given straight line to find a point equally dis- 
tant from two given points. 

1 1 . If two Imes bisect the angles at the hase of a triangle^ 
the line joining their point of intersection and the vertex, 
bisects the vertical angle. 

12. If two lines hisect perpendicularly two sides of a tri- 
angle, the perpendicular, from their point of intersection 
upon the hase, will hisect it. 

13. To find a point in a given line such, that lines drawn 
from it to two given pomts, will make equal angles with the 
given line. 

14. If a Hne be bisected perpendicularly by another line, 
every point in the latter is equally distant from the extre- 
mities of the former ; and any point not situated in the latter 
is at unequal distances from the extremities of the fonner. 

15. Through a given point, between two given lines, to 
draw a line so that the part of it intercepted between them, 
may be bisected in that point. 

16. The angle contained by a line drawn from the vertex 
of a triangle perpendicular to the hase, and another hisect- 
ing the vertical angle, is equal to half the difference of the 
angles at the hase. 

17. If from any point in the base of an isosceles triangle 
perpendiculars be drawn to the sides, their sum will be equal 
to the perpendicular from either extremity of the base upon 
the opposite side 

18. The sum of the perpendiculars drawn from any point 
within an equilateral triangle on the sides, is equal to the 
perpendicular from 'any of the angular points upon the op- 
posite side. 
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19. Giren. the sua of tlie hypotenuse aod a side ci a 
right-angled triangle^ and also the remaiidBg side, to ooa- 
struct it. 

20. Given the sum of the sides of a triangle and the 
angles at the hase, to construct it. 

21. If two lines he drawn £eom the extrenoitiea of the 
hase oi a triangle to Insect the opposite sides^ the line join- 
ing their intersectioa with the y^rtex, if produced^ Tnll hi- 
sect the hase. 

22. If two polygons he oonstroeted on the same side of 
the same hase, the sum of the sides of the interior polj^n, 
if it he concaye internally, is less than the sum of ^e sides 
of the exterior figure. 
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DEFINITIONS. 



1. If a straight line he diyided or cut at any point, the 
point is called sl paint ofsaeHan, 

2. The distance of me point of section frmn the middle 
of the line, is called the mean distance. 

3. If the point of section lie hetween the extremities of 
tibe line, it is said to he cut internally ; and if hey<md one 
of the extremities, it is said to he cut extemaUy. 

4. The distances from a point of section of a line to its 
extremities, axe called seginenie ; which sa» said to he iTUer- 
nai or external^ according as the line is cut internally or 

externally. 

5. The rectande wukr, or eontakted 5>y, two lines, is a 
rectangle, of whidi these lines, or Imes equal to them, are 
two adjacent sides. The rectangle under two lines, as AB 
and BC, is sometimes concisely expressed thus, AB • BC ; 
or if A and B denote the lines, hy A*B. So the rectangle 
under a line, which is the sum of two lines A and B, uid 
a third line C, is enressed thus (A + B) C ; that und^ the 
excess of A aboye fe, and another line 0, by (A — B) C ; 
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and that under a Une equal to A + B, and another equal 
to A — B, by (A + B) (A — B). 

6. When a line is cut into two segm^ate, so that the 
rectaogle under the whole line and one of the se^ents i» 
equal to the square of the other segment, it is said to he cut 
medially^ or in medial section. 

7. Ajiy of the parallelograms about a diagonal of any 
parallelogracm, togellier with the tuvso complements, is called 
SL.ffno7non. 

Thus tie parallelogram HG, together 
with the complements AF, FC, is the 
gnomon, which is more briefly expressed 
by the letters AGK, or EHC, which are at " 
we apposite angles of the parallelograms 
nUch m^e the gnomon. 

FROPOSITXON I. THEOREM. 

If there be two straight hnes, one of which is divided 
into any number of parts, the rectangle contained by the 
two straight lines is equal to the rectangles contained by 
the undiyided line, and die seyeral parts of the divided line. 

Let A and BC be two straight lines, and let BC be di- 
Tided into any parts in the points D, E ; the rectangle con- 
tained by iiie straight lines A, BC, is equal ~ - - - 
to the rectangle contained by A, BD, to- 
gether with that contained by A, DE, and 
uiat contained by A, EC. 

From the point B draw (1. 11) BF at ^ 
right angles to BC, and make BG equal iA> A (1. 3) ; 
wou^ G draw. GH parallel to BC (1. 31) ; and Ihroogh 
D, E, C, draw (1. 31) DK, EL, CH, paraUel to BG ; then 
the rectangle BH is equal to the rectangles B!K, DL, EH ; 
and BH is contained by A, BC, for it is contained by GB, 

BC, and GB is equal to A ; and BK is contained by A, 

BD, for it is contained by GB, BD, of which GB is equal 
to A ; and DL i» contained by A, DE, beeause DK, tbit 
is, BG (L 34), is equal to A ; and in like manner the rect- 
angle EH is contained bj A, EC ; therefore the rectangle 
contained by A, BC, is equal to the several rectangles con- 
twned by A, BD, and by A, DE, and also by A, EC. 
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PROPOSITION II. THEOREM. 

If a straiglit line be diyided into any two parts, tlie rect- 
angles contained by the wbole and each of the parts are 
together equal to the square of the whole line. 

Let the straight line AB be divided into any two parts in 
the point C ; the rectangle contained by AB, BC, together 
with the rectande AB • AC, shall be equal to ■^— C— 9 
the square of A!jd. 

Upon AB describe (1. 46) the square ADEB, 
and through C draw CF, parallel to AD or BE 
1. 31) ; then AE is equal to the rectangles AF, s 
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E ; and AE is the square of AB ; and AF is the rectangle 
contained by BA, AC ; for it is contained by DA, AC, of 
which AD is equal to AB ; and CE is contained by AB, 
BC, for BE is equal to AB ; therefore the rectangle con- 
tained by AB, AC, together with the rectangle AB'BC, is 
equal to the square of AB. 

PROPOSITION ni. THEOREM. 

If a straight line be divided into any two parts, the rect- 
angle contained by the whole and one of the parts is equal 
to the rectangle contained by the two parts, together with 
the square of the foresaid part. 

Let the straight line AB be divided into two parts in the 
point C ; the rectangle AB * BC, is equal to the rectangle 
AC'CB, together with the square of BC. 

Upon BC describe (1. 46) the square CDEB, and pro- 
duce ED to F, and through A draw AF -f^ ^ 
parallel to CD or BE (1. 31) ; then the 
rectangle AE is equal to the rectangles 
AD, CE. Now, AE is the rectangle con- 
tained by AB, BC, for it is contamed by r 
AB, BE, of which BE is equal to BC ; and AD is con- 
tained by AC, CB, for CD is equal to CB ; and DB is the 
square of BC ; therefore the rectangle AB * BC is equal to 
the rectangle AC'CB, together with the square of BC. 
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PROPOSITION rv. THEOREM. 

If a straiglit line be divided into any two parts, the square 
of the whole line is equal to the squares of the two parts, 
together with twice the rectangle contained hy the parts. 

Let the straight line AB he divided into any two parts 
in C ; the square of AB is equal to the squares of AC, CB, 
and to twice the rectangle contained by AC'CB. 

Upon AB describe the square ADEB (1. 46), and join 
BD, and through C draw CGF parallel to AD or BE (L 31), 
and through G draw HK parallel to AB or A- 
DE. And because OF is parallel to AD, and h 
BD falls upon them, the exterior angle BGC 
is equal to the interior and opposite angle 

ADB (1. 29) ; but ADB is equal to the angle ^ ^ ^ 

ABD (1. 5), because BA is equal to AD, being sides of a 
square ; wherefore the angle CGB is equal to the angle 
GBC ; and therefore the side BO is equal to the side CG 
(I. 6) ; but CB is equal also to GK (1. 34), and CG to 
BK ; wherefore the figure CGKB is equilateral. It is like- 
wise rectangular ; for the angle CBK being a right angle, 
the other angles of the parallelogram CGKB are also right 
angles (I. 4^ Cor.) ; wherefore CGKB is a square, and it 
is upon the side CB. For the same reason, HF also is a 
square, and it is upon the side HG, which is equal to AC ; 
therefore HF, CK, are the squares of AC, CB. And because 
the complement AG is equal (1. 43) to the complement GE, 
and because AG is the rectangle contained by AC, CG, that 
is, by AC, CB ; GE is also equal to the rectangle AC'CB ; 
wherefore AG, GE^ are equal to twice the rectangle AC • CB. 
And HF, CK, are the squares of AC, CB ; wner^ore the 
four figures HF, CK, AG, GE, are equal to the squares 
of AC, CB, and to twice the rectangle AC • CB. But 
HF, CK, AG, GE, make up the whole figure ADEB, 
which is the square of AB ; therefore the square of AB is 
equal to the squares of AC, CB, and twice the rectangle 
ACCB. 

Cor. — ^From the demonstration, it is manifest that the 
parallelograms about the diagonal of a square are like* 
wise squares. 
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PROPOSITION Y. THEOBBM. . 

If a straiglit line be divided into two eqpsl parts, and 
also into two unequal parts, the rectangle contained bj the 
unequal parts, together with the square of the line between 
the points of section, is eofoal to the square of half tiie line. 

Let the straight line AB be diyided into two equal parts 
in the point C, and into two unequal parts at the point D ; 
the rectangle AD * DB, together with the square of CD, is 
equal to the square of CB. 

Upon CB describe the square CEFB (I. 46) ; join BE, 
and through D draw DHG parallel to CE or BF (I. 31) ; 

and through H draw KIM parallel to a c . d 

CB or EF; and also through A draw F 
AK parallel to CL or BM. And be- *" 
cause the complement CH is equal to 
the complement HF (I. 43), to each of 
these add DM ; therennre the whole CM is equal to the 
whole DF ; but CM is equal to AL (I. 36), because AC is 
equal to CB ; therefore also AL is equal to DF. To eacJi 
of these add CH, and the whole AU is equal to DF and 
CH ; but AH is the rectangle contained by AD, DB, for 
DH is equal to DB (H. 4, Cor.) ; and DF, together with 
CH, is the gnomon CMG ; therefore the gnomon CMG ia 
equal to the rectangle AD'DB. To each of these add LGr, 
^raich is equal to the square of CD ; therefore the ^ornoa 
CMG, together with LG, is equal to the rectangle AD 'DB, 
together with the square of CD. But the gnomon CMG 
and LG make up the whole figures CEFB, which is the 
square of CB ; therefore the rectangle AD * DB, together 
with tlfb square of CD, is equal to Sie square of CB. 

Cor. — From this proposition it is manifest, thai the dif- 
ference of the squares of two unequal lines BC, CD, 
is equal to the rectangle contained by their sum and 
difference. 

For BC2 = AD-DB + CD^, and taking CD2 from bo& 
these equals, there remains BC^ — CD^ = AD'DB = 
(BC+CD) (BC— CD), for BC4-CD=AC-|-CD=AD. 
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FBOFOSinON YI. THBOBSM. 




If a Btraiglit line be Usected, and produced to any point, 
the rectan^ contained bj the wbole line thui produced, 
and the part of it produced, together with the afuare of half 
the line bisected, is equal to the square of the straight line 
which is made up of the half and the part produced. 

Let the straight line AB be bisected in C, and produced 
to the point D ; the rectangle AD * DB, together with the 
s^are of CB^ is equal to the squa re of C D. 

Upon CD dewiSbe the squaxie CEFD (I. 46) ; join DE, 
a&d throu^ B draw BHG pardilel to C£ or DF (I. 31), 

and throu^ H draw KIM parallel to A ^ ^-~# 

AD or EF, and idso through A draw I ' X 

AK paraM to CL or DM. And be- * ^ ^^^^ 
cause AC is equal to CB, the rectangle 
AL is equal to CH (L 36) ; but CH is 
equal to HF (I. 43) ; therefore also AL is equal to HF. 
To each of these add CM ; therefi[Hre the whole AM is equal 
to the gnomon CMG. Now, AM is the rectan^e contained 
by AD, DB, for DM is equal to DB (U. 4, Cor.) ; there- 
fore the gnomon CMG is equal to the rectau^e AD * DB ; 
add to efush of these LG, which is equal to the square of 
CB; therefore the rectangle AD'DB, together with the 
square of CB, is equal to the gnomcm CMG, together wrA 
IXt. But the gnomon CMG, together with LG, makes up 
the whole figure CEFD, which is the square of CD ; there- 
fore the rectangle AD 'DB, together with the square of CB, 
is equal to the square of CD. 

iScAoZ. — The Corollary to Proportion 5 folkws in a si*- 
milar manner from this one. lliese two propositions are 
equiralent to the following : — ^If a line be bisected, and be 
also cut unequally, eith^ internally or externally, the rect- 
angle under the unequal segments is equal to th]e di^rence 
between the squares of half the line and the mean distance. 



PROPOSITION VIL THEOREM. 



K a strai^t line be diidded into any two parts, the 
squares of the whole line, and of (me of the parts, are equal 
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to twice the rectangle contained by the whole and that part, 
together with the square of the other part. 

Let the straight line AB he divided into any two parts in 
the point G ; the squares of AB, BC, are equal to twice the 
rectangle AB'BC, together with the square of AC. 

Upon AB describe the square ADEB (I. 46), and con- 
struct the figure as in the preceding propositions. And 
because AG is equal to GE (I. 43), add to ' 
each of them OK ; the whole AK is there- 
fore equal to the whole CE ; therefore AK, 
OE, are double of AK. But AK, CE, are 
the gnomon AKF, together with the square 
CK ; therefore the gnomon AKF, together with the square 
CK, is double of AfC. But twice the rectangle AB * BC 
is also double of AK, for BK is equal to BC (II. 4, Cor.) ; 
therefore the gnomon AKF, together with the square CK, 
is equal to twice the rectangle AB'BC. To each of these 
equals add HF, which is equal to the square of AC ; there- 
fore the gnomon AKF, together with the squares CK, HF, 
is equal to twice the rectangle AB * BC, and the square of 
AC. Now, the gnomon AKF, together with the squares 
CK, HF, makes up the whole figure ADEB and CK, which 
are the squares of AB and BC ; therefore the squares of AB 
and BC are equal to twice the rectangle AB • BC, together 
with the square of AC. 

Otherwise : because the square of AB is equal to the squares 
of AC and CB, together with twice the rectangle AC • CB, if 
the square of CB be added to both, the squares c 

of AB and CB are equal to the square of AC, "^ ' ^ 

together with twice the square of CB, and twice the rect- 
angle AC * CjB. But the square of CB, together with the 
rectangle AC * CB, is equal to the rectangle AB * BC (II. 3) ; 
and therefore twice the square of CB, together with twice 
the rectangle AC'CB, is equal to twice the rectangle 
AB'BC. Wherefore the squares of AB and CB are equal to 
twice the rectangle AB • BC, together with the square of AC. 

CoR. — ^Hence, the sum of the squares of any two lines is 
equal to twice the rectangle contained by the lines to- 
gether with the square of the difference of the lines. 
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pnoPOBITION Till. xnEOKEM. 
If a stt^ght line be dmded into anj two parts, four times 
the rectangle contained by the whole hne, and one of the 
parts, together with the square of the other part, is equal to 
the square of the straight line which is made up of the whole 
and the first mentioned part. 

Let the Btraight line AB be divided into any two parts in 
the point C ; fom- times the rectangle AB ■ BC, together 
with the square of AC, is equal to the square of the straight 
line made up of AC and Bu together. 

Produce AB to D, so that BD be equal to CB, and upon 
AD describe the square AEFD ; and construct two figures 
such as in the preceding. Because CB is A 
equal to BD, and that CB is equal to GK ^1 
(I. 34), and BD to KN ; therefore GK is ^ 
equid to KN. For the same reason, PR is 
equal to RO ; and because CB is equal to 
BD, and GK to KN, the rectangle CK is i 
equal to BN (I. 36), and GR to RN. But CK is equal to 
BN (I. 43), because they are the complements of &e pa- 
rallelogram CO ; therefore, also, BN is equal to GR ; and 
the four rectangles BN, CK, GR, EN, are therefore equal 
to one another, and so are quadruple of one of them, CK. 
Again, because CB is equal to BD, and BD equal to BK 
(II. 4, Cor.), that is, to CG ; and CB equal to GK, that is, 
to GP ; therefore CG is equal to GP ; and because CG is 
equal to GP, and PR to RO, the rectangle AG is equal 
to MP, and PL to RF. But MP U equid to PL <I. 43), 
because they are the complements of the parallelogran) 
ML ; wherefore AG is equal also to RF ; therefore the 
four rectangles AG, MP, PL, RF, are equal to one an- 
other, and so are quadruple of one of them, AG. And it 
was demonstrated, that the four CK, BN, GR, and RN, 
are quadruple of CK ; therefore the eight rectangles which 
make up the gnomon AOH, are quadruple of AK. And 
because AK is the rectangle contained by AB, BC, for 
BK is equal to BC, tow times the rectangle AB - BC is 
quadruple of AK. But the gnomon AOH was demon- 
strated to be quadruple of AK ; therefore four times the 
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rectangle AB * BC is equal te tbe gnomon AOH. To 
each of these add XH, which is equal to the square of AC 
(11. 4, Cor.) ; therefore four times the rectan^e AB'BC, 
together with the square of AC, is equal to the gnomon 
AOH and the square XH. But the ^omon AOH and 
the square XH make up the figure AEFD, which is the 
square of AD ; therefore four times the rectangle AB'BC, 
together with die square of AC, is equal to the square of AD, 
iioA IS, of AB and BC added together in one straight line. 
Con. 1. — ^Hence, because AD is the sum, and AC the 
difference of the lines AB and BC, four times the rect- 
angle contained by any two lines, together with the 
square of their difference, is equal to the square of die 
sum of die lines. 
CoiB. 2. — ^Erom the demonstration, it is manifest, that^ 
since the square of CD is quadruple of the square cf 
CB, the square of any line is quadruple of the square 
of half that line. 

PROPOSITION IX. THEOREM. 

If a straight line be divided into two equal, and also into 
two unequsJ parts, the squares of the two unequal parts are 
together double of the square of half the Une, and of die 
square of die line between the points of section. 

L^ the Btrtttght line AB be divided at the point C into 
two equal, and at D into two unequal parts ; the squares of 
AD, DB, are together double of the squares of AC, CD. 

fVom the point C draw CE at right angles to AB (1. 11), 
and make it equal to AC or CB, and join £A, EB ; through 
D draw DF parallel to CE (I. 31), and 
dirough F draw FG parallel to AB ; and 
join AF. Then, because AC is equal to CE, 
the angle EAC is equal to the angle AEC 
(L 5) ; and because the angle ACE is a right angle, the 
two odiers AEC, EAC, together make one right angle 
(I. 32) ; and they are equal to one anodier ; each of them, 
therefore, is half <rf a right angle. For the same reason^ 
each of the angles CEB, EBC, is half a right angle ; and 
therefore the ^ole AEB is a right an^e. And because 
die angle GEF is hsif a right angle, and EGF a right angle, 
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£3r it is equal to the interior and opposite ai^le EGB (I. 29), 
the remaiiung angle £FG is lialf a right ancle ; therefore 
the angle GEF is equal to the angle EF G, and the side EG 
equal to the side GF (I. 6). Again, hecause the angle at 
B is half a right angle, atnd FDB a right angle, for it is 
equal to the interior and opposite angle ECB, the remaining 
angle BFD is half a right angle ; therefore the angle at B is 
equal to the angle BFl), and the side DF to the side DB. 
Now, hecause AC is equal to CE, the square of AC is equal 
to the square of CE ; therefore the squares of AC, CE, are 
douhle of the square of AC. But the square of EA is equal 
to the squares of AC, CE, hecause ACE is a right angle 
(I. 47) ; therefore the square of EA is douhle of the square 
of AC. Again, hecause EG is equal to GF, the square of 
EG is equau to the square of GF ; therefore the squares of 
EG, GF, are double of the square of GF ; hut the square 
of EF is equal to the squares of EG, GF ; therefore the 
square of EF is douhle of the squioe GF ; and GF is equal 
to CD (1. 34) ; therefore the square of EF is douhle of the 
square of CD. But the square of AE is likewise double of 
the square of AC ; therefore the squares of AE, EF, are 
double of the squares of AC, CD. And the square of AF 
is equal to the squares g£ AE, EF (I. 47), hecause AEF is 
a right angle ; theref<»:e the 'square of AF is double of the 
squares of AC, CD. But the squares of AD, DF, are equal 
to the square of AF, because the angle ADF is a right 
angle ; therefore the squares of AD, DF, are double of the 
squares of AC, CD. And DF is equal to DB ; therefore 
the squares of AD, DB, are double of the squares of AO, 
CD. 

PROFOSrriDN X. THEOBEM. 

If a straight line be bisected, and produced to ai^ point, 
the square of the whole line thus produced, and the square 
of the part of it produced, are together doable of the square 
of half the line bisected, and of die square of the line made 
up of the half and the part produced. 

Let the straight line AB be bisected in C, and produced 
to the point D ; the squares of AD, DB, are double of the 
squares of AC^ CD. 
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From the point C draw CE at right angles to AB (1. 11) ; 
and make it equal to AC or CB, and join AE, EB ; through 
E draw EF parallel to AB (1. 31), and 
through D draw DF parallel to CE. 
And because the straight line EF meets 
the parallels EC, FD, the angles CEF, ^^ 
EFD, are equal to two right angles 
(I. 29) ; and therefore the angles BEF, EFD, are less 
than two right angles. But straight hnes, which with 
another straight line make the interior angles upon the 
same side less than two right angles, do meet if produced 
&r enough (I. 29, Cor.) ; therefore EB, FD, shall meet, if 
produced towards B, D ; let them meet in G, and join 
AG. Then, because AC is equal to CE, the angle CE A is 
equal to the anslC' EAC (I. 5) ; and the angle ACE is 
a right angle ; therefore each of the angles CEA, EAC, 
is half a right angle (I. 32). For the same reason, each 
of the angles CEB, EBC, is half a right angle ; there- 
fore AEB is a right angle. And because EBC is half a 
right angle, DBG is abo half a right angle (1. 15), for thej 
are vertically opposite ; but BDG is a right angle, because 
it is equal to the alternate angle DCE (I. 29; ; therefore 
the remaining angle DGB is h^ a right angle, and is there- 
fore equal to the angle DBG ; wherefore mso the side DB 
is equal to the side DG (I. 6). Again, because EGF is half 
a right angle, and that the angle at F is a right angle, be- 
cause it is equal to the opposite angle ECD (1. 34), the re- 
maining angle FEG is half a right angle, and equal to the 
angle EGF ; wherefore also the side GF is equal to the 
side FE. And because EC is equal to CA, the square of 
EC is equal to the square of C A ; therefore the squares of 
EC, CA, are double of the square of CA. But the square 
of E A is equal to the squares of EC, CA (1. 47) ; therefore 
the square of EA is double of the square of AC. Again, 
because GF is equal to FE, the square of GF is equal to 
die square of FE ; and therefore the squares of GF, FE, 
are double of the square of EF. But the square of EG is 
equal to the squares of GF, FE (1. 47) ; therefore the square 
rf EG is double of the square of EF ; and EF is equal td 
CD ,• wherefore the square of EG is double of the sqiiare of 
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CD ; but it was demonstrated, that the square of EA is 
double of the square of AC ; therefore, the squares of AE, 
£G, are double of the squares of AC, CD. And the square 
of AG is equal to the squares of AE, EG ; therefore the 
square of AG is double of the squares of AC, CD. But 
the squares of AD, DG, are eqiial to the square of AG ; 
therefore the squares of AD, DG, are double of the squares 
of AC, CD. But DG is equal to DB ; therefore the squares 
of AD, DB, are double of the squares of AC, CD. 

SckoL — ^The last two propositions are equivalent to the 
following : — ^If a straight line be bisected, and be also cut 
unequally, either intemallj or externally, the sum of the 
squares of the two unequal segments is equal to twice the 
squares of half the line and of the mean distance. 

PROPOSITION XI. PROBLEM. 

To divide a given straight line in medial section. 

Let AB be the ^ven straight line ; it is required to di- 
vide it in medial section. 

Upon AB describe the square ABDC (1. 46) ; bisect AC 
in E (1. 10), and join BE ; produce CA to F, and make 
EF equal to EB (1. 3), and upon AF describe the square 
FGH A ; AB is divided in H, so that the rectangle AB • BH 
is equal to the square of AH. 

Produce GH to K ; because the straight line AC is bi- 
sected in E, and produced to the point F, the rectangle CF^ 
FA, together with the square of AE, is equal 
to the square of EF (II. 6). But EF is 
equal to EB ; therefore the rectangle CF * FA, 
together with the square of AE, is equal to 
the square of EB ; and the squares of BA, 
AE, are equal to the square of EB (1. 47), 
because the angle EAB is a right angle; 
therefore the rectangle CF*FA, together 
with the square of AEI, is equal to the c k" 

squares of BA, AE ; take away the square of AE, which is 
common to both ; therefore the remaining rectangle CF * FA 
is equal to the square of AB. Now, the figure FK is 
the rectangle contained by CF, FA, for AF is equal to FG, 
and AD is the square of AB ; .tiiierefore FK is equal to 

F 
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AD* Take away iliecoiiiin<mpttlAK9 and the remaM 
FH is equal to Uie remainder UD. And HD is the reo^ 
angle contained by AB» BH, for AB is equal to BD, and 
FH is the square of AH ; therefore the rectangle AB * BH 
is equal to the square of AH. Wherefore the straight line 
AB is diyided in H so^ that the rectangle AB * BH is equal 
to the square of AH. 

PROPOSITION XII. THEOREM. 

In obtuse-angled triangles, if a perpendicular be drawn 
from any of the acute angles to the opposite side produced, 
the square of the side subtending the obtuse angle is greater 
than the squares of the sides containing the obtuse angle, 
by twice the rectangle contained by the side upon whidi, 
when produced, the perpendicular ^dls, and the straight line 
intercepted without the triangle between the perpendicular 
and the obtuse angle. 

Let ABC be an obtuse-angled triangle, baTing the obtuse 
angle ACB, and from the point A let AD be drawn per- 
pendicular to BO produced (1. 12) ; the square of AB ia 
S eater than the squares of AC, CB, by twice the rectangle 
3- CD. 

Because the straight line BD is divided into two parts in 
the point C, the square of BD is equal to the squares of 
BC, CD, and twice the rectangle BC-CD (H. 4) ; to each 
of tiiese equals add the square of DA ; and the squares of 
DB, DA, are equal to the squares of BC, ^ 

CD, DA, and twice the rectangle BC'CD. 
But the square of B A is eqtial to the squares 
of BD, DA (1. 47), because the angle at D 

is a right angle ; and the square of CA is rf^—- ^ — 'u 

equal to the squares of CD, DA. Tlierefore the square of 
BA is equal to the squares of BC, OA, and twice the rect- 
angle BC-CD; that is, the square of BA is greater than 
the squares of BC, CA, by twice the rectangle BC' CD. 

PROPOSITION Xni. THEOREM. 

In every triangle, ihe square of the side subtending anj 
of the acute angles, is less than the squares of the sides con* 
taining that aagle^ by twice the rectangle contained by eitliaE 
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of these sides, and tlie straight line intercepted between the 
p^endicular let fall upon it from the opposite angle, and 
the acute angle. 

Let ABC be any triangle, and the an^le at B one of its 
acute angles, and upon BC, one of the sides containing it, 
let &I1 the perpendicular AD from the opposite angle (1. 12) ; 
the square of AC, opposite to the angle B, is less than the 
squares of CB, BA, by twice the rectangle CB*BD. 

First, let AD fall within the triangle ABC ; and because 
the straight line CB is diyided into two parts in the point 
D, the squares of CB, BD, are equal to twice 
the rectangle contained bj CB, BD, and the 
square of DC (11. 7)» To each of these 
equals add the square of AD ; therefore the 
squares of CB, BD, DA, are equal to twice 
the rectangle CB'BD, and the squares of AD, DC. But 
the square of AB is equal to the squares of BD, DA (1.47), 
because the angle BD A is a right angle ; and the square of 
AC is equal to the squares of AD, DC. Therefore the 
squares of CB, BA, are equal to the square of AC, and 
twice the rectangle CB'BD; that is, the square of AC 
alone is less than the squares of CB, B A, hj twice the rect- 
angle CBBD. 

Secondly, let AD fall without the triangle ABC ; then, 
because the angle at D is a right angle, the angle AQB is 
greater than a right angle (1. 16) ; and therefore the square 
of AB is equal to the squares of AC, CB, and twice the 
rectangle BC * CD (II. 12). To these equals add the squaxe 
of BC, and the squares of AB, BC, are equal to the square 
of AC, and twice the square of BC, and twice the rectangle 
BC'CD. But because BD is divided into 
two parts in C, the rectangle DB * BC is 
equal to the rectangle BC * CD, and the 
square of BC (II. 3; ; and the doubles of 

these are equal; therefore the squares of a c 

AB, BC, are equal to the square of AC, and twice the rect- 
angle DB'BC; ther^re the square of AC alone is lesfs 
tiban the squares of AB, BC, by twice the rectangle 
DBBC. 
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Lastly, let the side AC be perpendicular to BO; 
then is BO the straight line between the perpendi- 
cular and the acute angle at B ; and it is manifest 
that the squares of AB, BO, are equal to the square 
of AC, and twice the square of BO (1. 47). 

PROPOSITION XIV. PROBLEM. 

To describe a square that shaU be equal to a given recti- 
lineal figure. 

Let A be the given rectilineal figure ; it is. required ^ 
describe a square that shall be equal to A. 

Describe (I. 45) the rectangular parallelogram B0D]S1 
equU to the rectilineal figure A. If, then, the sides of it 
BE, ED, are equal to one another, it is a square, and what 
was required is done ; but if they are not equaJ, produee 
one of them BE to F, and make EF equal to ED, and bi- 
sect BF in G ; and from the centre G, at the distance GB 
or GF, describe the semicircle BHF, and produce DE to 
H, and join GH. Therefore, because the straight line BF 
is divided into two equal parts in the 
point G, and into two unequal in the 
point E, the rectangle BE • EF, to- 
gether with the square of EG, is 
equal to the square of GF (IL6). 
But GF is equal to GH ; therefore 
the rectangle BE'EF, together with the square of EG, is 
equal to the square of GH. But the squares of HE, EG, are 
equal to the square of GH (1. 47) ; therefore, the rectangle 
BE-EF, together with the square of EG, is equal to the 
squares of HE, EG. Take away the square of EG, which 
is common to both, and the remaining rectangle BE'EF is 
equal to the square of EH ; but the rectangle contained ty 
BE-EF is the parallelogram BD, because EF is equal to 
ED ; therefore BD is equal to the square of EH. But BD 
is equal to the rectihne^ figure A ; therefore the rectilineal 
figure A is equal to the square of EH ; wherefore a square 
has been made equal to the given rectilineal £gure A; 
namely, the square described upon EH. 
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PROPOSITION A. THEOREM. 




If one side of a triangle be bisected, the sum of the squares 
ef the other two sides is doable of the square of hm the 
side bisected, and of the square of the line draTrnfrom the 
point of bisection to the opposite angle of the triangle. 

Let .ABC be a tnangle, of which the side BO is bisected 
in D, and DA drawn to the opposite angle ; 
the squares of BA and AC are together 
double of Ihe squares of BD and DA. 

From A draw AE perpendicular to BC, 
and because BEA is a right angle, the _ 
square of AB is equal to the squares of ^ 
BE and EA (1. 47) ; for the same reason, the sauare of 
AC is equal to the two squares of C£ and E A ; tnerefore 
the squares of B A and AC are equal to the squares of BE 
and EC, together with twice the square of EA. But be- 
cause the line BC is cut equally in I>, and unequally in E, 
the squares of BE and EC are equal to twice the squares of 
BD and DE (II. 9) ; therefore the squares of BA and AC 
are equal to twice the square of BD, together with twice 
the squares of DE and BA. Now, the squares of DE and 
EA are equal to the square of DA (I. 47}, and therefore 
twice the squares of DE and EA, to twice the square of" 
DA ; wherefore, also, the squares of BA and AC are equal 
to twice the square of BD, together with twice the square 
of DA. 

PROPOSITION B. THEOREM. 

The sum of the squares of the diameters of any parallelo'- 
gram is equal to the sum of the squares of the sides of the 
parallelogram. 

Let ABCD be a parallelogram, of which the diameters 
are AC and BD ; the sum ofthe squares of AC and BD is 
equal to the stmi of the squares of AB, BC, CD, DA. 

Let AC and BD intersect one another in E ; and because 
the yertical angles AED, CEB, are equal (1. 15), and also 
the alternate angles EAD, ECB (1. 29), the triangles ADE, 
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CEB, have two angles in the one equal 

to two angles in the other, each to each ; 

but the sides AD and BC, which are 

opposite to equal andes ia. these tri- _ 

angles, are also equal (L 34) ; therefore the other sides 

wmch are opposite to the equal angles are equal (I. 26) ; 

aamelj, AE to £C, and ED to EB. 

Since, therefore, BD is bisected in E, the squares of BA 
and AD are equal to twice the square of BE, together with 
twice the square of EA (IL a) ; and for the same reason 
the squares of BG and CD are equal to twice the square of 
BE, together with twice die square <^ EC, that is, of EA, 
because EC is equal to EA ; uierefore the four squares of 
BA, AD, DC, CB, are equal to four times the squares of 
BE and of EA. But the square of BD is equal to four 
times the square of BE, because BD is double of BE 
(II. 8, Con) ; and ftr the same reason, the square of AG 
is equal to four times the square of AE ; wherefore, also, 
the aquares of BD and AC are equal to die four squares of 
BA, AD, DC, CB. 

C(ML — Erom the demonstratioa, it is manifest that iha 
diameters of every paralldognan bisect one anodier. 

FROPosrrioN c. theorem. 

The difference between the squares of the two sides of a 
triangle, is equal to the difference between the squares of 
the segments of the base, formed bj a peipendicular upon 
it from the vertex. 

Let ABC be a triangle, and CD a per- 
pendicular on the base AB, then AC* •— 
BC« = AD* — DB*. 

For (I. 47) AC* = AD* + DC* and 
BC* = DB* + DC* ; therefore the dif- 
ference between AC* and BC* is equal to that between 
AD* + DC* and DB^ + DC* ; or AC* — BC* = AD* — 
OB^* 
Cob. 1.— <The rectangle under the sum and difference of 
the two sides of a triangle, is equal to twice the rectangle 
under the base and the distance of its middle point 
from the perpendicular on it from the r^otez. 
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Let AB be bisected in E, Oxen (AC + CB) (AC~Om 
= 2 ABED. 

ForAC2— CB2 = AD« ~ DB? ; ihercfore (II. 5, Cor.) 
(AC + CB) (AC — CB) = (AD + DB) (AD ~ DB) 
= AB-2£D = 2AB-£D; because AD s= AE + ED = 
BE + ED =:DB + ^£I>5 tber^»e AD — DB s= 2ED, 
and the rectangle under AB and 2'£D, is equal to tmce 
that under AB and £D. 

Cor. 2.-— If from any point in a giyen line a perpendi* 
cular be drawn to it, and, from any points in the latter, 
lines be drawn to the extremities of the former, the 
dififerences between the squares of evexj two lines from 
the same point are equal. 
For these differences are eSi equal to the difference bo* 
tween the squares of the segments of the given line. 

Cor. 3. — ^If the difference between the squares of two 
lines joining a point and the extremities of a given line 
be equal to that of other two lines ramilarly drawn from 
anotiber point, die line jmning these two points is per- 
pendicular to the givNi line, ifthe points be on the saBM 
side of a line bisecting the given fine perpendiculaiiy. 
For the segments of the given Une, fr>rmed by perpendi- 
eulan upon it &om these two points, must be eqtud (Cor. 2), 
or the two perpendiculars must coincide. 

PROPOSITION n. THEOREM. 

If from the vertex of an isosceles triangle a tine be drawn 
cutting the base, either internally or externally, the differ- 
ence between the squares of this line and either side is 
equal to the rectangle under the segments of the base. 

Let ABC be an isosceles tri- 
angle, and CD a line from the 
vertex cutting the base, then 
(1st figure) AC^ — CD^ = 
AD-DB, and (2d 6g.) CD^ ^ 
AC2 = AD • DB. 

For (1st fig.) AC2 — CD« = AE* _ ED^, (II. c), == 
(AE + ED) ( AE — ED) (II. 5, Cor.) = AD • DB, for 
AE — ED = BE — ED = DB. 

And (2d fig.), CD^ — AO» = ED« — AE«, (II. c), = 
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(SD + A£) (ED ~ AE) (IL 5, Cwr.) = ADDS, for ED 
~ AE = ED — EB = DB. 

Cob. 1. — ^If 4- refer to the 1st figure, and -*« to the 2c[» 
AC« = CD« ± AD-DB- 

For, in the lit figure, A0« — CD* = AD'DB; there- 
fore, adding to these equals CD«, AC^ = CD* + AD-DB. 
And, in 2d ^g. CD* — AC* = ADDB, and, adding t» 
these equals AC*, and taking from them AD*DB ; lliere- 
fore A& = CD* — ADDB. 

Cor. 2.— Half l^e difierence of two unequal lines added 

to half their sum, gires the greater ; and taken from 

half the sum, giyes the less. 

For AD, DB (1st fig.) are two unequal lines, AE is half 

their sum, and ED half their difference ; and AE + ED =; 

AD, and AE — ED = DB. 

EXBRCISE8. 

1. The square of one of the sides of a right-angled tri- 
angle is equal to the rectangle under the sum and difference 
of the hypotenuse and the other side. 

2. The square of a perpendicular upca.Yihe hypotenuse of 
aright-angled triangle drawn from the opposite angle, is 
equal to the rectangle under the segments of the hypotenuse. 

3. If a line he cut in medial section, the line composed 
of it and its greater segment is similarly divided. 

4. If from any point lines he drawn to the angular points 
of a rectangle, the sump of the squares of those drawn to 
^posite angles are equal. 

5. The sum of the squares of the sides of a quadrilateral 
is equal to the sum of the squares of its diagonals, and four 
times the square of the line joining their middle points. 

6. The sipn. of the squares of two opposite sides of a qua- 
drilateral, together with four times the square of the line 
joining their middle points, is equal to the sum of the 
squares of the other two sides and of the diagonals. 

7* To hisect a given triangle hy a line drawn from a point 
^ one of its sides. 

^ 8. The squares of the sum, and of the differtjiee of two 
£nes» are together double the squares of these lines. 
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9. To hinectsk parallelogram \>y a line drown from a point 
in one of its sides. 

10. A line joining tlie middle points of two sides of a 
triangle, is parallel to the base, and equal to the half of it. 

11. The quiidrHateral formed bj joining the sacoessiTe 
middle points of the sides of a given quadrilateral, is a pat 
rallelogram. 

12. The sum of the squares of the diagonals of a quadrir 
lateral, is equal to twice the sum of the squares of the lines 
joining the middle points of the opposite sides. 



THIRD BOOK. 

DEFINITIONS. 

1. An are of a circle is any portion of the circumference. 

2. The chord of an arc is a straight line joining its ex* 
tremities. 

3. The arc of a semicircle is called a semicircum/erenee} 
and a radius is c^.'^d a semidiameter. 

4. A iegm&nt ^a circle is a figure contained 
hy an arc and its chord. 

5. An angle in a sefftnent is an angle con- 
tained by two lines, drawn from any point in 
its arc, to the extremities of its chord. 

6. An angle is said to inmt or ttand upon the arc whiek 
subtends it. 

7. A sector of a circle is a figure contained /* ^X 
by two radii and the intercepted arc. Wh^n / ^ 
the radii are perpendicular, the sector is callecl I /\ j 
a qtiadranL >C jx 

8. Similar segments of a circle are //^ i/>^ 
those that contain equal angles. L^^ \ u^^ 

9. Similar arcs of circles are those that subtend eqii^ 
angles at the centre. f 

10. «9ffnt7ar9eefor«arethoseihat are bounded bysimikuraDl^ 

■1 
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11. Equal eirdei aie those that hare eqmd zadu ; and 

concentric circles are those that have the same centre* 

12. A stndglit line is said to touch a drde, or to be a 
tangent to it, when it meets tibe circle, and being produced 
does not cut it. 

13. Circles are said to touch one an- 
other when thej meet, but do not cut 
one another. Such circles may be called 
tangent circles. 

14. The poiQt in which a tangent and a circle, ^r two 
tangent circles, meet, is called the ooin* of contact, 

15. Chords are said to be equally distant from the centre 
of a circle, when the perpendiculars upon them, from the 
centre, are equal ; and the chord on which the greater per- 
pendicular falls, is said to he farther from the centre, 

16. A secant is a straight line drawn from a point, with- 
out a circle, and meeting it in two points. A secant may 
be considered to be a chord produced, the point without the 
circle from which it is drawn being a point of exteanal secHdn. 

PROPOSITION I. PJEtOBLBM. 

To find the centre of a giyen circle. 

Let ABC be the given circle ; it is requiied to find its centre. 

Draw within it any chord AB, and bisect it in D (1. 10) ; 
from the point D draw DC at right angles to AB (1. 11), 
and produce it to E, and bisect CE in F. The point F m 
the centre of the circle ABC. 

For, if it be not, let, if possible, Gbeihe centre, and jein 
GA, GD, GB. Then, because DA is equal to DB, and 
DG common to the two triangles ADG, BDG, the two sides 
AD, DG, are equal to the two BD, DG, each 
to each; and the radius GA is equal to the ra- 
dius GB ; therefore the angle ADG is equal 
to the angle GDB (1. 8) ; therefore (L Def. 10) [ 
&e angle GDB is a right angle. But FDB is -^ 
likewise a right angle; wherefore the angle 
FDB is equal to the angle GDB, the greater to the less, 
which is impossible ; therefore G is not the centre of the 
flKcle ABC. In the same nuuin^ it can be shown, that no 
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oAer point but F is the centre; that is, F is the centre of 

the circle ABC. 

Cor. — ^From this it is manifest, that if in a circle a straight 
line bisect another at right angles, the centre of the 
circle is in the line ivhich bisects the other* 

PROPOSITION n. THEOREM. 

If any two points be taken in the circom^srence of a 
circle, the straight line which joios them shall fsJl within 
the circle. , 

Let ABC be a circle, and A, B, any two points in the du> 
cumference ; the straight line drawn from A to B shall &U 
within the circle. 

Take anj point in AB as £ ; find D the centre of tlie 
circle ABC ; join AD, DB, and D£, and let 
D£ meet tbe circumference in F. Then, be- 
cause DA is equal to DB, the angle DAB is 
equal to the angle DBA (1. 5) ; and because 
iJB, a side of the triangle DAE, is produced to ^ 
B, the angle DEB is ereater than the anele 
DAE (L 16) ; but Di^ \s equal to the an^e DBE ; there- 
fine the angle DEB is greater than the an^e DBE ; DB is 
therefore greater than DE (1. 19). But DB is equal to DP; 
wherefore DF is |pr«ater than DE, and the point E is there- 
fore within the curde. The same maj he demonstrated of 
anj other point between A and B ; therefore AB is within 
tiie circle. 

SckoL — >When the two points are at the extremities of a 
diameter, or diametrically opposite, the truth of the propo- 
sition is eyident. It is obyious, from the nature of the cirde, 
when tbey are at a less distance. When the points are ex* 
ceedinffly near, however, it is not then so endent that the 
chord Bes wholly within the cirde, and no part of it on the 
arc ; and therefore, in this case, it is necessary to d^non- 
strate the proposition. Some parts of the figure, howeyer, 
in this extreme case, would be so small as to be indistinct, 
and therefore it is necessary to assume the points at a snffi* 
cient distance ; and as the reasoning in this case applies to 
eyeiy case, the proposition will theiefore be estabtiidied also 
in the extreme case. A similar oiwarfatiDn apf lies to mh 
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reval propositiims, which appear to be axiomatic, except in 
the extreme case, as 1. 20. 

FROPoemoN lu. theorem. * 

If a straight line draym through the centre of a circle bi- 
sect a chord in it which does not pass through the centre, it 
shall cut it at right angles ; and if it cuts it at right angks, 
it shall bisect it. 

Let ABC be a circle, and let CD, a straight line drawn 
through the centre, bisect any chord AB, which does not 
pass through the centre, in the point F ; it cuts it also at 
right angles. 

Take E the centre of the circle (III. 1), and join EA, 
EB. Then, because AF is equal to FB, and FE common 
to the two triangles AFE, BFE, there-are two 
sides in the one eoaal to two sides in the other, 
and the base EA is equal to the base EB; 
therefore the an^e AFE is equal to the angle 
BFE (1. 8) ; therefore (I. Deft 10) each of the 
angles AFE, BFE, is a r^ht imgle ; wherefore 
the straight line CD, drawn through the centre bisecting 
IHQtother AB that does not pass through the centre, cuts the 
same at right angles. 

Bat let OD out AB at right angles ,• CD also bisects it, 
that is, AF is equal to FB. 

The same construction being made, because EA, EB, 
from the centre are equal to one another, the angle EAF is 
equal to the angle EBF (I. 5) ; and the right angle AFE 
is equal to the right angle BFE ; therefore, in th§ two tri- 
angles EAF, EBF, there are two angles in one equal to two 
jangles in the other, and the side EF, which is opposite to one 
of the equal angles in each, is common to both ; therefore 'the 
other sides are equal (1. 26) ; AF therefore is equal to FB. 
CoR.— If a line bisect a chord of a circle and be perpen- 
dicular to it, it will pass through the centre. 
For a line from the centre bisecting the chord is perpen- 
dicular to it, and therefore coincides with the fbtmer per- 
pendicular ; therefore it must also pass through the centre., 

^ SekaL — it appears, therefore, that of the ithree condi- 
tions—of passing through the <jentre of a circk^ of beiii^ 





THIBB BOOK. 9f 

pexpendicular to a chord, aiid of Insaotiitg a cliord — if a fine 
fulfil two, it will also fulfil the tliiinL 

raoposiTioN ly. . theobbh. 

If in a circle two chords cuti <me another which do not 
hothpass through the centre, they do not hisect each other^: 

Let ABOD he a circle, and AC, BD, two chords in it, 
which cut one another in the point E, and do not hoth pass 
through the centre ; AC, BD, do not hisect one Another^ 

For, if it is possible, let A£ be equal to £C, and BE to 
ISD, If one of the lines pass through the centre, itjs piaiii 
that it cannot be bisected by the other which ~ 

dees not pass tiirough the centre. But if ^ . 
neither of them pass through the cenire, 
take F the centre of the eirde, and join EF ^^ 
(III. 1) ; and because FE, a straidit line 
through the centre, bisects another AG wMoh does not pass 
through the centre^ it shall cut it at right angles (III. 3) ^ 
wherdbre FEA is a right angle. A^in, because the straight 
line FE bisects the straight Hne BD, whidi does not pass 
through the centre, it i^^ cut it at right angles ; idiet]e^>rd 
FEB is a right angle ; and FEA was shown: to be a iE%ii 
angle ; therefore FEA is equal to the aa^ FEB^ the test 
to the greater, wbich is impossible ;; diexefox«' AC, BD, do 
not bisect one another. ^ 

PROPOSITION V. THEOBEM. 

, If two circles cut one another, they shall not have the 
same centre. 

Let the two circles ABC, CDG, cut one another in the 
points B, C ; they have not the same centre. 

For, if it be possible, let E be tibeir centre ; join EC, and 
draiw any straight line EFG meeting them 
in F and G ; and because £ is the centre of 
the circle ABC, CE is equal to £F. A^n, a| 
l^oause £ is the centre of the circle cS>G, 
CE is equal to £G ; but CE was i^own to 
be ^ual to £F; therefore EF is equal to 
EG, the less to the greater, which is impos»ble ; therefozo 
f is not the centre of the circles ABC, CDG. 
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PROPOSITION TI. THEOREM. 

If two circles touch one another internally, they shall not 
have the same centre. 

Let the two circles ABC, CDE, tonch one another inter* 
nalty in the point C ; they have not the same centre. 

For, if they can, let it be F ; join FO, and draw any 
straight line FEB meeting them in £ and B ; 
and because F is the centre of the circle ABC, 
CF is eqnal to FB ; also, because F is the 
centre of the drde CDE, CF is equal to FE ; 
and CF was shown equal to FB; therefore 
FE is equal to FB, the less to the greater, which 
18 impossible ; wharefore F is not the centre of the ciidet 
ABC, CDE. 

PROPOSITION Vn. THEOREM. 

If any point be taken in the diameter of a circle which 
is not the centre, of all the straight lines which c^ be drawn 
from it to the drcumference, the greatest is that in which 
the centre is, and the other part of that diameter is the 
least ; and, of any others, that which is nearer to the line 
which passes through the centre is always greater than one 
more remote : And from the same point there can be drawn 
only two straight lines that are equal to one another, one 
upon each side of the shortest line. 

Let ABCD be a circle, and AD its diameter, in which 
let any point F be taken which is not the centre. Let the 
centre be E ; of all the straight lines FB, FC, FG, &c. that 
con be drawn from F to the circumference, FA is the greatest, 
and FD, the other part of the diameter AD, is the least ; 
and of the others, FB is greater than FC, and FC than FGr. 

Join BE, CE, GE ; and (1. 20) BE, EF, are greater than 
BF; but AE is equal to EB; therefore AE, EF, that is, 
AF is greater than BF. Again, because BE 
18 equ£j to CE, and FE common to the tri- 
angles BEF, CEF, the two sides B£; EF, are 
equal to the two CE, EF ; but the angle BEF 
is greater than the angle CEF ; therefore the 
base BF is greater than the baseFC(L24); 
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for the same reason^ OF is greater tlian OF. Again, le- 
cause GF, FE, are greater than EG, and EG is equal to 
ED ; GF, FE^ are ffreater than ED ; take away th6 com- 
mon part FE, and the remainder GF is greater than the 
remainder FD ; therefore FA is the greatest, and FD the 
least of all the straight lines from F to the circumference ; 
and BF is greater than OF, and GF than GF. 

Also, there can he drawn only two equal straight lines 
from the point F to the circumference, one upon each side 
of the shortest line FD ; at the point E in the straight line 
EF, make the angle FEH equal to the angle GEF (1. 23), 
and join FH. Then, hecause GE is equal to EH, and EF 
common to the two triangles GEF, HEF ; the two sides 
GE, EF, are equal to the two HE, EF ; and the angle GEF 
is equal to the angle HEF ; therefore the base FG is eqnal 
to the hase FH (1, 4). But besides FH, no straight line 
can be drawn from F to the circumference equal to FG ; 
for, if there can, let it be FK ; and because FK is equal to 
FG, and FG to FH, FK is equal to FH ; that is, a Ime 
nearer to that which passes through the centre, is equal to 
one which is more remote, which is impossible. 

PROPOSITION Vni. THEOREM. 

If any point be taken without a circle, and straight Hneg 
be drawn from it to the circumference, whereof one passes 
through the centre ; of those which fall upon the concave 
circumference, the greatest is that which passes through the 
centre ; and* of the rest, that which is nearer to that through 
the centre is always greater than the more remote ; but of 
those which fall upon the convex drcumference, the least is 
that between the point without the circle, and the diameter; 
and of the rest, that which is nearer to the least is always 
less than the more remote ; and only two equal straight 
lines can be drawn from the point to the circumference, 
one upon each side of the least. 

Let ABC be a circle, and D any point withont it, from 
which let the straight lines DA, DE, DF, DC, be drawn to 
the circumference, whereof DA passes through the centre. 
Of those which fall upOn the concave part of the circum- 
ference AEFC, the greatest is AD which passes through the 
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cenixe ; and the nearer to it is always greater than the more, 
remote; namely, DE than DF, and DF than DC ; hmt of 
those which faU upon the convex circumference HLKG, 
the least is DG hetween the point D and the diameter AG ; 
and the nearer to it is always less than the more remote; 
inunely, DK than DL, and DL tlmn DH. 

Take M the centre of the circle ABC (III. 1), and join 
ME, MF, MC, MK, ML, MH ; and because AM is equal 
to ME, add MD to each ; therefore AD is 
equal to EM, MD ; but EM, MD, are greater 
then ED (I. 20) ; therefore, also, AD is 
greater than ED. Again, because ME is 
equal to MF, and MD common to the tri*- 
angles EMD, FMD ; EM, MD, are equal 
to Fill, MD ; but the angle EMD is greater »( 
than the angle FMD ; therefore the base 
ED is greater than the base FD (1. 24). In 
like manner it may be shown that FD^is 
greater than CD ; therefore DA is the ffreatest,-and D£ 
greater than DF, and DF than DC. And because MK, . 
KD, are greater than MD (I. 20), and MK is equal to MG, 
the remainder KD is greater than the remainder GD (Ax. 5^, 
that is, GD is less than KD. And because MK, DK, axe 
drawn to the point K within the triangle MLD from M, D, 
the extremities of its side MD ; MK, KD, are less than. 
ML, LD (I. 21), whereof MK is equal to ML ; therefore 
the remainder DK is less than the remainder DL. In like 
manner it may be shown that DL is less than DH ; there- 
fore DG is the least, and DK less than DL, and DL tlian 
DH. Also, there can be drawn only two equal straight 
Hn^ firom the point D to the circumference, one upon each 
side of the least ; at the point M, in the straight fine MD, 
make the angle DMB equal to the angle DMK, and join DB ; 
and, because in the triangles KMD, BMD, the side KM is 
equal to the side BM, and MD common to both, and also the 
angle KMD equal to the angle BMD, the base DK is equal 
to the base DB (1. 4). But, besides DB, no stmight linie 
can be drawn from D to the circumference, equal to DK ; 
for, if there can, let it be DN ; then, because DN is equal 
to DK, and DK equal to DB, DB is equal to DN ; that is, 
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Ae nearer to DO, the least, e<j^ual to tlie iiore remote, which 
has been shown to be impossible. ^ 

^ PROPOSITION IX. PBOBLEH. 

If a iKMnt be taken within a circle, from whidi thne fall 
more than two eqnal straight lines to the circumference, 
that p<»nt is the centre of the circle. 

Let the point D be taken within the circle ABC, from 
which to the drcom&rence there fall more than two equal 
straight lines, namely, DA, DB, DC, the point D is the 
centre of the cirdle. 

For, if not, let E be the centre ; join DE, and produce it 
to the circumference in F, G ; then FG is a 
^iameta: of the circle ABC. And because 
in FG, the di^neter of the circle ABC, J 
there is taken the point D which is not the 
centre, DG shall be the greatest line from it 
to the circumference, and DC greater than 
DB (III. 7)j and DB than DA ; but they arc likemse 
equal, which is impossible ; therefore E is not the centre of 
the circle ABC. In like manner it may be demonstrated 
that no other point but D is the centre ; D dierefore is the 
c^&tre. 

SchoL — ^The proposition is easily proved without a iSgure, 
thus : — ^The pomt from which more than two equal lines 
can be drawn to the circumference of a circle, cannot be a 
point which is not the centre (III. 7) ; therefore it must be 
the centre. 

PROPOSITION X. THEOREM. 

The circumference of a circle cannot cut that of another 
in more than two points. 

If it be possible, let the drcumference FAB cut the cir- 
cumference DEF in more than two points ; 
namely, in B, G, F ; take the centre K of _ 
the ciitjle ABC, and jom KB, KG, KF ; and 
because within the circle DEF there is taken ^y 
the point K, from which to the circumference 
DEF Ml more than two equal straight lines 
KB> KG, KF, the point K is the centre of the circle DEF 

G 
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mi. 0) ; bat K k abo tbe centre of Oie dnOe ABO ; 
therefore the same point is the beatre of two circles ih^ cut 
one another, which is impossible. (III. 5). 

PROFOSITIOX XI. THEOREM. 

V If two drcles touch each oth^ intenially, the straight 

line which joins their centres being produced, shall pan 
through the point of contact. 

Let the two circles ABC, ADE, toudi each other inter« 

nally in the point A, and let F be the «m^e of tb^circle 

ABC, and G the centre of the circle AI^ ; ibe sts^^t 

•line which joins the centres F, G, beipg produced, passes 

through the point A. 

For, if not, let it M otherwise, if possible; as FGDH, 
and join AF, AG ; and because AG, GF, ase 
greater than FA (I. 20), liiat is^ than FH, for 
iA is equal to FH, beiiu; eadb a radius of the 
same isrcle ; take awaf>-£e oomnion part..FG, 
and the remcunder AG will be greater than the 
remainder GH< But AG is equal to GD, there- 
lore GD is 'greater than GH ; and it k also less, which, is 
impossible ; therefore the straight Hne which joins the paints 
F and G cannot fall otherwise .than on the point A ; that 
is, it must pass through A. ^ 




PROPOSITION' Xn. THEOREM. 

v. 



If two circles^^touch each other externally, the straight 
line which joins their centres shall pass through the point 
of contact. 

Let the two circles ABC, ADE, touch each other exter- 
nally in the point A ; and let F be the centre of the circle 
ABC, and G the centre of ADE ; the sixaight line which 
joins the points F, G, shall pms through the point of contact A. 

For, if not, let it pass otherwise, if possible, as FCDG, 
and join FA, AG ; and because F is the centre of the dvde 
ABC, AF is equal to FC. Abo, 
because G is the centre of the circle 
ADE, AG. is equal to GD ; there- 
fore FA, AG, are equal to FC, DG; 
wherefore the whole FG is greater 




tubu) bo^k. 
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than FA, AG ; but it is al|o less (I. 20), which is impose 
sible ; therefore the stredght line which joibs the points F, 
O, slmll not piiss otherwise- than l^irough the point oC contact 
A ; that is, it must pass through it. 

PROPOSITION Xni. THEOREM. 

One circle eanaot touch another in more points than one, 
whether it touches it internally or extemallj. 

For, if it hejMNSsiUe, let the cin^ EBF touch the circle 
ABO in more points than one, and first intemallj, in 
the points B, D ; join BD, 
and draw GH Insecting BD 
^ right an^es (I. 10, 11) ; 
therefore, becaufie the points 
B, D, are in the circiunfer- 
ence of each of the ^xcles, 
the straight line BD fafis wiihin-'eaoh of them rill. 2) ; 
and their centres are m tilie straight line GH whid^ bisects 
BD at right a&^es (HI. 1, Oor.) ; therefore GH passes 
ihroi]^h the point of contact (III. 11) ; but it does not pass 
Ihrough it, because tihie points B, D, are without the straight 
iine GH, whidbi is absurd ; .therefore one cir<4e cannot touch 
another on the inside in more pomts than one. 

Nor can two circles touch one another externally in 
more than one point ; for, if it be possible, let the drcle 
ACK touch the circle ABC in the pointi^ A, O, and join 
AC; therefore, because the two points A, O, 
are in the circumference of the circle AOK, the 
straight line AC whicK joins them shall Ml 
within the chrde ACK (HI. 2). And the circle 
ACK is without the circle ABC ; and therefore 
the straight line AC is without^s last circle ; but 
because the points A, 0, are in the drcumference 
of the drde ABO, the strai^t line AC must be 
witiiin the same circle, which is absurd ; therefore one clrde 
cannot touch ano^er on the outside in more than one 
point ; and it has been shown that they caamot touch on 
the inside in moxe points than (me. 
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PROPOSITION XIY. THEORBM. 

Equal cliords in a circle are equally distant from the 
pentre ; and those which are equally distant from the centre 
are equal to one another. 

Let the chords AB, CD, in the circle ABDC, he equal 
to one another ; thej are equally distant from the centre. 
Take E the centre of the circle ABDC, and from it draw 

EF, EG, perpendiculars to AB, CD; then, hecause the 
straight line EF, passing through the centre, 
cuts the chord AB, whididoes not pass through 
the centre, at right angles, it also his^^cts it 
(III. 3) ; wherefore AF is equal to FB, and 
AB douhle of AF. For the same reason, 
CD is douhle of CG ; and AB is equal to CD ; therefore 
AF is equal to CG. And hecause AE is equal to EC, the 
square of AE is equal to the square of EC. But the 
squares of AF, FE, are equal to the square of AE (1. 47), 
because the angle AFE is a right angle ; and, for the like 
reason, the squares of EG, GrC, are equal to the square of 
EC; therefore the squares of AF, FE, are equal to the 
squares of CG, GE, of which the square of AF is equal* to 
the square of CG, because AF is equal to CG ; therefore the 
remaining square of FE is equal to the remaining square of 

EG, and the straight line EF is therefore equal to EG ; 
therefore (III. Def. 16) AB, CD, are equally distant from 
the centre. 

Next, if the chords AB, CD, be equally distant from the 
centre, that is, if FE be equal to EG, AB is equal to CD. 
For, the same construction being made, it may, as before, be 
demonstrated, that AB is double of AF, and CD double of 
CG, and that the squares of EF, FA, are ^ual to the sqtiaxes 
of EG, GC; of which the square of FE is equal to the Square 
of EG, because FE is equal to EG ; therefore the remain- 
ing square of AF is equal to the remaining square of CG ; 
and the straight line AF is therefore equaui to CG. And 
AB is double of AF, and CD double of CG ; wherefore AB 
is equal to CD. ' 

Schol^^^A principle employed in this and the next pro- 
position is^-if two quantities A and B be tog6t;her eqtial t;o 
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other two C and D together, that is, ifA + B=:C + D; 
then, if A = C, B=:D; or,if A:^C, B^D. 

PROPOSITION XT. THEOREM. 

The diameter is the greatest chord in a cirde ; and of all 
others, that which is nearer to the centre is always greater 
than one more remote; and the greater is nearer to the 
centre than the less. 

. Let ABCD he a circle, of which the diameter is AD, and 
the centre E ; and let BC he nearer to the centre than FG; 
AD is greater than any chord BC which is not a diameter, 
and BQ greater th^ FG. 

From the centre draw EH, EK, perpendiculars to BC, 
FG, and join EB, EC, EF ; and hecause AE 
is equal to EB, and ED to EC, AD is equal «^ 
to EB, EC. But EB, EC, axe greater than 
BC (1. 20); wherefore, also, AD is greater than 
BC. 

And hecause BC is near^ to the centre than 
FG, EH is less than EK (HI. Def. 15). But, as was de- 
monstrated in the preceding, BC is douhle of BH, and FG 
double of FK, and the squai:es of EH, HB, are equal to 
the squares of EK,.KF, of which the square of EH is less 
than the square of EK, because EH is less than EK; there- 
fore the square of BH is greater than the square of FK, 
and the straight line BH greater than FK ; and therefore 
BC is greater than FG. 

Next, let BC be greater than FG ; BC is nearer to the 
centre than FG ; that is, the same construction being made, 
EH is less than EK ; because BC is greater than FG, BH 
likewise is greater thanKF ; and the squares of BH, HE, are 
equal to the squares of FK, KE, of which the square of BH 
is greater than the square of FK, because BH is greater than 
FK ; therefore the square of EH is less than the square of 
EK, and the straight line EH less than EK. 

PROPOSITION XVI. THEOREM. 

The straight line drawn at right angle* tdthe diameter of 
a circle, from the extremity of it, fells without the circle ; 
and no straight line can be drawn between that straight line 
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and iJie dicomfiarenee fiom the estpeadty^ so as not to^ol 

the circle. 

Let ABC be a circle, tlie centre of widdi is D, and the 
diameter AB ; and let AE be drawn from A pefpendicolai 
to AB, AE shall faU without the <^le. 

In AE take any point F; Join DF, and let DF meet tKe 
circle in C. . Because D AF is a right angle, 
it is greater than the angle AFD (1. 32) ; 
therefore DF is greater than DA (L 19) ; and 
DA is equal to DC ; therefore DF is greater b| 
fiian DC, and the point F is therefore with- 
out the circle. Now, F is any point what- 
erex in the line AE ; therefore AE falls without the cirde. 

Again, between die straight line AE and the circimx- 
ference no straight Hne can be drawn from the point A, 
which does not cut the circle. Let AG be drawn, making 
the angle DAG less than a right angle ; from 
D draw DH at ri^t angles to AG ; and be- 
cause the angle DHA is a right an^e, eacK 
of the other angles of the triangle L> AH is 
less than a right angle ; the angle DAH is 
therefore less than the angle DHA, and there- 
fore also the side DH is less than the side DA. The point 
H, therefore, is within the circle, a^d therefore die straight 
Hne AG cuts the circle. 

CoR. — ^From this it is manifest that the strait line 
which is drawn at right angles to the radius of a 
circle from the extremity of it, is a tangent ; and that 
it touches it only in one point, because, if it did meet 
the drcle in tm^ it would fall wi^na it (111% 2). AUm^ 
it is evid^it that there can be but one strai^ Uae 
whidi toudies the dnde in the same point. ' 

FROFOSITIOK Xm. PBOKiBM. 

To draw a straight line from a giyen point, either with- 
out or in the circumference, which shall be a tangent to a 
given circle. 

First, let A be a given point without the given cirde BCD ; 
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il.i8 leqnired to draw a steoiglit Une fiom A wbieh shaD be 
a tangent to the circle. 

Find the centre E of the circle (III. 1), and join AE ; 
and from the centre E, at the distance EA, describe the 
circle AFG ; from the point D draw DF at right angles to 
EA (I. 11), and join EF, AB. AB touches the circle 
BCD. 

Because E IS the centre of the circles BCD, AFG; EA is 
equal to EF, and ED to EB ; therefore the 
two sides A£, EB, are equal to the two FE, c^ 
ED, and they contain the angle at E com- 
mon to the two triangles AEB, FED ; there- 
fore the base DF is equal to the bsee AB, 
and the triangle FED to the triangle AEB, 
and the other angles to the other angles (1. 4) ; therefore 
the angle EBA is equal to the angle m>F. But EDF is a 
rigkt angle, wher^re EBA is a right angle ; and EB is 
a radius ; but a straight line drawn from the extremity of a 
radius, at right angles to it, is a tangent (III. 16, Cor.) ; 
therefore AB touches &.e circle, and it is drawn from the 
giren point A. 

But if the giyen point be in die circumference of the 
ckele, as die point D, draw the radius DE and DFat right 
angles to DE ; DF touches the circle (III. 16, Cor.) 

PROPOSITION XYin. THEOREM. 

If a straight line be a tangent to a circle, the straicfatliae 
drawn from the centre to the point of contact, shall be 
perpendicular to the tangent 

Lei the straight line DE be a tangent to the circle ABO 
in die point O ; take the centre F, and draw die straight 
fine FC ; FG is peipendieular to DE. 

For, if it be not, from the point F draw FBG perpendicu- 
lar to DE; and because FCrC is a right ^^,^A. 
angle, QCF is an acute angle (1. 17) ; diere- 
foie (1. 19) FC is greater than FG ; but FC [ f 
is equal to FB ; therefore FB is creater than ^ 

FG, the less than the greater, which is im- 
possible ; wherefore FG is not perpendicular ^ 
to Dfi. In the same manner it may be shown, diat no 
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oiher is perpoidicular to it besides FC ; iJiat is, F6 h 
pendicular to D£. 

PROPOSITION XIX. THEOREM. 

If a straight line be a tangent to a circle, and from the 
point of contact a straight line be drawn perpendicular to the 
tangent, the centre of the circle shall be in that line. 

Let the straight line DE be a tangent to the dscle ABC, 
in Qy and from C let CA be drawn at right angles to DE ; 
the centre of the circle is in CA. 

For, if not, let F be the centre, if possible, and join 0F« 
Because DE touches the circle ABC, and FC is drawn from 
the centre to the point of contact, FC is per- 
pendicular to DE (III. 18) ; therefore FCE 
IS a right angle. But ACE is also a right 
angle ; therefore the angle FCE is equal to 
the angle ACE, the less to the greater, which 
is impossible ; wherefore F is not the centre 
of the circle ABC. In the same mamier, it may be shown^ 
fhat no other point which is not in C A, is the centre ,* that 
is, the centre is in CA. 

Cor.— -If a line, drawn from the centre of a circle, be per- 
pendicular to a tangent, it will pass through the point 
of contact. 

For the line drawn from the centre to the point of con- 
tact is perpendicular to the tcmgent, and it must therefore 
coincide with the former line, which therefore must pass 
throi^h the point of contact. 

Semi. — ^From the last two propositions and corollary, it 
appears that, of the three conditions — of passing through 
the centre of a circle, of being perpendicular to a tangent^ 
and of passing through the point of contact— of a line frdfil 
two^ it also frilfils the third. 

PROPOSITION XX. THEOREM. 

The angle at the centre of a circle is double of the ande 
at the circumference, upon the same base, that ii;, upon the 
same arc. 

. Let ABC be a circle, and BDC an angle at the centre, and 
PAC an angle at the circumference, which hare the same 
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arc BC for tkeir base ; the angle BDC is double of the angle 
BAG. 

First, let D, the centre of the circle, be Tnthin the angle 
BAG, and join AD, and produce it to E. Because DA is 
equsl to DB, the ande DAB is equal to the 
angle DBA (1. 5J ; Uierefore the angles DAB, 
DBA, are double of the angle DAB; but 

g. 32) the angle BDE is equal to the angles 
AB, DBA ; therefore also the angle BDE is 
double of the an|^ DAB. For the same reo- 
son^ the angle £DG is double of the angle DAG ; there- 
fore tiie whfile angle BDG is double of the whole angle 
BAG. 

JU^ain, let D, the centre of the circle, be without the angle 
BAG, and join AD and produce it to E. It 
may be demonstrated, as in the first case, that 
the angle EDG is double of the angle DAG, 
and that EDB, a part of the first, is double 
of DAB, a part of the other ; therefore the 
remaining angle BDG is double of the remaining angle 
BAG. 

PROPOSITION XXI. THEOREM. 

The angles in the same segment of a circle are equal to 
one another. 

Let ABGD be a circle, and BAD, BED, angles in the 
same segment BAED ; the angles BAD, BED, are equal 
to one another. 

• Take F the centre of the chrcle ABGD ; and, firsts let 
the segment BAED be greater than a semicircle, and join 
BF, FD. And because the angle BFD is at 
the centre, and the angle BAD at the circum- 
ference, and that they have the same arc, 
namely, BGD, for their base; therefore the 
angle BFD is double of the angle BAD. For b^ 
the same reason, the angle BFD is double of 
the angle BED ; therefore the angle BAD is equal to the 
angle BED. 

But if the segment BAED be not greater than a semi- 
eirde, let BAD^ BED, be angles in it; these also are equal 
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to one anodier. Draw AF to the oentce, and produce it to 
G, and join CE ; therefore the segment BADC is greafect 
than a semidxele ; and the az^les in it BAG, 
BEG, are equal, hj the first case. For the 
same reason, hecause GBED is greats than^a 
semicircle, the angles GAD, GED, are equal ; 
therefore the whole angle BAD is equal to 
the whole angle BED. 

PROPOSITION XXU. THEOREM. 

The opposite angles of any quadrilateral figure described 
in a circle, are together equal to two right angles. 

Let ABGD be a quadrilateral figure in the circle ABOD ; 
any two of its opposite angles are tc^ether equal to two right 
angles. 

Join AG, BD ; and because the three angles of every tri* 
angle are equal to two right angles (1. 32), the 
three angles of the triangle GAB, namely, the 
angles GAB, ABG, BGA, are equal to two 
right angles. But die angle GAB is equal to 
the angle GDB (III. 21), because they are in 
the same segment BADG, and the angle AGB is equal to 
the angle ADB, because they are in the same segment 
ADGB ; therefore the whole angle ADG is equal to the 
angles GAB, AGB. To each of these equals add the angle 
ABG ; therefore the angles ABG, GAB, BGA, are equal 
to the angles ABG, ADG. But ABG, GAB, BGA, are 
equal to two right angles ; therefore also the angles ABO, 
ADG, are equiu to two right angles. In the same manner, 
die angles BAD, DGB, may be shown to be equal to two 
right angles. 

PROPOSITION XXm. THEOREM. 

Upon the same stra^ht line and upon the same side of 
it, there cannot be two similar segments of circles, not coin* 
ciding with one another. 

If it be possible, let the tw6 similar segments of circles, 
namely, AGB, ADB, be upon the same side of the same 
straight line AB, not coinciding with one another; theo. 
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braiuse the circle A€^ cuts the cirde ADB in the two 

peiBts A, B> th^ cannot cut oBe another in 

any other point (IIL 10) ; one of llie'segmenis 

must therefore fall ¥rithin the other ; let ACB 

isdl witlun ADBv and diaw the straight line 

BCD, and join CA, DA; and because the s^ment ACB 

is similar to the segment ADB, the angle ACB is equal to 

the angle ADB (III. Def. 8), the exterior to the interior, 

which is impossible (1. 16). 

PROPOSITION XXIV. THEOBBM. 

Similar segments of circles upon equal straight lines ase 
equal to one another. 

Let AEB, CFD, be similar segments of circles up6n the 
equal straight lines AB, CD ; the segment AEB is equal to 
toe B^ment CFD. 

For, if the segment AEB be applied to the segment CFD, 
so as ^e point A be on C, and the ^ 

straight Ime AB upon CD, the 
point B shaU coincide with the 
point D, because AB is equal to CD ; therefore the straight 
une AB coinciding with CD, the semi^t AEB must coin- 
cide with the segment CFD (III. 23), and therefore is equd 
to it. 

PROPOSITION XXT. FBOBUBH. . 

A segment of a circle being given, to describe the circle 
of which it is the segment. 

Let ABC be the given segment of a circle ; it is required 
to describe the circle of which it is the segmrait. 

Bisect AC in D (1. 10), and from the point D draw DB 
at right angles t* AC (I. 11), and join AB ; firsts let the 
angles ABD, BAD, be 
equal to one another; then 
the straight line BD is 
equal to DA (I. 6), and 
therefore to DC ; and because the three straight lines DA, 
DB) DC, are all equal, D is the centre of the cuxle (III. 9); 
from the centre D, at the distance of any of the three DA, 
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DB, DC> describe a cirde; dis shall pass through tile ^K«!r 
points ; and the drde, of which ABO is a segment, is ^e- 
scribed ; and because the centre D is in AC, the segment 
ABC is a semicircle ; but if iihe an^es ABD, BAD, are 
not equal to one another^ at the pomt A, in the straight 
fine AB, make the ande BAE equal to the angle ABD 
(I. 23), and produce BD, if necessary, to E, and join EG ; 
and because the angle ABE is equal to the angle BAE, the 
Straight line BE is equal to EA ; and because AD is equal 
to DC, and DE common to the triangles ADE, ODE, the 
two sides AD, DE, are equal to the two CD, DS, each tb 
. each ; and the angle ADE is equal to the angle CDE, for 
each of them is a right angle ; therefore the base AE is 
equal to the base EC (1. 1); but AE was sho^^v toi)oe 
equal to EB, wherefore also BE is equal to EC ; and tibe 
three straight lines AE, EB, EC, are therefore equal to one 
another ; wherefore E is the centre of the circle (III. 9). 
From the centre E) at the distance of otny of the th^ee AE^ 
EB, EC, desaibe a drde, this shall pass dirough the other 
points ; and the ciccle, of which ABC is a segment, is de- 
scribed ; and it is evident, that if the angle ABD be greater 
than the angle BAD, the centre E faU^ without the seg- 
ment ABC, which therefore is less than a semicircle ; but 
if the angle ABD be less than BAD, the centre E faSs 
within the segment ABC, which is therefore greater than a 
semicircle ; wherefore a segment of a circle being given, the 
circle is described of which it is a segment. 

PROPOSITION XXYX. THEORBM. 

In equal circles, equal angles stand upon equal arcs, 
whether they be at the centres or circumferences. 

Let ABC, DEF, be equal cirdes, and* the equal angles 
BGC, EHF, at their centres, and BAC, EDF, at their cir- 
cumferences ; the arc BKC is equal to the arc ELF. 

Join BC, EF ; and because the cirdes ABC, DEF, are 
equal, the straight lines drawn fh>m their centres are equal ; 
therefore the two sides BG, GC, are equal to the two EH, 
HF; and the ande at G is equal to the angle at H; 
therefore the base BC is equal to the base EF (I. 4) ; and 



TBISD BOCK* 



83 




becaase the angle nt A is equal to tke aatigle at D, the seg- 
ment BAG is similar to the seg- 
ment EDF (III. Def. 8); and 
they are Upon equal straight Hnes 
BC, EF; hnt similar s^ments 
of circles upon equal straight lines 
are equsi, to one another (III. 24) ; 
therefore the segment BAG is equal to the segment EDF ; 
hut the whole circle ABG is equal to the whole DEF; 
therefore the remaining segment BKG is equal to the re- 
maining segment ELF, and the arc BKG to the arc ELF. 

FI^)FOSITION XXYU. THEOREM. 

In equal cirdes, the angles which stand upon equal arcs 
are equal to one another, whether they he at the centres ok 
drcumferences. 

Let the angles BGG, EHF, at the centres, and BAG, 
EDF, at the circamferences of -the equal circles ABG, DEF, 
stand upon the equal arcs BG, EF; the angle BOG is 
equal to the. angle EHF, and the angle BAG to the angle 
EDF. 

If the angle BGC he equal to the angle EHF, it is mani- 
fest that the ai^le BAG is also equal to EDF (III. 20). 
But, if not, one of them is the 
greater ; let BGG he the greater, 
and at the point G, in the 
straight line BG, make the ^^ 
angle BGK equal to the angle 
EHF (I. 23) ; hut equal angles stand upon equal arcs 
(III. 26), when they are at the centre ; therefore the aris 
BK is equal to the arc EF ; hut EF is equal to BG ; 
&erefi>re also BK is equal to BG, the less to the grea(^r, 
which is impessihle ; therefore the angle BGG is not un- 
equal to the angle EHF ; that is, it is equal to it ;' and the 
angle at A is half of the angle BCrG, and the angle at D 
half of the ande EHF; therefore the angle at A is equd 
to the angle at £>. 
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FROFOBITION XXVni, THBORBM . 

In equal circleB, e^nal chords cot off e^pal aics, tiie 
greater equal to the greater, and the less to the less. 

Let ABC, DEF, be equal circles, and BO, £F, equal 
chords in them, which cut off the two greater arcs BAG, 
EDF, and the two less BGC, EHF; the greater BAG 
is equal to ike greater EDF; and the less BGC to the less 
EHF. 

Take K, L, the centres of tiie circles (III. I), and join 
BK, KG, EL, LF ; and because the circles are equal, their 
radii are equal; therefore BK, 
KG, are equal to EL, LF; and 
the hose BG is equal to the base 
EF; therefore the angle BKG 
is equal to the angle ELF (1. 8). ^ 
But equal angles stand upon 
equal arcs (lH. 26), when they are at the centres ; thei«- 
finre the arc BGG is equal to the arc EHF. But the whole 
drcle ABG is equal to the whole EDF ; the remaining part 
therefore of the circumference, namely, BAG, is equal to tJne 
remaining part EDF. 

PROPOSITION XXIX. THBOBBX. 

In equal circles equal arcs are subtended by equal chords. 

Let ABC, DEF, be equal circles, and let the arcs BG€, 
EHF, also foe equaJ, and join BG, 
EF ; the chord BG is equal to 
the chord GF. 

Take K, L, the centres of ihe 
drdes (III. 1), and join BK, 
KG, EL, LF; and because the 
arc BGG is equal to the ace EHF, the angle BKG is equal 
to the angle ELF (IH. 27) ; and because the circles ABG, 
DEF, are equal, their radii are equal ; therefore BK, KC^ 
are equal to EL, LF, and they contain equal angles; there- 
fore ttie base BG is equal to the base EF (I. 4). 
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PROPOSITION XXX. PBOBLBir. 

To bisect a g^yen are, Atat is, to divide it into two equal 
parts* 

Let ADB be &e giyen anx; it is reqoired to Usect it 
Join AB, and bisect it in C (1. 10; ; from tbe point C 
draw CD at rigbt andes to AB, and join AD» DB ; the aia 
ADB is bisected in &e point D. 

Because AC is equal to CB, and CD common to the tri- 
angles ACD, BCD, the two sides AC, CD, are equal to the 
two BC, CD ; and the angle ACD is equal to y'^^h:;^^ 
the angle BCD, because each of them is a r^ght /^ |^\ 
angle ; therefore the base AD is equal to the ir — c ^ 
base BD (I. 4). But equal chords cut off equal aret 
(in. 28), the greater eqim to the greater, and the less to 
tbe less ; and AD, DB, are each of them less than a semi- 
dbrcle, because DC passes through the centre (III. 1, Cor.) ; 
wherefore the arc AD is equal to the arc DB ; therefore the 
giren arc is bisected in D. 

PROPOSITION XXXI. THBOBBV . 

In a circle, the angle in a s^nicirde is a right angle ; but 
the angle ia a segment greater than a semicircle is less than 
a light angle ; and the ^gle in a segment less than a semi- 
drcTe is greater than a right angle. 

liCt ABCD be a circle, of which the diameter is BC, and 
centre £ ; and draw CA dividing the circle into the s^- 
ments ABC, ADC, and join BA, AD, DC ; the angle m 
the semicircle B AC is a right angle ; and the 
angle in the segment ABC, which is greater 
than a semicircle, is less than a right angle ; 
and the ang^e in the segment ADC, which is 
less than a semicircle, is greater than a right a| 
ande. 

Join AE, and produce BA to F ; and be- 
cause BE is equal to EA, the angle EAB is equal to EBA 
(1. 5) ; also, because AE is equal to EC, the angle £AC is 
equal to ECA ; wherefore the whole angle BAC is equal to 
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the two angles ABC, AOB. But FAC, the exterior angfe 
of the triangle ABC, is also equal to the two angles ABC, 
AOB ; therefore the angle BAG is equal to the angle FAC, 
and each of them is therefore a right angle (I. Def. 10) ; 
wherefore the angle BAG in a semicircle is a right angle. 

And because we two angles ABC, BAG, of the triangle 
ABCare together less than two right angles (1. 17), and 
that BAG is a n^t angle, ABG must be less than a right 
angle ; and therefore the angle in a segment ABG greater 
thsoi a semicircle, is less than a right angle. 

And because ABGD is a quadrilatered figure in a divle^ 
anj two of its opposite angles are equal to two right angles 
(III. 22) ; ther^re the angles ABG, ADC, are equal to 
two right angles ; and ABG is less than a right angle ; 
wherefore the other ADG is greater than a right angle. 

Cob.— *From this it is manifest, that if one smgle of a 
triangle be equal to the other two» it is a right angle, 
because the angle ai^jacent to it is equal to the same 
two; and when the adjacent angles are equal, they 
are right angles. 

FBOFOSITION XXXH. THEOREM. 

The angles contained by a tangent to a circle, and a chord 
drawn firom the point of contact, are equal to the angles in 
the alternate segments of the circle.^, 

Let £F be a tangent to the drde ABGD, and firom the 
point of contact B let the chord BD be drawn ctitting the 
circle ; the angles which BD makes with the tangent EF 
shall be equal to the angles in the alternate segments of the 
circle ; that is, the angle FBD is equal to ihe angle which 
is in the segment DAB^ and the angle DBE to the angle 
in the segment BGD. 

From the pomt B draw BA at right angles to EF (1. 11), 
and take any point G in the circumference BD, and join 
AD, DC, GB ; and because the straight line EF touches 
the circle ABGD in the poii^t B^ and BA is drawn at right 
angles to the tangent from the point of contact B, the 
centre of the circle is in BA (HI. 19) ; therefore the angle 
ADB in a semicirole is a ri^ angle (III. dl), and cod- 
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aequently tlie other two angles BAD, ABD, 
are equal to a zight angle (1. 32) ; but ABF 
is likewise a right angle ; therefore the angle 
ABF is equal to the angles BAD, ABD ; take 
from these equals the oommon ande ABD ; 
therefore the remaining angle DBF is equal 
to the angle BAD, which is in the alternate segment of tKe 
circle ; and because ABCD is a quadrilateral figure in a 
dscLe, the opposite angles BAD, BCD, are equal to two 
. rigrht an^es (IH. 22) ; therefore the angles DBF, DBE, 
being likewise equal to two right angles (1. 13), are equal 
to the angles BAD, BCD ; and DBF has been proved equal 
to BAD ; theretoe the remaining angle DB£ is equal to 
the angle BCD in. the alternate segment of the circle. 

FROFOSniON XXXm.' PBOBtAM. 

» Upon a given straight line to describe a sement of a 
circle, containing an angle equal to a given rectilmeal angle. 

Let AB be the given straight line, and the angle at C the 
given rectilineal angle ; it is required to describe upon the 
given straight line AB a segment of a circle, containing an 
ande equal to the angle C. 

First, let the angle at C be a right angle, and bisect AB 
in F (1. 10), and from the centre F, at the « — 
distance FB, describe the semicircle AHB ; I 
therefore the angle AHB in a semicircle is 
equal to the rig£t angle at C (III. 31). 

But if liie angle C be not a right angle, at the point A, 
in the stisught line AB^ make the angle BAD equal to the 
angle O (L 23), and from the point A 
dxaw AE at right angles to AD ; bisect 
AB in F (L 11), and from F draw FG 
at right angles to AB, and join OB. c 
And because AF is equal to FB, and FG ^ 
common to the triangles AFG, BFG, 
the two sides AF, FG, are equsd to the 
two BF, FG ; and the angle AFG is equal to the ande 
BFG ; thaefore the base AG is equal to the base GB (1.4); 
and the circle described from the centre G, at the distance 
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OA, sball pass tiirottgh ibt point B ; lei this Ibe the cin^ 
AHB. Ajad faecaose from ^ point A, the extremity of 
ike diameter AB, AD k drawn at right /5 — 
angles to AE, tlferefore AD toudies the / a / 




drawm from the point of contact A cuts 

the circle, the angle DAB is eqnal to the 

angle in the alternate s^ment AHB (HL 32). But the 
ande DAB is equal to the angle C, dieiefbre idso the angle 
C IS equal to the an^ in ihe s^nient AHR Wherefore, 
upon the giren straight line AB the segment AHB of a 
cirde is desoihed which contains on ang^e aqual to t&e given 
angle at C. 

PROPOSITION XXXIY. PROBLEM. 

To cut off a segment from a given circle which shall ccm- 
tain an angle equal to a giyen rectilineal angle. 

Let ABC he the given circle, and D the given rectilineal 
angle ; it is required to cut off a segment from the circle ABC 
that shall contain an angle equal to the angle D. 

Drvw the straight line £F touching the circle ABC m 
the point B (IJI, 17X ^^ ^ ^^ point 
B, in the straight line BF, make the ang^e 
FBC equal to the an^le D (L 23); th^«- 
fore, hecause the strai^t line £F touches y^ 

the circle ABC, and BO is diawn from B ^ _ 

the point of contact B, the angle FBC is eqiisd toiiie an|0^ 
in the alternate segment BAC of the circle (III. 32). But 
the angle FBC is equal to the aarie D ; therdeyre the angle 
in the segment BAC is equal to me angle D ; wh^r^ore the 
segment BAC is cut off fram the giren circk ABC contain- 
ing an angle equal to the giren as^gle D. 

PROPOSITION XXXY. THEOBEK. 

If two diords in a circle cut (me another, the seetaMb 
contained hj the segments of one of them is equal to Sue 
rectangle contained oj the segmoits of the otha^ 

Let the two chords AC, BB, within Ae drde ABOD, 
oat Mie another in the point E ; the vectan^ contained hy 
A£» EC, is equal to the rectangle eoalai&ed hf BE, EIX 






If AGy BDy pass each of tbcm tbimigii ike 
centre, so thaA E is the centre; it is evident 
that AE, EG, BE, ED, bang all equal, the vect- 
ai^le AE * E0> is likewise equal to the rectangle 
BEED. 

But let o«e of tibiem BD pass thioush the centre, and cut 
the other AC^ which does not pass uirough the centre, at 
right angles, in the p<»nt E ; then, if BD he bisected in F, 
F is the centre of the cirde ABCD ; join AF ; and be- 
cause BD, which passes through the c^atre, cuts 
the staight line AC, whida does not pass 
through me centre, at right a^ies in E ; AE, 
EC, are equal to one an<mi«: (UI. 3) ; and be- 
cause the straight line BD is cut into two equal 
parts in the point F, and into two unequal in 
the point E, the rectangle BE -ED, together with the square 
of EF, is equal to the square of FB (11. 5) ; that is, to the 
square of FA ; but the squares of AE, EF, are equal to the 
square of FA (1. 47) ; therefore the rectangle BE -ED, to- 
gether with the square of £F, is equal to the squares of 
AE, EF. Take awaj the conunon square of EF, and the 
remaining rectangle BE * ED, is equal to the renmining 
square oiAE ; t£tt is, to the rectangle AE*EC. 

Next, Wt BD, whidi passes through the caibre, cut the 
otiber AC, which does not pass through the centre, in E, but 
not at right angles ; then^ as before, S BD be bisected in F, 
F is the centre of the circle. Join AF, and from F draw 
FG peipendieular to AC (1. 12) ; therefore 
AG is equal to GO (UI. 3) ; wherefore the 
rectangle AE*EC, tc^eth^ with the square of 
EG, is equal to the square of ACt. To each 
of these equals add the squai^ ef GF ; there- 
fore the rectangle AE*EC, together with the squares of 
EG, GF, is equal to the sqsares of AG, GF. But the 
mpmm of £G^ GF^ are equdTto the square of EF ; and ^e 
sqaares of AG, GF, sire equal to the square of AF ; there- 
§m the reetangle AE*£C, together with the square of EF, 
i»equalto1^a|iiareof AF; tibat is, to the square of FB. 
But the squaKe of FB is equal to ^e rectai^Ie BE*ED, 
logeAer with the squaca of EF ; thesi^re we rectangle 
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AE'EG, together with llie square of EF, is equal to the 
rectangle BE'ED^ together with the square of £F. Take 
away Qie common square of EF, and the remaining rect- 
angle AE'EC, is therefore equal to the remaining rectan^e 
BEED. 

Lastlj) let neither of the stca%ht lines AG, BD, pass 
through the pentre; take the centre F, and 
through E, the intersection of the straight hues 
AC, DB, draw the diameter GEFH ; and be* 
cause the rectangle A£*EC, is equal, as has j^ 
been shown, to. the rectangle GE*EH; and, 
for the same reason, the rectangle BE* ED, is equal to the 
same rectangle GE-EH; ther^re the redangle A£*EG, 
is equal to me rectangle BE* ED. 

PROPOSITION XXXVI. THEOREM. 

If from a point without a circle a secant and a tangent 
to it be drawn, the rectangle under the secant and its ex* 
temal segment is equal to the square of the tangent 

Let D be any point without the ciscle ABO, and DOA, 
DB, two strai^t lines drawn from it, of which DCA cuts 
the circle, and DB touches the same ; the rectangle AD *DC, 
is e€^al to the square of DB. 

Either DCA passes through the centre, or it does not ; 
first, let it pass through the centre E, and join EB ; there- 
fere the angle EBD is a right angle (III. 18) ; and because 
the straight line AC is bisected in E, and pro* 
duced to the point D, the rectangle AD • DC, 
together with the square of EC, is equal to the 
square of ED (II. 6) ; and CE is equal to EB ; 
therefore the rectangle AD* DC, together with 
the square of EB, is equal to the square of ED ; 
but (I. 47) the square of ED is equal to the 
squares of EB, BD, because EBD is a r%ht 
angle ; therefore the rectangle AD * DC, together with the 
square of EB, is equal to the squares of EB, BD ; take 
away the common square of EB ; therefore the remaining 
rectangle AD * DC, is equal to the square of the tangent DB. 

But if DCA does not pass through the centre of the drde 
ABC, take the centre E (1. 3), and draw EF perpendicular 
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to AC (L 12), and join £B, EC, ED ; and because tbe 
straiglit line EF, which passes through the ^ 

centre, cuts the straight line AC, which does ' 
not pass through the centre, at right angles, it 
shall likewise bisect it (III. 3) ; therefore AF b^ 
is equal to EC ; and because the straight line 
AC is bisected in F, and produced to D, the 
rectangle AD- DC, together with the square of 
FC, is equal to the sjpare of FD ; to each of these equals 
add the square of FE ; therefore the rectangle AD • jDC, 
together with the squares of CF, FE, is equal to the squares, 
of DF, FE ; but the square of ED is equal to the squares 
of DF, FE, because EFD is a right angle ; and the square 
of EC is equal to the squares of CF, FE; therefore the 
rectangle AD 'DO, together with the square of EC, is equal 
to the square of ED ; and CE is equal to EB ; therefore . 
the rectangle AD • DC, together with the square of EB, is 
equal to the square of ED ; but the squares of EB, BD, are 
equal to the square cf ED, because EBD is a right angle ;. 
therefore the rectangle AD * DC, together with the square 
of EB, is equal to the squares of EB, BD; a 

take away the common square of EB ; there- A^ 
fore the remaining jrectangle ADDC, is equal ^^t-jR 
to the square of DB. *7/\\ 

Cor. — ^If from any point without a circle ( I \\ 
there be drawn two straight lines cutting \ I \ y 
it, as AB, AC, the rectangles contained \/^yc 
by the whole lines and the parts of them * 
without the circle, are equal to one another ; namely,. 
the rectangle BA • AE, to the rectangle CA* AF ; for 
pfich of them is equal to the square of the straight line 
A D which touches the circle. 
Sckot. 1 . — ^The aboTe corollary and proposition 35, may 
be eninciated thus :— .The rectangles under the segments of 
two \\ t«Tsecting chords of a cirde are equal, whether they 
cut int( rnalJy or externally. 

Sch<d. 2.-r-The first case of this proposition affords a geo- 
meti-ical pifinoiple by which the length of the diameter of 
the earth may be computed. 
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PROPOSITION XXXYU. THBOBSa& 

If from a point without a circle a seeant be drawn, and 
also a line meeting the circle, and if the rectangle under the 
seeant and its external segment he equal to the square of 
the oth^ line, this line wm he a tangent. 

Let anj p<Hnt D he taken without the circle ABC, and 
from it let two straight lines DGA and DB be dzawB^ oi 
which DCA cuts the circle, and DB meets it ; if the recti- 
angle AD'DC, be equal to the square of DB^ DB toudieB 
the circle. 

Draw the straight line DE touching the ckcle ABC 
(III. 17) ; find the centre F, and join FE, FB, FD ; tiue& 
FED is a right angle (III. 18) ; and heeanse ^ 
DE touches the circle ABC, and DCA cuts it, 
the rectangle AD * DC, is equal to the square 
of DE (III. 36) ; but the rectangle AD • DC, 
is, bj hypothesis, equal to the square of DB ; 
therefore the square of DE is equal to the 
square of DB ; and the straight line DE equal 
to the straight line DB ; and FE is equal to FB, wherefore 
DE, EF, are equal to DB, BF ; and the base FD is ccMOi- 
mon to the two triangles DEF, DBF ; thei«fore the angle 
DEF is equal to the angle DBF (L 8) ; and DEF is a ri^t 
angle; therefore also DBF is a right angle; hut FB, if 
produced, is a diameter, and the straight line which is drawn 
at right angles to a diameter, from the extremity of it, 
touches the circle (III. 16); therefore DB touches the 
circle ABC. 

EXERCISES. 

1. A line that bisects two parallel chords in a circle, is 
also perpendicular to them. 

2. Parallel chords in a circle intercept equal arcs. 

3. The exterior augle of a quadrilateral figure inscribed 
in a circle, is equal to the interior and opposite. 

4. If two circles cut each other, the line joining the 
points of intersection is bisected perpendicularly by the line 
joining their centres. 
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5. If a tangent to a circle be parallel to a chord, the point 
of contact bisects the intercepted arc. 

6. Two concentric circles intercept between them, two 
equal portions of a line cutting them both. 

7. If a chord to the greater of two concentric circles be 
a tangent to the less, it is bisected in the point of contact. 

8. If a circle be described on the radius of another circle, 
any chord in the latter,- drawn from the point in which the 
circles meet, is bisected by the former. 

^ If two circles toudi one another, either intemally or 
extecnally, the chords of the two arcs intercepted by two 
lines drawn through the point of contact, are parallel. 

10. If two circles cut one another, and, from one of the 
points of mtersection, two diameters be drawn, their other 
extremities, and the other point of contact, will be in one 
sftcaight line. 

11. If two ehords in a circle intersect eaiDh other peipen- 
dieularly, the sum of the sq-uares of their four segments is 
equal to the square of the diameter. 

12. Perpendiculars, from the extremities of a diameter of 
a circle, upon asiy chord, cut off equal segments. 

13. In a circle^ ihe sum of the squares of two lines drawn 
from the extremities of a chord, to any point in a diameter 
parallel to it, is equal to the sum of the squares of the seg- 
ments of the diameter. 

14. Given the vertical angle, the base, and the altitude 
of a triangle, to construct it. 

' 15. Given the vertical angle, the base, and the sum of the 
ndes of a triangle, to construct it. 

16. If the opposite sides of a quadrilateral inscribed in a 
circle be produced to meet, the square of the line joining 
the points' of concourse, is equal to the sum of the squares 
of the two tangents from these points. 

17. If the points of contact of two tangents to a circle 
be joined, any secant drawn from their intersection is di- 
vided into three segments such, that the rectangle imder 
the secant and its middle segment is ec][ual to that imder its 
extreme segments. 

18. Two tangents to a circle, drawn from the same point, 
are equal. 
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DEFINITIONS. 





1. A rectilined %are is said to be interibed in anotlieT 
rectilineal figure^ when aU the angles of the inscribed figute 
are upon the sides of the figure in which it is in- 
scribed, each upon each. 

2. In like manner, a figure is said to be de- 
scribed ahotU another figure, when all the sides 
of the circumscribed figure pass through the angular points 
of the figure about which it is described, each tl^ough^K^. 

d. A rectilineal figure is said to be inscribed 
in a circle, when all the angles of the inscribed 
figure are upon the drcumfi^rence of the circle. 

4. A rectilineal figure is said to be described ahout a 
circle when each side of the circumscribed figure 
touches the circumference of the circle. 

5. In like manner, a circle is said to be in- 
scribed in a rectilineal figure, when the circum- 
ference of the cirde touches each side of the 
figure. 

6. A circle is said to be described alout a rec- 
tilineal figure, when the circumference of the 
circle passes through all the angular points of the 
figure about which it is described. 

7* A straight line is said to be placed in a circle, when 
the extremities of it are in the circumference of the circle* 

8. A regular polygon has all its sides equal, and also oil 
its angles. 

9. A polygon of five sides is called a pei^tagon ; of six, 
a hexagon ; of seyen, a hsptagon ; of eight, an octagon ; of 
nine, a nonagon ; of ten, a decagon ; of eleven, an undecor- 
gon ; of twelve, a dodecagon ; and of fifteen, a quind^eagon 
or pentedecagon. 
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10. The centre of a regular polygon is a point equallf 
distant fix>m its sides or angular points. 

11. The apothem of a regular polygon is a perpendicular 
from its centre upon any of its sides. 

12. The p&rimeUr of any figure is its circumference or 
whole boundary. 

PROPOSITION I. PROBLEM. 

I^ a given circle to place a straight line, equal to a given 
straight line not greater than the diameter of the circle. 

Let ABC be the given circle, and D the given straight 
liile, not greater than the diameter of the circle. • 

.l)raw BC a diameter of the circle ABC ; then, if BC 
is equal to D, the lliing required is done ; for in the drde 
ABC a straight line BC is placed equal to 
D ; but if it is not, BC is greater than D; 
mskke CE equal to D (1. 3), and from the 
ceaiibre C, at the distance CE, describe the 
cinrle A£F, and joinCA; therefore, be- d. 
cause C is the centre of ^e circle AEF, CA is equal to 
CE; but D is equal to CE; therefore D is equal to CA. 
Wherefore, in the circle ABC, a straight line is placed, 
equal to the given straight line D, which is not greater than 
the diameter of the circle. 

PROPOSITION II. PROBLEM. 

In a given circle to inscribe a triangle equiangular to a 
given triangle. 

Let ABC be the given circle, and DEF the given tri- . 
angle ; it is requiredto inscribe in the circle ABC a triangle 
equiangular to the triangle DEF. 

•Draw the straight line GAH touching the circle in the 
point A (III. 17), and at the point A, in the straight line 
AH, make the angle HAC equal to 
the angle DEF (I. 23) ; and at the 
point A, in the straight line AG, 
make the angle GAB equal to the 
angle DFE, and join BC ; therefore, ^i 
because HAG touches the circle 
ABC, and AC is drawn from the point of contact, the an^e 
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H AC 18 eqsal to iiie vafjlfb ABO m ike filt^ntate B^gmait 
of the circle (III. 32) ; bat MAC is e^ to the ttiik« 
DBF ; thcvefore also l^e angle ABC k equal to DEF ; l)r 
the same reason, the angle ACB is equal to the an^ DF% ; 
tlMrefore the remaining angle BAG is equal to the remain- 
ing angle EDF (I. 32) ; wherefore the triangle ABO is 
equiangular to the triangle DEF, and it is rnscrihed in the 
circle ABO. 

PROPOSITION m. PBOBLEB^ 

About a given circle to describe a triangle equiangular to 
a»^yen triangle. 

Let ABC be the given circle, and DEF the given triaaidb ; 
it is required to describe a triangle about the cirela JSBC 
equiangular to the triangle DEF. 

Produce EF both ways to tiie points O, H, and find the 
centre K of the cade ABO, and ^com it draw any stra^ll 
line KB ; at the point K in the strai^i Hne KB) make the 
angle BKA equal to the angle 
DEG (1. 23), and the angle BKO 
equal to the angle DFH ; and 
through the points A, B, O, draw 
the straight lines LAM, MBN, 
NCL, touching the circle ABO itf ^^b^ n 
(III. 17) ; therefore, because LM, MN, NL, touch the circle 
ABC in the points A, B, O, to which from the centre are 
drawn KA, ICB, KO, the angles at the points A, B, O, are 
right angles (III. 18) ; and because l^e four angles of the 
quadrilateral figure AMBK are equal to four right angle% 
for it can be divided into two triangles, and because two of 
them KAM, KBM, are right angles, the other two AKB, 
AMB, are equal to two right angles. But the angles DEG, 
DEF, are likewise equal to two right an^es (1. 13) ; there- 
fore the angles AKB, AMB, are equal to the angles DEG, 
DEF, of wnich AKB is equal to DEG ; wherefore the re- 
maining angle AMB is equal to the remaining angle DEF. 
In like manner, the angle LNM may be demonstrated to be 
equal to DFE ; and therefore the remaining angle MLN is 
equal to the remaining angle EDF (1.32) ; wherdiare ^e 
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triftagle LMN is equyoigidaff to tke tnan^ DBF ; and it 
is described about we circle ABO. 

PROPOSITION IT. PBOBL£M. 

To iBScribe a cirdie in a giTen triangle. 

Lei the given triangle be ABC ; it is le^wred toinaQribc 
a circle in ABO. 

Bisect the ang^ ABO, BOA, l^ tiw stnogbt imes BD» 
CD, meeting one anoliher in the pomt D, fiom which draw 
D£, DF, BQ^ perpcsadacnlaEB to AB, BO, CA. And be^ 
cause the angle EBD is equal to th£ angle FBD, the an^ 
ABC heing bisected hj BD ; and becaiuse iite right anffle 
B£ID is equal to the r^t angle BFD, tiie two trian^es 
EBD5 FBD, have two angles of the one 
equal to two angles of ike other ; and ^ 
side BD, whidi is opposite to one of the 
equaH angles in eacii, is common to bo<^ ; 
therefore their Q&tes ndes aire equal (1,26); 
wherefore DE is equal to DF. For the i T ^r^ — "^ 
same reason, DO is equal to DF; therefore ilie three 
straight lines DE, DF, DG, are equal to one another, and 
the circle described from the centre D, at the dii^ance of 
any of them, will pass throi^h the extremities of the other 
two, and will touch th/e strai^it lines AB, BO, OA, because 
the angles at the points E, F, G, are r^t angles, and the 
straight line whiffi is drawn fcoia the extremity of a dia* 
meter at right angles to it, touches the circle (III. 16); 
therefore the straight lines AB, BO, OA, do each of them 
touch the circle, and the circle EFG is inscribed in the tri- 
angle ABO. 

PROPOSITION V. PROBLEM. 

To describe a circle about a given triangle. 

Let the given triangle be ABO ; it is required to describe 
a circle about ABO. 

Bisect (1. 10) AB, AC, in the points D, E, and from 
these points draw DF, EF, at right angles to AB, AC 
(1. 11) ; DF, EF, produced, meet one another; for, if they 
do not meet, they are parallel ; wherefore AB, AC, which 
are at right angles to i^em, are parallel, wliich is absurd. 
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Let them meet in F, and join FA ; abo, If the point F he 
not in BC, join BF, 
CF ; then, hecanse 
AD is equal to DB, 
and DF common, and b\ 
at zieht angles to AB, 

the base £f is equal to the base FB (1. 4). In like man- 
ner, it may he shown that CF is equal to FA ; and therefore 
BF is equal to FC ; and FA, FB, FC, are equal to one an- 
other ; wherefore the circle described from the centre F, at the 
distance of one of them, shall pass through the extremities 
of the other two, and be described about the triangle ABC. 
CoB^— And it is monifest, that when the centre of the 
circle falls within the tnangle, each of its an^es is less 
than a right angle, each of them bdng in a segment 
greater than a semicircle ; but when the centre is m 
one of the Msa of the triansle, the angle opposite to 
this side, beina in a semidvue, is a right angle ; and 
if the centre fiuls without the triangle^ the an^e oppo- 
site to the side beyond which it is^ being in a segment 
less than a semicircle, is greater than a right angle. 
Wherefore, if the given tnangle be acute-angled, the 
centre of the circle &lls witlun it ; if it be a right- 
angled triangle, the centre is in the hypotenuse ; and if 
it be an obtuse-angled triangle, the centre falls without 
the triangle^ beyond the side opposite to the obtuse 
angle. 

PROPOSITION VI. PROBLEM. 

To inscribe a square in a given drde. 

Let ABCD be the given cirde ; it is required to inscribe 
a square in ABCD. 

Draw the diameters AC, BD, at right andes to one tm- 
other, and join AB, BC, CD,- DA ; because BE is equal to 
£D,*E being the centre, and because EA is 
at right angles to BD, and common to the 
triandes ABE, ADE ; the base BA is ^ 
equal to the base AD (I. 4) ; and, for the 
same reason, BC, CD, are each of them equal 
to BA or AD; therefore the quadrilateral 
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figure ABCD is equilateraL It is also rectangular ; for the 
straight line BD, heing the diameter of the circle ABCD, 
BAD is a semicircle ; wherefore the angle BAD is a right 
angle (III. 31) ; for the same reason, each of the angles 
ABC, BCD, CD A, is a right angle ; therefore the quadri- 
lateral figure ABCD is rectangular, and it has heen shoMn 
to t>e equilateral ; therefore it is a square ; and it is inscrihed 
in the circle ABCD. 

. . PBOPOSITION VU. PROBLEM. 

• To describe a square about a giren circle. 

Let ABCD be the given circle ; it is required to describe 
a s^piare about it. 

Draw two diameters AC, BD, of the circle ABCD, at 
right angles to one another, and (III. 1?) ihrosgb the points 
A| B, C, D, draw FGh, GH, HK, KI^ ton<ii- cj_a_f 
ing the drde ; and because FG tondies the * >^ ^ ^^ 
circle ABCD, and EA is drawn firom the 
centre E to the point of contact A, the angles 
at A are right angles (III. 18) ; for the same ^ 
reason, the angles at the points B, C, D, are n ^ 
right angles ; and because the angle AEB is a right angle^ 
as likemse is EBG, GH is parallel to AC (I. 28) ; for the 
same reason, AC is parallel to FK, and in like manner GF, 
HK, may each of them be demonstrated to be parallel to 
BED ; therefore the figures GK, GC, AK, FB, BK, are 
parallelograms ; and GF is therefore equal to HK (I. 34), 
and GH to FK ; and because AC is equal to BD, and that 
AC is equal to each of the two GH, FK ; and BD to each 
<rf tiiie two GF, HK ; GH, FK, are each of them equal to 
GF or HK ; therefore the quadrilateral figure FGHK is 
equilateral. It is also rectangular; fi>r GBEA being a 
paarallelogFam, and AEB a right angle, AGB is likewise a 
light angle. In the same manner, it may be shown that 
the aisles at H, K, F, are right angles ; therefore the qua- 
drilateral figure FGHK is rectangmar ; and it was demon- 
strated to & equilateral; therefore it is a square ; and it is 
described about the cirde ABCD. 
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wtoposinoH vm. raoBLEsr. 

To inscnbe a circle ia a given square. 

Let ABCD bedie giTen sfuare ; it is requkedto insoifce 
a circle ia ABGD. 

Bisect (1. 10) eadbi of the sides AB, AD, in the fMuitB 

F, E, and throu^ £ draw £H pazaOel to AB or DO (1. 31X 
and through F draw FK. parallel to AD or BC ; th«Defor« 
each of the figures AK, KB, AH, HD, AG, GC, BG, GD, 
is a parallelogram, and their opposite sides 
are equal (1. 34) ; and because AD is equal 
to AB, and that AE is the half of AD, and 
AF tiie half of AB, AE is equal to AF; 
wherefore the sides opposite to these ate 
equal, namely, FG to GE; in the same b~ 
auEBnar, it maj be demonstraited, that GH, GK, aare each 
of them equal to FG or GE; therefcne the &ur stxaiglit 
lines GE, GF, GH, GK, are equal to one another ; and Ihe 
circle described from the centre G, at the distance of one of 
them, shall pass thiousk the extremities of the other. tioK; 
and shall also toudi me stxai^t Unes AB, BG, CD, DA, 
because the ax^bs at the poii^ £, F, H, K, are n^ifc 
aingles (L 29X and because llie strai^t line whidli is draws 
fiom the extremity of a radius, at right angles to it, toaches 
the circle (IIL 16) ; tfeerdfore fck of tiie stiai^t lines ABy 
BO, CD, DA, touches the didie, whidi therefi»e is iasciibed 
m the fiquaa:« ABCD. 

PROPOSITION IX. PROBLEM. 

To describe a cirde about a giren square. 

Let ABCD be the giv«u square ; it is required to desenhe 
a drde about it. 

Joan AC» BD, cutting one aaotiier in £; andtecaorae 
DA is equal to AB, and ACeoramon to the frwn g ip s DAC, 
BAC, dM two sides DA, AC, axe equdt to the ^^ 
two BA, AC, and tiise bwe DC is equal to Hhe 
base BC; wher^ore the a^ele DAC is equd 
to the angle BAC (I. 6\ and die angle DAB 
is bisected by the strai^t line AC hk tiie ^^ 
same manner, it may be demonstrated that the angles ABC^ 
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J^CD, CDA^ aieser&sJij bkiected by the straaglit lines BD, 
AC; therefore^ because the angle DAB is equal to die 
angle ABC, and that the angle EAB is the half of DAB^ 
and EB A the half of ABC ; tiie an^e EAB is equal to tte 
ai^e EBA; -wherefore the side EA is equal to tiie side 
£B (I. 6). In the same manner, it may be demonstrated 
&at the straight lines EC, ED, are each of them equal to 
E A or EB ; ^erefore the four straight lines £A, EB, EC, 
ED, are equal to one another; and the circle described 
from the centre E, at the distance of oae of tbCTa, shall pass 
through the extremities of the othor three, and be described 
about the square ABCD. 

PROPOSITION X. PROBLEM. 

To describe an isosceles triangle, haTing each of the angkfli 
at the base double of the third angle. 

Take any straight line AB, and (II. 11) diride it m llie 
point C, so that the rectangle AB * JBC may be equal to t^ 
square of CA ; and from the centre A, at the distance AB, 
describe the cirde BI^ in whidi place the straight line 
BD equal to AC (IV. 1), which is not greater than the 
diameter of the circle BDE ; join DA, DC, and about ihe 
triangle ADC describe the circle ACD (IV. 5) ; the tri- 
angle ABD is such as is required ; that is, each of the angles 
ABD, ADB, is double of the angle BAD. 

Because the rectangle AB * BC is equal to the square of 
AC, and that AC is equal to BD, the rectangle AB *BC 
is equal to the square of BD ; and because from the point 
B without the circle ACD two strai^t 
lines BCA, BD, are drawn to the drcum- 
ference, one of which cuts, and Ihe other 
meets, the circle, and that the rectangle 
AB * BC contained by the secant, and me 
part of it without the cirde, is equal to 
the square of BD which Bteets it; the _ _ 
straight line BD toudies the cirde ACD "* '^ 

SL37) ; and because BD touches the dscle, and DC h 
wn from the p<»nt of eoaitact D, thevigleBDC is e^ual 
to the angle D AC ia tiie alfcanate scigment of the eird^ 
(III. 32); ta eadk of Uiese add liie sD^ CD A ; therefore 
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the whole angle BDA is equal to the two angled CD A, 
DAC. But the exterior angle BOD is equal to the angles 
CD A, DAC (1. 32) ; therefore also BDA is equal to BCD; 
but (I. 5) BDA is equal to CBD, because the side AD is 
equal to the side AB ; therefore CBD, or DBA, is equal to 
BCD ; and consequently the three angles BDA, DBA, 
BCD, are equal to one another. And because the angle 
D]8C is equal to the angle BCD, the side BD is equal to 
the side DC (I. 6). But BD was made equal to C A ; 
therefore also CA is equal to CD^ and the angle CD A equal 
gdV • lo tteaaigle DAC ; therefore the angles CDA, DAC, to^ 
^ gether, are double of the^angle DAC. But BCD ia equal 

to the angles CDA, DAC ; therefore also BCD is double of 
DAC ; and BCD is equal to each of the angles BDA, DBA ; 
each, tiierefore, of the angles BDA, DBA, is double of the 
angle DAB ; wherefore an isosceles triangle ABD is de- 
funbed, having each of the angles at the base double of the 
third angle. 

PROPOSITION XI. PROBLEM. 

To inscribe an equilateral and equiangular pentagon in a 
given circle. 

Let ABCDE be the given circle, it is required to in- 
scribe an equilateral and equiangular pentagon in the circle 
ABCD£. 
— Describe (IV. 10) an isosceles triangle FGH, having each 

of the angles at O, H, double of the angle at F ; and (IV. 2) 
in the cirde ABCDE inscribe the tri- 
angle ACD equiangular to the triangle 
FGH, so that the angle CAD be equal 
to the angid at F, and eadi of the 
angles ACD, CDA, equal to the angle ^ 
atG or H; wherefore each of the angles ^ 
ACD, CDA, is double of the an^e CAD. Bisect the angles 
ACD, CDA (I.9X by the straight lines CE, DB, and loin 
AB, BC, DE, £A. ABCDE u the pentagon required. 

Because the angles ACD, CDA, are each of them double 
of CAD, and are bisected l^ the strait lines CE, DB, the 
five angles DAC, ACE, ECD, CDB^ BDA, are equal to one 
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another^ But (III* 26) equal angles stand upon equal aires; 
therefore the fiye arcs AB, BC, CD, DE, EA, are equal to 
one another. And equal arcs are subtended by equal chords 
(III. 29) ; therefore the five chords AB, BC, CD, DE, EA, 
are equal to one another. Wherefore the pentagon ABCDE 
is eqvulateral. It is also equiangular, because the arc AB 
is equal to the arc DE ; if to each be added BCD, the 
whole ABCD is equal to the whole EDCB ; and the angle 
AED stands on the arc ABCD, and the angle BAE on me 
arc EDCB ; therefore the^gpgle BAE is equal to the angle 
AED (III. 27). For the same reason, each of the angles 
ABC, BCD, CDE, is equal to the angle BAE, or AED ; 
therefote.the pentagon ABCDE is equiangular ; and it has 
been shown that it is equilateral Wherefore, in die giren 
circle, an equilateral and equiangular pentagon has been in- 
scribed 

PROPOsmoN xn. problem. 

To describe an equilateral and equiangular pentagon about 
a given circle. 

Let ABCDE be the given circle ; it is required to describe 
an equilateral and equiangular pentagon about the circle 
ABCDE. 

Let the angles of a pentagon, inscribed in the circle, by the 
last proposition, be in the points A, B, C, D, E, so that the 
arcs AB, BC, CD. DE, EA, are equal (IV. 11) ; and 
tbrough the points A, B, C, D, E, draw GH, HK, KL, LM, 
MG, touching the circle (III. 17). Take the centre F,and 
join FB, FK, FC, FL, FD ; and because 
the straight line KL touches the circle 
ABCDE in the point C, to which FC is ^^^ 
drawn fi-om the centre F, FC is perpendi- 
cular to KL (III. 18) ; therefore each of b^ 
the angles at C is a right angle. For the 
same reason, the angles at Ihe points B, D, 
are right angles. And because FCK is a right angle, the 
, * square of FK is equal to the squares of FO, CK (1. 47). 
]<or the same reason, the square of FK is equal to the 
squares of FB, BK ; therefore the squares of FC, OK, are 




/y^^ 



104 ELEMENTS OF VhkSm OBOMRTRY. 

e^ual to the sqiiaxes of FB, BEL, of wliidi Ihe sqoaK of FC 
IB equal to the square of fB.; 4bA itmawfhig square of CK 
18 therefore equ^ to the remaining squaEte of BSI, and the 
straight line CK equal to BK. ^d because FB is equal to 
FC, and FK common to die triangles BFK, CFE, &e two 
BF, FS; are equal to the two GF, FK ; and (he Base BK 
is equal to the base KG ; there&re (L 8) the an^e BFK is 
equal to the ai^le EFG, and the andle BKF to FKC ; 
wherefore <he an^ BFG is doable of me angle KFO, and 
BKC double of FKC. For die same reason, Ihe angle 
CFD is double of the angle GFL, and CLD double of CLF. 
And because the arc BC is equal to Ihe are CD, the atigle 
BFG is equal to the angle CFD (UL27) ; and BFG is 
double of the ang^ KFG, and CFD double of CFL ; tio^ze- 
fi>re the an^ E^G is equal to the angle CFL ; and the 
right an^le FCK is equal to the rkht angle FCL ; diere- 
fore in me two trian^es FKC, FLC, there are two angles 
of one equal to two angles of the olher, each to each ; and 
the side FC, which is adjacent to. the equal angles in each, 
is common to both ; theKfore the other sides shall be equal 
to the other sides (1. 26), and the third angle to the third 
angle; therefore die straight line KG is equal to CL, and the 
angle FKC to the angle FLC ; and because KG is equal to 
CL, KL is double of KG. Li the same manner, it may be 
shown that HK is double of BK; and because BK is equal to 
KG, as was demonstrated, and that KL is double of KG, and 
HK double of BSl, HK shall be equal to KL^ In like man- 
na:, it may be shown that GH, GM, ML, are each of them 
eqW to HK or KL ; therefore the pentagon GHKLM is 
equilateral. It is also equiangular ; &r, since the angle FKC 
is equal to the angle FLC, and the angle HKL double 
of the angle FKC, and KLM double ^ FLC, as was before 
demonstrated, the angle HKL is equal to KLM. And in like 
manner it may be shown, dtat each of die angles KHG, 
HGM, GML, is equal to the angle HEX or KLM ; diere- 
fore the fire angles GHK, HKL, KLM, LMG, MGH, 
being equal to one anodier, the penti^n GHKLM is equi- 
angular ; and it is equilateral, as was dem<mstiated ; and it 
is described aboi^ die ciide ABCDE. 



POVItTH BOOK. 105 



movoanon xm« froblem. 

To inaenbe a circle in a given equilateral and equiangular 
pentagon. 

Let ABCDB be the giren equilateral and equiangular 
pentagon ; it is required to inscribe a circle in the pentagon 
ABODE. 

Bisect (1. 9) the angles BCD, ODE, by the straight Imes 
CP, DP, and from the point F, in which they meet, draw 
the straight lines EB, FA, FE ; therefore, since BC is equal 
io CD, and CF cosninon to ike triangles BCF, DCF, the 
two sides BC, OF,, are equal to the two DC, CF ; and tihe 
aiigle BCF is equal to &e aade DCF i therefore the base 
B^ is equal to ike base FD (1. 4), and the other angles to 
the other angles, to which the equal sides are opposite ; 
therefore the angle CBF b equal to the aagle CDF. And 
because the angk CDE is double of CDF, and that CDE it 
equal to CBA, and CDF to CBF ; CBA is also double of 
the angle CBF ; therefore the an^e ABF is equal to the 
angle CBF ; wherefore the ai^le- ABC is 
bisected by the straight Hne BF. In the 
same manner, it may be demonstrated that 
the angles BAE, AED^ are bisected by the '"Sf^"^^-^^^"^^ 
stxaight lines AF, FE, From the point F u' 
draw (1. 12) FG, FH, FK, FL, FM, par- 
pendiculars to the straij^t- lines AB, BC, 
CD, DE, EA ; and because the ^ogle HCF is equal to KCF, 
and the right angle FHC equal to the li^t angle FKC; in 
the tna&gles FHC, FKC, there are two asgles of one equal 
to two angles of the other, and the side FC, which is oppo- 
site to one of the equal angles in each, is common to both ; 
therefore the other aedes shall be equal, eadb to each (1. 26) ; 
wherefore the perpendicular FH is equal to the peipendi- 
eular FK. In the same manner, it may be demonstrated 
that FL, FM, FG, are each of them equal to FH or FK ; 
therefore the five straight lines FG, FH, FK, FL, FM, are 
equal to one anoth^ ; wlieref(Mre the drde des^oibed from 
the centre F, widiany of tha^asaradius, shall pass through 
the extremities of Uie e^r foue, and touch the strai^t 
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liBes AB, BC, CD, I>E» EA, because that the angle»at the 
points G, H, K, L, M, are ri^t angles, and that a stzaight 
une draym from the extremity of the diameter of a cirole at 
right angles to it, touches the circle ; therefore each, of ike 
straight lines AB, BC, CD, DE, £A, touches the cirde ; 
wherefore it is inscribed in the pentagon ABCDE. 

PBOPoaiTioN xrv. problem. 

To describe a circle about a given equilateral and equi- 
angular pentagon. 

Let ABCDE be the given equilateral and equiangular 
pentagon ; it is requured to describe a circle about it. » 

Bisect (1. 9) the aisles BCD, CDE, by the sAxaight lines 
CF, FD, and from the point F, in which they meet, draw the 
straight lines FB, FA, F£; to the points B, 
A, £. It may be demonstrated, in the same 
manner as in the preceding proposition, that b^ 
the angles CBA, BAE, AED, are bisected 
by the straight lines FB, FA, FE ; and be- 
cause the angle BCD is equal to the angle 
CDE, and that FCD is the half of the angle BCD, and 
CDF the half of CDE ; the angle FCD is equal to FDC ; 
wherefore the side CF is equal to the side FD (I. 6). In 
like manner, it may be demonstrated that FB, FA, FEj are 
each of them equal to FC or FD ; therefore the £ye straight 
lines FA, FB, FC, FD, FE, are equal to one another ; ood 
the circle described from the centre F, at the distance of one 
of them, shall pass through the extremities of the other four, 
and be described about the equilateral and equiangular 
pentagon ABCDE. 

PROPOSITION XV. PRO^BXiEM. 

^ To inscribe an equilateral and equiangular hexagon in a 
given circle. 

Let ABCDEF be the given circle ; it is re<|ttired to iu^ 
scribe an equilateral and equiangular hexagon m it 

Find the centre G of the cirde ABODEF, and diaw the 
diameter AGD ; and from D aa a centre, at the distal^e 
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DG, describe ihd citde EGCH; join EG, CG, and produce 
them to the points B, F ; and join AB, BO, 
CD, BE, EP, FA ; the hexagon ABCDEF 
is equilateral and equiangular. 

Because G is the centre of the circle 
ABCDEF, GE is equatto GD ; and because 
D is the centre of die circle EGCH, DE is 
equal to DG ; wherefore GE is equal to ED, 
and the triangle EGD is equilateral; and 
therefore its three angles EGD, GDE, DEG, are equal to 
one another (I. 5, Cor.) ; and the three angles of a triangle 
ai8t equal to two light angles (I. 32) ; therefore the angle 
EGD is the third part of two right angles. In the some 
manner, it maj be demonstrated that the angle DGO is alsa 
the third part of two right angles ; and because the straight 
line GO makes with ifi the adjacent angles EGC, CGB, 
equal to two right angles (1. 13) ; the remaining angle CGB 
is the third part of two right angles ; therefore the angles 
EGD, DGC, CGB, are equal to one another ; and to these 
are equal the rertical opposite angles BGA, AGF, FGE 
(III. 15) ; therefore the six angles EGD, DGC, CGB, 
BGA, AGF, FGE, are e^ual to one another. But equal 
angles stand upon equal circumferences (III* 26) ; there- 
fore the six arcs AB, BC, CD, DE, EF, FA, are equal to 
one another ; and equal arcs are subtended by equal chords 
(III. 29) ; therefore the six chords are equal to one an- 
other, and the hexagon ABCDEF is equilateral. It is also 
eqinangular ; fer, since the arc AF is equal to ED, to each 
of these add the arc ABCD ; therefore the whole arc 
FABCD shalL be equal to the whole EDCBA ; and ^e 
angle FED stands upon the arc FABCD, and the angle 
AFE upon EDCBA ; therefwe the angle AFE is equal 
to FED. In the same manner, it may be demonstrated 
that the other angles of the hexagon ABCDEF are eadi of 
them equal to the angle AFE or FED ; therefore the hexa^ 
gon is equiangular ; and it is equilateral, as was shown ; and 
It is inscribed in the giren circle ABCDEF. 

CoR. — ^From this it is manifest, that the side of the hexa* 
gon is equal to the radius of the circle. 

And if through the pomts A, B, C, D, E, F, there be 
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drawn straiglit lines touching t&e circle, an eqmlatml and 
equiangular hexagon shall be described about it, which may 
be demonstrated nrom what has been said of the pentagon ; 
and likewise a circle may be inscribed in a given equihvbaral 
and equiangtdar hexagon, and dxcumscribed about it, by a 
method like to that used for the pentagon. 

PROPOSITION XTI. PROBLEM. 

To inscribe an equilateral and equiangular qmndecagan 
in a giyen circle. 

Let ABCD be the giren circle ; it is required to inscribe 
an equilateral and equiangular quindecagon in tihe circle 
ABCD. 

Let AC be the side of an equilateral triangle inscribed m 
the cirde (lY. 2), and AB the side of an equilateral aaid 
equiangular pentagon inscribed in 
the same (TV, 11); thene^re, of 
such equal parts as the whole cir- 
cumference ABCDF eontams fif- 
teen, the arc ABC, being (he third 
part of the whde, contains fire; and 
the arc AB, which is the Mh part 
of the whole, contains three ; there- 
fore BC their difference contains two 
of the same parts ; bisect BC in E (III. 30) ; therefore 
BE, EC, are, each of them, the Meenth part of the whole 
circumierence ABCD : therefore, if the straight lines BE, 
EC, be drawn, and (lY. 1) stndght lines equal to them be 
placed around in the whole circle, an equilateral and equi- 
angular quindecagon shall be inscribed in it. 

And in the same manner, as was done in the pentagon, 
if through the points of division made by inscribing the 
quindecagon, straight lines be drawn touching the drc&, an 
equiiater^ and equiangular quindecagon shall be described 
ab<mt it. .^id likewise, as m the pentagon, a circle may 
be inscribed in a given equi^teral and equiangular quinde- 
cagon, and drcuqiscribed about it. 

SekoL^^^WhAterer regidar polyg^m can be inscribed in a 
circle, another of double the number of sides mar be in- 
scribed in it, by bisecting the arc subtended by a sioe of the 
fiirBiw. It hM been xnored by ftf . Gauss, thai it is practi- 
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cable by means of {^ane geoBEietzy, tliat k, l^ the intersect 
tions of tbe straight line aad circle, or by tiie resolution of 
sunple and quadratic equations, to inscribe in a cirde any 
r^ular polygon, proyided the number of its sides be ft 
pimie^ number, and be also some power of 2 increased by 1. 

EXERCISES. 

1. To describe a circle that shall touch a giren line in a 
giTen point, and pass through another given point 
, 2 To dta^ aliiusthatdudl be a common taagent to two 
Circles. 

3. To describe a cirde that shall pass through two giren 
points, and touch a giTe||Hne. 

4. To describe a circle that sha& touch a given line in a 
given point, and also touch a given drde. 

5. To draw a tangent to a given circle, so that it shall be 
paraiUd to a given Ime. 

6. To draw a tangent to a -drde, so that it shall make a 
fidven aofirle with a inven hue. 

'^ 7. A^golar oct^oB inscribed in a drde is equal to <]» 
rectangle under the sides of the inscribed and circumscribing 
squares. 

8. To ii£scribe a drde in a given quadrant. 

9. To describe a circle that shall pass through a given 
point, and touch a given cirde in a given point 

10. K a quadrilateral circumscribe a circle, its opposito 
ddes are togeth^ equal to half its perimeter. 
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IWFIiaTIONS. 



1. A less m£^fnitude is said to be a part of a greater mag- 
nitude, when the less measures the greater; that is, when 
the less is contained a certain number of times exactly in 
the greater. It is also called a measure^ or suhmuUijsie of 
the greater. 

* That is, a number whidi hfts no eonnnoit measttre except 1. 
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2. A fine, wbkh is a mt^Bsure of two or more lin^ is 
called a common measure of tliese fines. 

3. lines that fiave a common measure, are called eom- 
m^ensurahle lines; those that have no common measure^ 
incommemurable lines. 

4. A greater magnitude is said to be a multiple of a Jess, 
-when the greater is measured by the less; that is, when the 
greater contains the less a certain number of times exactly. 

5. Eguimukiples of magnitudes are multiples ^tist con- 
tam them, lespectiyely, the same number of times. 

6. Ratio is a mutual relation of two magnitudes of the 
same kind to one another, in respect of quantity. 

7* Magnitudes are.said to be h^gfu>s^eneom^ or of i^same 
kindy when the less can be multiplied so as to exceed the 
greater ; and it is only such magnitudes that are said to hare 
a ratio to one another. 

8. The two magnitudes of a ratio are called its ferm«. The 
first term is called the antecedent ; the latter, the consequent* 

9. A ratio is said to be a ratio of equality^ mc^ority^ cft 
minority^ according as the antecedent is equal to, greater 
or less tiian, the consequent. 

10. If there be four magnitudes, and if any equimultiples 
whatsoever be taken of the first and third, and any equi- 
multiples whatsoever of the second and fourth, and if, 
according as the multiple of the jfirst is greater than ^e 
multiple of the second, equal to it, or less, the multiple of the 
Mrd is also greater than the multiple of the fiurthy equal to 
it, or less ; then — the j^rst of the magnitudes is aadd to hare 
to the second the same ratio that the third has to the fourth. 

11. Magnitudes are said to be proportionals^ when tlie 
first has the same ratio to the second tbat the third has to tlie 
fourth ; and the third to the fourth the same ratio which the 
fiflh has to the sixth, and so on, whatever be their number. 

When four magnitudes. A, B, C, D, are proportionals, it 
is^ usual to say that A is to B as C to D, and to ^vrite them 
thus A : B : : C : D, or thus, A : B = C : D. 

12. When four magnitudes are proportional, they con- 
stitute aproportion or an analog. 

. 13. The first and last terms of an analogy dste called iihe 
extremes j the second and third, the means* 



FIFTB BOOtC. Ill 

14. When of the eqnimxd^plefi of lour Ynaguitudes, taken 
as in the tenth definition, the multiple of the first is greater 
than that of the second, hut the multiple of the third is not 
greater than the multiple of the fourth ; then the first is 
said to haye to the second a greater ratio than the third 
magnitude has to the fourth; and, on the contrary, the 
third is said to have to the fourth a Ubb ratio than the first 
has to the second. 

15. When there is any nnmher of magnitudes greater 
than two, of which the first has to the second the same ratio 
that the second has to the third, and the second to the third 
the same ratio which the third has to the fourth, and so on, 
the magnitudes are said to hQcontinijeai proportioriah^ or in 
continued proportion, 

16. When three magnitudes are continual proportionals, 
the second is said to he a mean proportional hetwein the 
other two. 

17. When there is any number of magnitudes of the same 
kind, the Jirst is said to hare to the laM of them the ratio 
compounded of the ratio which the first has to the second, 
and of the ratio which the second has io the third, and of 
the ratio which the third has to the fourth, and so on to the 
last magnitude. 

For example, if A, B, C, D, he four magnitudes of the 
same kind, the first A is said to hare to the kst D the ratio 
compounded of the ratio of A to B, and of the ratio of B to 
C, and of the ratio of C to D ; or, the ratio of A to D is said 
to be compounded of the ratios of A to B, B to C, and C to D. 

AndifA:B::B:F;andB:C::G:H,andO:D::K:L, 
then, since by this definition A has to D the ratio com* 
pounded of the ratios of A to B, B to C, C to D ; A may 
also be said to hare to D the ratio compounded of the ratios 
which are the same with the ratios of E to F, G to H, and 
K to L. 

In like manner, the same things beins supposed, if M 
has to N the same ratio Which A has to D, then, for short- 
ness sake, M is said to hare to N a ratio compounded of the 
same ratios which compound the ratio of A to D ; that is, 
a ratio coBpipounded of the ratios of E to F, G to H, and 
KtoL. 
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18. A ratio which h 'OaaxpovBadeSL of two tgwal rottM, is 
said to he duplicate of either of these ratios. 

Cob. — Hence, if the three magnitades A, B, and C, are 
contiiiual proportionals, the ratio (^ A to C is diqiiiGaie 
of that of Ato B, kx of B toO ; for, hj the hut defini- 
tion, the ratio of A to G is compounded of the nitios 
of Ato B, and of B to 0; hut the ratio<^AteB u 
equal to the ratio of B to O, hecanse A, B, 0, are co&- 
tinual proportionals ; therefore the ratio of A to O, by 
diis de&iition, is duplicate of the ratio of A to B, cht 
of B to O. 

19. A ratio whidi is compounded of three equed raUkfB is 
said to be triplicate of any one of these ratios ; and a mtio 
which is compounded oi f<mr equal ratioey is said to be 
quadruplicate of any one of these ratios ; and so on, accord- 
ing to the number of equal rados. 

Cob. — If four magnitudes, A, B, C, D, be continual jpt^ 
portionals, the ratio of A to D is triphcate of the ratio 
of A to B, or of B to C, or of C to D. For the ratio 
of A to D is compounded of the three ratios of A to 
B, B to C, C to ; and these lihree ratios are equal to 
one another, because A, B, C, D, are continual propor- 
tionals; therefore the ratio of A to D is triplicate of Ike 
ratio of A to B, or of B to C, or of C to D. 

20. In proportionals, the antecedent terms are called Jiome- 
logcue to one another, as also the consequents to one anotha*. 

Geometers make use of the following technical words to 
signify certain ways of changing dither the order or magni- 
tude of the terms of an anaJbgy, so that they continue still 
to be pn^ortionals >— « 

21. "Bj alternation^ when the first is to the third, as the 
second is to the fourth. 

22. By inversiony when the second is to the first, as the 
fourth is to the third. 

23. By compontiofiy when the first, togedier with the se- 
cond, is to the second, as the third, together with the fourth, 
is to the fourth. 

24. By addittauy when the first is to the sum of the first 
and second, as the third is to the sum of the third and fourth. 

25. By division^ when the excess of the first abore the 
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second, is to the second/ as the excess of the third above 
the fourth, is to the four^. 

26. By conversion, whsen the first is to its excess above 
the second, as the third is to its excess showe iSae fourth. 

27- Bj miasin^^ when the 6um of the first and second, is 
to their dil^ence, as the sum of the third and foiordx to 
their difiference. 

28. By equality, when there is any number of magni- 
tudes more than two, and as many otheKB, so that ihey are 
proportionab when taken two and two c^ eada rank, and it 
is inferred — ^that the j^r«^ is to the last of the ^r^ rank of 
magnitudes, as the^r^ is to the last of the others :— <of 
this there are the two foUowing kinds, which arise from the 
different order in which the magnitudes are taken two and 
two : 

29. By direct equality, when the first magnitude is to the 
second of the first rank, as the first to the second of the 
other rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other ; and so on 
in a direct order : and, 

SO. By indirect equality, when the first magnitude is to 
the second of the first rank, as the last but one is to the last 
of the second rank ; and as the second is to the third of the 
first rank, so is the last but two to the last but one of the 
second rank ; and as the ^liid is to the fi3urth of the first 
rank, so is the third firom the last to the last but two of the 
second rank ; and so on in an indirect order. 

The following are some additional algebraical expressions 
which are conyenient for their conciseness. 

As mA is A taken m times, it is a multiple of A by m. 
So «i ^A + B) is amuliipleof A-f-Bbym; m(A — B), 
a multiple of A — B by w ; and fn(A + B — - C), a mid- 
tiple of the excess of A + B above C, by m. 
Also, mA and mB are equimultiples of A and B by m. 
The expression m + niathe sum of the numbers m and 
n ; so mn is the product of these numbers. Also, mnA 
is a multiple of A by a number equal to mn ; and (w + n ) A, 
is a multiple of A by a number equal to m + ^* 
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AXIOHfi. 

1. Equimultiples df the same, or of equal magnitudes, ore 
equal to one another. 

a. Those magnitudes of which the same, or equal mag- 
nitudes, are equimultiples, are equal to one another. 

3, A multiple of a greater magnitude is greater than the 
same multiple of a less. 

4. That magnitude of which a multiple is greater thaii 
the same multiple of another, is greater than that other 
magnitude. 

PROPOSITION I. THEOREM. 

If any number o£ magnitudes be equimultiples of as 
many others, each of each, what multiple soeyer any one of 
the iirst is of its part, the same multiple is the sum of all 
the first of the sum of ^1 the rest. 

Let any number of lu^gnitudes A, B, and C, he equi- 
multiples of as many others D, E, and E, each of each ; 
A -f B 4- C is the same multiple of D + E -)- F, that A is 
ofD. 

Let A contain D, B contain E, and G contain F, each 
any number of times, as, for instance, three times. Then, 
because A c<»itains D tkree times A = D + D + D. 
For the same reason, B = E + E + E ; 

And also, C = F + F + F. 

Therefore, adding equals to equals, A + B + C is equal 
to D + E 4" F taken three times. In the same manner^ if 
A, B, and 0, were each any other equimultiple of D, E, 
and F, it would be shown that A + B + C was the same 
multiple of D + E + F. 

CoR. — ^Hence, if m be any number, mD + ^^ + ^^ = 
»» (D + E + F). For wD, wE, and wF, are mul- 
tiples of D, E, and F, by m ; therefore their sum is 
also a multiple of D + E + F, by w. 

PROPOSmON II. THEOREM. 

If to a multiple of a magnitude by any number a multiple 
«f the same magnitude by any number be added, the sum 
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rriH be the same multiple of that magnitude that the sum 
of the two numbers is of unity. 

Let A == wC, and B = nC ; A + B = (m -f «) C. 

For, since A = «iC, A = C + C + C+ &c. O being 
repeated m times. For the same reason, B r= O + + &c, 
C being repeated n times, l^erefore, adding equals to 
equals, A 4- B is equal to C taken m-^n times ; that is, 
A + B = (w + w) C. Therefore A + B contains O as oft 
as ihere are units in «i + n. 

Cor. 1* — ^In the same way, if there be any number of mul- 
tiples whatsoever, as A = wE, B =: wE, CT'rrjpE, it 
is shown that A + B+C = (m + » -\-p) E. 

Cor. 2. — Hence also, since A + B + C = (wi + n -{-/?) 
E, and smce A = mE, B :;: «E, and C = j?E, wE + 
nE+pE= (m + » +jp) E. 

PROPOSITION HI. THEOREM. 

If the first of three magnitudes contain the second as oft 
as there are units in a certain number, and if the second 
contain the third alst^ as often as there are units in a certain 
number, the first wiH contain the third as oft as there are 
imits in the product of these two num]ber& 

Let A = mBy and B = «C ; then A = mnd , 
Siace B = mC, mB = tiC + nC -f- &c. repeated m times. 
But nC + wC + &C' repeated m times, is (V. 2) ^qual to 
C multiplied by w + w + &c« ^ being repeated f» times. 
And n repeated m times is mn ; therefore n^B ss fwn^. 
But by hypothesis, A =: mB, therefore A = wwC 

PROPOSITION IV. THEOREM. 

If any equimultiples be taken of the antecedents of aa 
analogy, and any equimultiples of the consequents, these 
multiples, taken in ^^ order of the terms, are proportional* 

Let A : B : : C : D, and let m and n be any two numbers ; 
mk. : wB : : wC : wD. 

Take of twA and wiC equimultiples by any number jp, and 
of nB and nD equimultiples by any number q. Then the 
equimultiples of mK and mC by p^ are equimultiples siso 
of A and C, for they contain A and as oft as tb^se are 
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unite mjm (Y. 3% and are equal to imA aii<d/?MC. Fev 
the same reason, the multiples of nB and nD by ^ ase 
^B, ^D. Since therefore A:B::0:D, and of A and O 
there are taken any eqnimnltiples ; namely, jtmA and pmC^ 
and of B and D, any equimiiltiples ^B, ^D, ]£ pmA be 
greater than ^p/CB^pmC must be greater than ^pfiD (Y. DeLlO') ; 
if equal, equal ; and if less, less. Bntfun A, /?mC, are also 
equimultiples of mA and mC, and qnB^ qnD^ are equinniU 
tiples of nB and nD, therefore mA : nB : : mC : vD, 

Cob. — ^In the same manner, it may be demonstrated ^at 
if A : B : : C : D, and of A and C equimultiples be 
taken by any number m; namely, mA and mC, 
mA : B : : mC : D. This may also be consideied as in- 
cluded in the proposition, and as being the case when 
n = 1. 

PROPOSITION y. THEOREM. 

If <me magnitude be the same multiple of another, which 
a magnitude taken firmi ihie first is of a magnitude taken 
fiom the other ; the remainder shall be the same multiple 
of the remainder, that the whole is of the whole. 

Let mA and mB be any equimultiples of the two magni- 
tudes A and B, of which A is greater than B ; mA — mB 
is the same multiple of A — B that mA is of A, that is, 
»A— mB=i:m(A — B). 

Let D be tiie excess of A aboye B, then A — ^ B = I>, 
and adding B to both A = D + B. Therefore (Y. 1) 
m A = mD + mB ; take mB from both, and m A — mB = 
mD ; but D = A— B, tiiereforemA— ^mB = m (A— .B.) 

PROPOSITION TI. THEOREM. 

If from a multiple of a magnitude by any number a mul- 
tiple of the same magnitude by a less number be taken 
away, the remainder mR be the same multiple of that mag- 
nitude that tiie difference of the numbers is of unity. 

Let m A and n A be multiples of the magnitude A by the 
numb^s m and n, and let m be greater than n ; mA — n A 
omtains A as of); as m — n contains unity, or mA — * n A = 
(m-«n)A. 

Let m— *n=:<^; then m = »+^. Therefore (Y. 2) 
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mA = nA + ^A ; take nA from both, and mA — nA == ^A. 
I^erefore mA — • n A contains A as oft as there are units 
in^ tibatis^m rH'-^n^ ormA — nA = (»i — n) A. 
C/OB«— <W]ien t^ difference of liie two numbers is equal 
to unity, or j» — • n = 1, then mA •— < nA = A. 

PBOFOSrriON A. THEOBEH. 

Kfouz magnitudes be pn^ortionals, iliey are proportionals 
alsa wheft taken inrersely. 

If A : B : : C : D, then also B : A : : D : C. 
. Let mA and mC be any equimultiples of A and C ; tiB 
and njy any equknultiples of B and D. Then, because 
A : B ; : C : D, if mA be less than nB, mC will be less than 
«t) (V. Def. 10), that is, if wB be greater than mA, wD will 
be greater than mO. For the same reason, if nB = mA, 
«D = mC, and if «B .-si: mA, «D -^ii: mO. But nB, «D, 
are any equimultiples of B and D, and mA, mC, any equi- 
multiples of A and C, therefore B : A : : D : C. 

PROPOSITION B. THEOREM. 

If the £rst be the same multiple of the second, or the 
same part of it, that the third is of the fourth; the first ig 
to the second as the third to the fourth. 

First, if mA, mB, be equimultiples of the magnitudes A 
and B, mA : A : : mB : B. 

Take of m A and mB equimultiples by any number n ; 
and of A and B equimultiples by any number p ; these will 
be wmA (V. 3), ji? A, nmB, pB. Now, if nmA be greater 
than ^A, nm. is also greater than p ; and if nm is greater 
than /7, nmB is greater than j^B; therefore, when nmA is 
greater than j^A, nmB is greater than j^B. In the same 
manner, if nmA =/?A, nmB =/?B, and if nmA ..^^ /?A, 
nmB .^pB. Now, nmA, nmB, are any equimultiples of 
mA and mB ; and/? A, /^B, are any equimultiples of A and 
B, therefore mA : A : : mB : B (V. Def. 10). 

Next, let C be the same part of A that D is of B ; then 
A is the same multiple of C that B is of D ; and therefore, 
as has been demonstrated, A : C : : B : D, and iuTersely 
(V.a)C:A::D:B. 
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FROPOSmOK C. THEOREM. 

If the first term of an analogy be a multiple or a part of 
the second, the third is the same multiple as the same pert 
of the fourth. 

Let A ; B : : C : D, and first let A be a multiple of B; O 
is the same multiple of D ; that is, if A = mB, C =:mD. 

Take of A and C equimultiples by any number as 2 ; 
namely, 2A and 20 ; and of B and D, take equimuMi^ 
by the number 2m, namely, 29nB, 2mD (Y. 3) ; then, be^ 
cause A = mB^ 2A =z 2»»]B ; and since A : B : : C : D, and 
since 2A zr 2mBy therefore 20 = 2mJ> (Y. Def. 10), end 
= mD, that is, contains D m times, or as often as A 
contains B. 

Next, let A be a part of B, is the same part of D. For, 
since A : B : : : D, inversely (Y. a), B : A : : D : O. Bat 
A being a part of B, B is a multiple of A^ and therefore, as 
is shown above, D is the same multiple of 0, and therefore 
is the same part of D that A is of jB. 

PROPOSITION Vn. THEOREM. 

Equal magnitudes have the same ratio to the same mag- 
nitude ; and the same has the same ratio to equal magni- 
tudes. 

Let A and B be equal magnitudes, and C any other ; 
A:C::B:0. 

Let wiA, mB, be any equimultiples of A and B ; andwO 
any multiple of 0. 

Because A = B, mA = wB (Y. Ax. 1) ; wherefore, if 
mA be greater than wO, mB is greater than nC if Y. Def. 10) ; 
and if mA = nC, mB = nO ; or, if mA-^ »C, mB -^nC. 
But mA and mB are any equimultiples of A and By and 
nC is any multiple of 0, therefore A : : : B : 0. 

Again, if A = B, : A : : : B ; for, as has been proved, 
A : : : B : 0, and inversely (Y. a), : A : : O : B. 

PROPOSITION Yin. PROBLEM. 

Of unequal magnitudes, the greater has a greater ratio to 
the lame taan the less has ; cmd the same magnitude has a 
greater ratio to the less than it has to the greater. 
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Let A + B be 9 magnitude greator than A and C a tlurd 
magnitude, A + B lias to C a greater ratio than A has to 
C ; and C has a greater ratio to A than it has to A + B. 

Let ni be such a number that mA and mB are each of 
them greater than C ; and let nC be the least multiple of C 
that exceeds mA + wiB; then nG — C, that is (V. 1), 
(n — 1) C will be less than mA + mB, or mA + mB, that 
is, m ( A + B) is greater than (n — 1) C. But because nC 
is greater J;han mA + ^B, and C less than mB, nC — C is 
greater than mA, or mA is less than fiC •— 0, that is, than 
- (» -— 1) C. Therefore the midtiple of A + B by m exceeds 
^e multiple of G by w -— 1, but the midtiple of A by m 
iioea not exceed the multiple of G by n — « 1 ; therefore 
A + B has a greater ratio to C than A has to C (V. Def. 14). 

Again, because the multiple of C by ^i — . 1, exceeds the 
multiple of A by m, but does not exceed the multiple of 
A -{- B by m, O has a greater ratio to A than it has to 
A + B. 

PROPOSITION IX. THEOREM. 

Magnitudes which hare the same ratio to the same mag;- 
xiitude are equal to one another; and those to Which the. 
same magnitude has the same ratio are equal to one another. 

If A:G::B:C, A = B. 

For, if not, let A be greater than B ; then, because A is 
greater than B, two numbers, m and n, may be found as in 
the last proposition, such that m A shall exceed nC, while mB 
does not exceed nC. But because A : C : : B : C ; if mA ex- 
ceed ?iC, mB must also exceed nC (V. Def. 10) ; and it is 
also shown that mB does not exceed nC^ which is impos- 
sible. Therefore A is not greater than B ; and in the same 
way it is demonstrated that B is not greater than A ; there- 
fore A is equal to B. 

Nextjiet G : A ; : G : B, A=:B. For by inversion rV. a), 
A : G : : B : G ; and therefore by the first case, A = fe. 



PROPOSITION X. THEOREM. 

Tliat magnitude which has a greater ratio than another 
lias to the same magnitude is the greater of the two ; and 
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tliat magnitude to wbick &e same hm a greater ratio ihan 
it has to axLother magnitude is the less of the two. 

If the ratio of A to C he greater dum that of B to C, A 
is greater than B. 

Because A : C p^ B : C, two numbers m and » maj be ■ 
found, such that mA '::^ «C, and mB ..t^ »C (V. Def. 14). 
Therefore also mA :^^ wB, and A ::;^ B (IV. Ax. 6). 

Again, let C : B p=^ O : A; B ^c^::: A. For two numbers, 
m and n may be found, such that mC ::^^ anB, and mC .^i^lmA. 
Therefore, since mB is less, and mA greater than iJie same 
magnitude, mC, mB .^ mA, and therefore B ..^ A. 

PROPOSITION XI. THEOREM. 

Ratios that are equal to the same ratio are equal to one 
another. 

If A:B::C:D; andalsoC:D::E:F; thenA:B:: 
E : F. 

Take mA, mC, mE, any equimultiples of A, C, and E; 
and 7iB, wD, wF, any equimultiples of B, D, and F. Because 
A : B : : C : D, if mA:^ wB,mC :^nD (V.Def. 10) ; but 
if mCp^nD, mE ;::^ «F, because C : D : : E : F ; therefofte 
if mA;:^ «B, mE 7^ nF. In the same manner, if mA = nB, 
mE = »F ; and if m A -^^ «B, mE -^ nF. Now, mA, 
mE, are any equimultiples whateyer of A and E ; and nB, 
«F, any whatever of B and F ; therefore A : B : : E : F 
(V. Def. 10). 

PROPOSITION XU. THE0B3BM. 

If any number of magnitudes be proportionals, as one of 
&e antecedents is to its consequent, so is the sum of all the 
antecedents to that of the consequents. 

If A : B : : C : D, and C : D : : E : F; A : B :*: A+C+E: 
B + D + F. 

Take mA, mC, mE, any equimultiples of A, C, and E; 
and nB, nD, nF, any equimultiples of B, D, and F. Tdien^ 
because A : B : : C : D, if mA :x^ nB, mGT^fiD (V. Def. 8) ; 
and when mC :;^ nD, mE ::^ nF, because C : D : : E : F- 
Therefore, if mA ;:?^ nB, mA + mC + mE :p^nB + nD + 
nF. In the same manner, if mA = nB, m A + mC + mB = 
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nB + nD-i-nF; Bndi£mA.^nBy mA+mC + mE.^^ 
nB + nD^nF. Now,wA +»iC+^E=«»(A + C+E) 
(Y. 1\ 80 that mA and mA + mC + oiE are any equal 
multiples of A and of A -|- C + E. And for the saine rea- 
son »Bjj and nB + nD + nF, are any eqninmltiples of B, 
and of B + D + F; therefore A :B: : A+ C + E:B + 
D + F, 

PROPOSITION Xni. PROBLEM. 

If the first has to the second the same ratio which the 
iliird has to the fourth, hut the third to the fourth a greater 
ratio than the fifth has to the sixth ; the first shml also 
hare to the second a greater ratio than the fifth has to the 
ffixth. 

If A:B;:C:D;butC:D::?-E:F;thenalso,A:B;:?^ 
E ; F. 

Because C : D ^=^ E : F, there are some two numhers m 
and fly such that mC "p^ wD, but wE ^t^ »F (V. Def. 14). 
Now, if mG 7^ »D, mA zp^ nB, because A : B : : C : D. 
Therefore wiA ':;^ »B, and wE ,*^ wF ; wherefore AxB'p^ 
E:F. 

FROPOainON XIY. THEOREM. 

If the first term of an analogy be greater than the third, 
the second sh^ be greater than the fourth ; and if equal, 
equal ; and if less, less. 

If A:B::C:D; then if A::::- C, Bzp^T>, if A = C, 
B = D,andifA-:-:C,B^D. 

First, let A:;?-C; then A : B ::?^ C : B (V. 8), but A : 
B : : C : D, therefore C : D ;;:==- C : B (V. 13), and therefore 
B :;::- D (V. 10). 

In the same manner, it is proved, that if A = C, B = D; 
andif A-^C, B-^D. 



PROPOSITION XY. THEOREM. 

Magnitudes hare the same ratio to one another which 
thdr equamnbaples hare. 

If A and B be two magnitudes, and m any niunber, 
A * B * * VftA ! wiB. 

Be<»use A:B::A:B (V.7); A:B::A + A:B + B 
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(V 12), or A : B : : 2A : 2B. And since ithas beenproyed 
thatA:B::2A:2B,A:B::A + 2A::B + 2B(V.12), 
or A : B : : 3A : 3B ; and so on,, for all the equimultiples of 

A and B. . * 

PROPOSITION XVI. THEOBEU^ 

If four magnitudes of tHe same kind be praportionals, 
they shall abo be proportionals when taken altemstely. 

If A : B : : C : D, then alternately, A : C ; : B ;D. 

Take wA, wB, any equimultiples of A and B, and nCi 
nD, any equimultiples pf C and D. Then (V. 15) A : B ; : 
mAimB; nowA:B::C:D; therefore (V. 11) C:D;: 
f»A : mB. But Q:D::nC:nD (V. 15) ; therefore mA : 
mB ::nC:nD (V. IJ) ; wherefore if wA :p^ »C, mB :pr nO 
(V. 14) ; if wA = nC, wB = »D, or if mk ^ wC, «»B ^ 
nD ; therefore, A : C : : B : D. 

PROPOSITION XVn. THEOREM. 

If magnitudes, taken jointly, be proportionals, they shall 
also be proportionals when taken separately ; ttefit is, if the 
first, together with the second, have to the second the same 
ratio which the third, together with the fourth, has to the 
fourth, the first shaU have to the seccmd the 4same ratio 
which the third has to the fourth. 

IfA + B:B::C+D:D,thenbydivisionA:B::0:D. 

Take mk. and nB any equimultiples of A and B, by the 
numbers m and n ; and first, let »» A 7=^ nB j to ea^ of 
them add wiB, then m A + mB z:^ mB + nB. But m A + 
mB =m(A+B) (T.l), and wB+nB = (w+n) B C'^.2), 
therefore w ( A + B) :::^ (m + w) B. ^ 

And because A+B:B: :C + D:D, if w(A+B):::?- 
m+n.B, m (C+D) :?^ (w +n) D, or «iC+mD t^wX^ -f'nD, 
that is, taking wD from both, mC ':p^ nD. Therefore, when 
f»A is greater than «B, wC is greater than #»Di In hke 
manner it is demonstrated, that if »*A = nB, f»0 ^ wD ; 
and if mA-r:::nB, wO-^nD; tharefore A:B:-.0:D 
(V. Def. 10), 
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PROPOSITION XVIIT. THEOREM. 

The tenns of an analogy are proportional by composition. 

If A : B : : C : D, then, by composition, A + B : B : : 
C + D : D. 

Take m ( A+B) and nB any multiples whatever of A+B 
and B : and first, let m be greater than n. Then, because 
A + B is also greater than B, m (A + B) :::^ n.B. For the 
same reason, m (C + D) :::^ nD. In this case, therefore, 
that is, when m "^ n, fTi (A -f B) is greater than nB, and 
972 (C 4- D) is greater than nD. And in the same maimer, 
it may be prored that when w = n, m (A + B) is greater 
than nB, and m (C + D) greater than nD. 

Next, let va .^^ n, or n z^ wi, then m (A + B) may be 
greater than nB, or may be equal to it, or may be less ; 
first let m (A + B) be greater than nB ; then also, mA 4- 
«iB "P^ nB ; take mB, which is less than nB, from both, 
and mA zp^ nB — ^ wB, or mA ZP^ [n-^m) B (V. 6)1 
But if mA z^ (n — m) B, mC "P^ (n — . m) D ; because 
A : B : : C : D. Now, (n — m) D = nD — mD, therefore 
mC ZP^ nD — mp, and adding mD to both mC + mD zp^ 
nD, that is (V. 1) m (C + D) 1:::=^ nD. If therefore m 
( A + B) ::^ nB, m (0 + D) zp^ nD. 

In the same manner, it will be proved that if m (A+B) 
= nB, m (C + D) = nD ; and if m (A + B) .--:: nB, 
m (C + D).^nD; therefore A + B: B: ; C + D: D. 

PROPOSITION XIX. THEOREM. 

If a whole magnitude be to a whole, as a magnitude taken 
from the first, is to a magnitude taken from the other ; the 
remainder shall be to the remainder, as the whole to the. 
whole. 

If A : B : : C : D, and if C be less than A, A — « C : B — 
D::A:B. 

Because A :B::C:D, alternately (V. 16), A :C::B:D; 
and therefore by division (V. 17) A — C : C : : B — D : D. 
. Wherefbre,.agam, alternately, A — C : B — D : : CT: D ; but 
A : B : : C : D, therefore A — C : B -- D : : A : B. 

CoR — ^A-^C : B~D : : C : D. 
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raorosiTiQif o. thbomim. 
The, terms of an analogy are proportional by conyeiiioii. 

If A : B : : C : D, by conrersion, A : A— B : : C : C— -D. 

Per since A : B : : C : D, by diyision (V. 17), A — ^B 
B::C — D:D, and inrersely (V. a), Bs A — B;;D 
C — - D J dierefore, by composition (V. 18), A : A — • B : 
C:C — D. 

FBOPOaiTIOir XX. TSBOBSH. 

If there be three magnitudes, and other three, i/rhicfa, 
taken two and two in order, hiare the $ame ratio ; if the 
&«t be greater than the third, the fbnrth shall be greater 
than the sixth ; and if equal, equal ; and if less, less. 

H there be three magnitudes, A, B, and C, and other three 
D, E, and F ; and if A : B : : D : E ; and 
dbo B :C : :E : F, then if A:::=^C, Dp^F; 
ifA = 0,D = F;andifA^C, D^F. 

First, let A p^^ C I then A : B :p^ : B 
(V. 8). But A : B : : D : E, therefore also D :1&::^C: B 
(T. 13). Now B : C : : E : F, and inyersely (Y. a), C : B : : 
F:E; and it has been shown that D : E i;?^ C : B, thore&ie 
D:Ep^F:E; and consequently D ilP^ F (V. 10). 

Next, let A = C i then A: B? : : B <V. 7) but A : 
B::D:E, therefore, C:B::D:E; but CtB::F: E, 
therefore, D : E : : P : E (V. 11), and D = F (Y. 9). Lastly, 
let A -^ C. Then O ::^ A, and, as was shown in the first 
case, C : B : : F : E, and B : A : : E : D $ tii«refore, by the first 
case, if 0;:^A, Fp^D, that is, if A-^0, D-ti::F. 

PROFosrnoN xxi. zheobbsc 

If there be three magnitudes, and other three, which have 
the same ratio taken two and two, but in a cross order ; if 
the first magnitude be greats than the thiisd, the fourth 
shall be greater than the sixth ; and if equal, equal ; and if 
less, less. 

If there be three magnitudes, A, B, G, and otib^ three, 
D, E, and F^such that A : B : : Ez F, and B . C : : D : B; 
if A::^0, D::^F; if A = C, D = F, andif A-^C, 
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Erst, let A p^ C. Then A : B ::?^C : B (V. 8), but 
A:B: :E:F; Uierefbre, E : F p:^ : B 
V. 13). Now, B: C : : D ! E, and inrersely; 

: B : : E : D; iheiefore, E : F ::?^ E : D; 
wherefore, D p^ F (V. 10). 

Next, let A = a Then (V. 7) A : B : : C : B ; but 

A:B::E:F;iherefoie,C:B::B:F(V.ll);blitB:C:: 

D:E,and]&Terae}f>0 : B:: E : D;ther^)re,E : F::E: D, 
and consequently, D = P (V. 9). 

Lastly, let A -t::: C. Then C ':;p^ A, and, as was proved 
in the first case, C : B : : E : D ; and B : A : : F : E; theietoe, 
hf the first case, stnce Gt^ L, F:;p^D^ that is, D .^F. 



PBOposinoN zxn. theorem. 

If there he any number of magnitudes, and as many 
others, wbicb, taken two and two m order, haye the same 
ratio ; the first shall baye to the last of the first magnitudes 
the same ratio which the first of the others has to tLe last. 

First, let there be tbree magnitudes. A, B, C, and other 
three, D, E, F, whioh, taken two and two in order, hare 
die same ratio, naoiely^ A:B::D:E, and B:C::E:F; 
then A:C::D:F. 

Take of A and D any equimultiples whatever, m A, mD ; 
of B and £ any whatever^ 9»B, nE; and 
of C and F any whateTer^ qC^ gF. Be- 
cause A : B : : D : E, mA : nB : : mD : nE 
( Y. 4) ; and for the same r^ison, nB : 
qC;.nEi gF. Therefore (V. 20), ac- 
cording as mA is greater than qC^ equal 
to it, or less, mB is greater than ^F, eq\ial to it, or less ; 
but m A, mD, are any equimultiples of A and D ; and $0, 
^F, are any equimultiples of C and F ; therefore (V. Def. 10) 
A:C::D:F. 

Again, let there be four magnitudes, and other four, which^ 
two and two, have the same ratio ; namely, A : B : : E : F ; 
B:C::F:G; C:D::G:H, dien A : D : : E : H. 

For since A, B, C, are three mafpaitudes 
and E, F, G, other tbree, which, taken two 
and two, have the same ratio, by the fore- 
going case A : C : : E : G. And because 



A. 


B, C, 


D. 


E, F, 


mA, 


wB, }C, 


mD, 


»E, qF. 



A, B, C, D, 
E, F, G, H. 
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alio Ct D : : G : £[» by tliat 8£a&e case, A : D : : E : H. In 
the same manner is the demomtxalion extended to any num- 
ber of magnitudes. 

I»IIOPOSITION XXin. THEOREM. 

If there be any number of magnitudes, and as many 
others, which, taken two and two in a cross order, hare the 
same ratio ; the first shall have to the last of the first mag* 
nitudes the same ratio which the first of the others has to 
the last. 

First, let there be three magnitudes. A, B, C, and other 
three, D, E, and F, which, taken two and two in a cross 
order, haye the same ratio ; namely, A : B : : E : F, and 
B: : : D : E, then A : C : ; D : F. 

Take of A, B, and D, any equimultiples m A, mB, mD ; 
and of C, B, F, any equimultiples nC, n£, nF. 

Because A : B : : E : F, and because also A : B : : mA : mB 
(y.l5),and E: F : : nE: nF; therefore, m A : mB : : nE:nF 
(Y. 11). Acidn, because B : C : : D : E, mB :nC:: mD:nE 
(V. 4) ; and it has been just shown tlnit 
mA : mB : : fiE j nF ; therefore, if mA::?^ 
«C, mD z^ nF (V. 21) ; if mA = «C, 
mD = nF; and if mA-d^^nC, mD-i«s^nF. 
How, mA and mD are any equimultiples 
of A and D, and nC, nF, any equimultiples 



A B, C, I 
D, E, F.. 
mA, mB, nO, 
mD, nE, nF. 



of Cand F; therefi)re, A : C : : D : F ( V. Def. 10). 
' Next, let there be four magnitudes A, B, O, and D, and 
other four, E, F, G, and H, which, taken two and two in a 
cross order, have the same ratio, i 



A, B, C, D. 
E, F, G, H. 



namely, A:B::G:H, B:C::F:G, 
and€:D::E:F,thenA:D::E:H. 
For, since A, B, C, are three magni- 
tudes, and F, G, H, olher tliree, which, taken two and two 
in a cross order, have the same ratio, hy the first case 
A : C : : F : H. But C : D : : E : F ; therefore again, by 
the first case, A : D : : E : H. In the same manner may the 
demonstration be extended to any number of magnitudes. 

PROPOSITION XXIV. THEOREM. 

If the first has to the second the same ratio which the 
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Hird has to the fourth ; and the fifth to the second, the 
same ratio which the sixth has to the fourth ; the first and 
fifth together shall have to the second, the same ratio which 
the third and sixth together have to the fourth. 

Let A : B : : C : D, and also E : B : : F : D, then 

A + E:B::C+F:D. 

Because E : B : : F : D, Ly inversion, B : E : : D : F. But 
by hypothesis, A : B : : C : D; therefore, by equality (V. 22), 
A : E : : C :F, and by composition rV. 18), A + E : E::C + 
F : F. Now, again, by hypothesis, E : B : : F : D ; therefore, 
hy equality, A + E : B : : + F : D. 

PROPOSITION E. TIIEOIUQM. 

Batios which are compounded of the same ratias, are the 
s^e with one another. 

Let the ratios of A to B, and of B to C, which coni^ 
pound the ratio of A to C, be equal, each to each, to the 
ratios of D to E^ a|id E to F, which compound the ratio of 
EtoF, A:C::DtP* 

For, first, if the ratio of A to B be equal 
to that of D to E, and the ratio of B to 
equal to that of E to F, by equality (V. 22), 
A!C::D:F. 



A, B, C, 

D, E^ F. 



And next, if the ratio of A to B be equal to ^bat of S 
to F, and the ratio of B to C equal to that of D to E, by 
indirect equality (V. 23), A : C : : D : P. In the s(ane 
manner may the proposition be demonstrated whatever be 
&e number of ratiosh 

PROPOSITION p. 

The terms of an analogy are proportional by addition. . 

If A : B: : C ^D, then by addition A : A+B : : C : C-fDl 
For B : A : : D : C, by inrersion ( V. a) ; therefore A+B I 

A : : C + D : C by composition (V. 18) ; hence, by inrer- 

gionA:A + B = C:C + D(Y. A). 

PROPOSITION G. 

The terms of an analogy are proportional by mixing. 

If A : B : : O: D, then A + B : A— B : : C + D : C— D. 

ForA+BjB=:0 + D:D by composition (V.18); 
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aBfEb7diTisi<mA<^B:B:«G-^0?D (T. 17), dio lif 
iBfemon (Y. a) 

BtA~B::D:G-— D; 

but A 4* B : B : : G + D : D ; 

tberefore, br equflfity (Y. 22), A + B: A— -BtxO + D: 
— D. 
If B:;:^A, it maj be aiiiiilArlj proTed diat A + B: 

B~A::0+I>:D— -C. 

FBOPOSmON H. FBOBIBH. 

To find a common measure of two lines. 

Let AB, CD, be the two lines. 

Find the number oi dmes that CD is contained in AB» 
If it be contained an exact number of tuDes, then it is a 

measure of it, and any. , ^ ^ . 

part of it will also be a ^ s b 

common measure. But if 



I— L. 



it be contained several 

times in AB, as 3 times, with a lemaind^ EB ; then if EB 
be a measure of CD, it will also be one of AE, which is a 
multiple of CD ; and therefore it will be abo a measure of 
AB ; it would tiierefoie be the common measure required. 
But if EB be not a measure of CD, let it be contained in 
it a certmxL number of times, as 2 times, with the remainder 
CE; then if CF be a measure of EB^ it will also be a mea- 
sure of DF, which is a multiple of EB ; and therefore it 
will also be a measure of CD, and consequenilj of AE, and 
therefore also of AB. Let CF be confined 2 times in EB, 
thenEBi=2CF; CD=2EB+CF=4CF+CF=5CF; 
and AB == 3CD + EB = 15CF + 2CF = 17 OF. And 
CF is therefore contained 5 times in CD, and 17 times in 
AB. . 

In the same manner, the common measure of any oiher 
two commensurable lines may be found. 

Cob. 1.^ — ^If the process for finding a common measure 
of two lines neyer terminates, the lines are incommen- 
surable. 

Cor. 2.— Any part of a common measure is also a com- 
mon measure ; and the measure found ^ aboVe, is the 
greatest common measure. 



CpR. S.-— Any two commensurable lines are to one an* 
other, as the numbers denoting the number of times 
that they rei^peotiYely c0!Btaiii weir ooaunon measure. 

The diagonal and side of a square are incommensurable. 

Let ABC he the hcdf of a square^ the m^ AB and dia- 
gonal AC are inoommensnw^e. 

Since the angle at B is a right ai^le, each of the equal 
an^bs at C and Ais less than a ri^t ai^le (I. 32) ; there- 
f<«re AB-^ AC. Again, AB + BC :::s^ 
AC (I. 20), or 2 AB 7^ AC ; heooe 
AC is greata: than oniee AB, a&d ks» 
than twice AB ; and the same may be 
proTed of ihe diagonal and 8id& of aorf 
squaare. Therefore^ when the side of a 
square is taken once from its diagoos^ 
there ia always a remainder less than 
its side. 

From C as a centre, with the radius CB, describe the aic 
DB ; then CD = CB = AB, and AD -^ AB. From D draw 
D£ perpendicular to AC ; then ED and EB being tangents 
(III. 16, Cor.), ED — EB (III. 37). But in the triangle 
ADE, the angle at D is a right angle, and that at A is half 
a right angle ; tha^<«« that at £ is half a right angle, and 
therefore AD == DE = EB. When the fiist resndi^ksr 
AD therefore is taken from AB, the remaining part AE, 
from which AD is still to be taken, is the diagonsd of a 
square, of which AD is the side. But this is the same as 
the form^ process ; and whai it has been performed in re* 
gard to AE and AD, the remaining lines to be compared 
will, ther^ore, again be the side and diagonal of a still 
smaller square ; but since, when the side of a square is 
taken from its diagonal,, there is a remainder, therefove ia 
the above process there will always be fi)und to be a re- 
mainder ; the process therdS»re will never terminate^ or no 
common measure can erer be ^und ; therefore AC said AB 
are incommensurable. 
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1. If all the terms, or any two homologous terms, or the 
temui of either of the ratios, of an analogy, he multiplied- or 
divided hy the same numher, the resulting magnitudes are 
still proportional. 

2. If any number of magnitudes he in continued propor- 
tion, the difference between the first and second terms is to 
the first, as the difference between the first and last to the 
sum of all the terms except the last. 

. 3. If the same magnitude be added to the terms of a 
ratio, it will be unchanged, increased, or diminished, ae^ 
oordiDg as it is a ratio of equality, minority, or majority. 

4, The difierences of the successive terms of continued 
proportionals are also in continued proportion. 

6. The first teim of an infinite decreasing series of quan* 
titieB in continued proportion, is a mean proportional be- 
tween its excess above the second, and the sum of the series. 



SIXTH BOOK. 

DEFIKrnONS. 

L Straight lines are said to be nmilarfy divided^ when 
their corresponding s^ments are proportional. 

2. A line is said to he cut in ?k given roHoy when its seg- 
ments hare that ratio. 

3. Straight lines that meet in the same point, are called 
amveiyent or divergent lines, according as they are considered 
to yeige tovrards or firom the point of concourse. 

4. A straight line is said to be cut in extreme and mean 
ratioy when the whole is to the greater segment, as the greater 
B^ment is to the less. 

5. A straight line is said to be harmoniccdlg divided, 
when it is divided into three segments such, that the whole 
Boe is to one extreme segment, as the other extreme seg- 
ment to the middle segment. 

6. Thnie stnught lines are said to be m harmonical pr^ 
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gre»sum or harmontcal pro^ressionals^ when the first is to 
the third, as the difference between the first and second is 
to the difference between the ^eqQild and third. 

7- The second of three lines in this progression, is called 
a harmonic mean between the other two ; and the third is 
called a third harmonical j)roffressional to the other two. - 

8. Four divergent lines that cut any line haxmoaically, are 
CfJled harmonicals. 

9. Similar rectilineal jfi^ures are those 
which have their several angles equal, 
eaol^ to each, and the sides about the e^al 
angles proportionals. 

10. Two sides of one fifi;ure are said to be reciprocally 
fr^Oportional to two sides of another, when one of the sides 
of the first is to one of the sides of the o^r, as the re<« 
maining side of the other is to the remaining side of the first. 

11. A lune is a figure contained by two arcs of different 
circles. ' ^ 

PROPOSITION I. THEOREM. 

Triangles and parallelograins of the same altitude are one 
to another as their bases. 

Let the triangles ABC, ACD^ and the parallelograms 
EC, OF, have the same altitude, namely, the perpendicular 
drawn from the point A to BD ; then, as the base BC is 
to the base CD, so is the triangle ABC to the triangle ACD, 
and the parallelqgram £C to the paralle^ram CF. . 

Produce BD both ways to the points H, L, and take any 
number of straight lines BG, GH, each equal to the base BC; 
and. DK, KL, any number of them, ^ ^ ^ 

each, equal to the base CD ; and join 
AG, AH, AIC, AL ; then, because 
CB, BG, GH, are all equal, the tri- ^ 
angles AHGjAGB, ABC, are all equal u d i 
(1. 38) ; therefore, whatever multiple the base HC is of the 
base BC, the same multiple is the triangle AHC of the tri- 
angle ABC. For the same reason, whatever multiple the 
base LC is.of the base CD, the same multiple is the triaa^ 
ALC of the triangle ADC. And if the base HC be equal 
to the base CL, Uie triangle AHC is also equal to the tri- 
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tM^ AliO ; and if tke base HG .be greator than lilie fcase 
Chi likewise the triangle AHC is greater th«i tiie triactgie 
ALC; and if less, leis. 11ieiefore,siiiee there are fear m^* 
lutudes, namdy, the two bases BG, CD, and tiie two tri- 
angles ABC, ACD ; and of the base BC and ^ triangle 
ASC, the first and third, any equimultiples whaterer iuire 
been taken, namely, the base HC and triangle AHC ; and of 
the base CD and triangle ACD, the second and fomth^haTe 
been taken any equimultiples whatever, namdy, the baae 
CL and triangle ALC ; and since it has been ^own, that, 
if the base HC be greater than the base CL, the triaoi^ 
AHC is greater than the triangle ALC ; and if equal, equal; 
and if less, less. Therefore (Y. Def. 10), as the base BC 
is to the base CD, so is the triangle ABC to tiiie triangle 
ACD. 

And because the parallelogram CE is double of the tri- 
angle ABC (1. 41), and the parallelogram CF double of the 
triangle ACD, and that magnitudes have the same ratio 
which their equimultiples have (Y. 15) ; as the triangle 
ABC is to the triangle ACD, so is the parallelogram EC iA> 
the parallelogram CF. And because it has been shown, 
that, as the base BC is to the base CD, so is the triangle 
ABC to the triangle ACD ; and as the triangle ABC to the 
triangle ACD, so is the parallel<^ram EC to the parallelo- 
frseoDL CF ; therefore, as the base BC is to the base CD, so 
is the parallelogram EC to the parallelogram CF (Y. 11). 

CoR. Iw — ^From this it is plain, that triangles and paral« 

lelograms that haTe equal altitudes, are one to another 

as meir bases. 

Let the figures be placed so as to hare ihai bases in the 

same straight line, then the stiwht line which joins tho 

vertices is parallel to that in which their bases are ^I. 34> 

Cor. 2). Then, if the same construction be made as m the 

proposition, the demonstration will be the siune. 

CoR. 2. — ^Rectangles, and henee also parc^dograms and 
triangles, haying equal bases, are to one another as 
their altitudes. 

PROPOSITION n. THBORBttU 

If A straight line be drawn parallel to one of the sides of 
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a toaB^, it ^ball eni the o^ier sides, or the other taicB 
produced, proportionall j ; and if the sides, or the sides 
produced, be cut proportionall j, the straight Irae wMch joins 
the points of section shall be paralkl to the remaining side 
of the triangle. 

Let DE be drawn parallel to BC, one of the sides of the 
triangle ABO ; BD is to DA, as CE to EA. 

Join BE, CD ; then- the triangle BDE is equal to the tri- 
angle CDE (1. 37)9 because they are on the same baseDE, 
and between the same parallels DE, BC. But ADE is an* 
o^keat triangle, and equal magnitudes hare to the same the 
same ratio (Y. 7) ; therefore, as the triangle BDE to the 
triangle ADE, so is the triangle CDE to the triangle ADE; 
but as the triangle BDE to the triangle ADE, so is BD to 
DA (VI. 1) ; because, having the same altitude, namely, 
the perpendicular drawn from the point E to AB, they are 
to one another as their bases ; and for the same reason, as 
the triangle CDE to the triangle ADE, so is CE to EA, 
Therefore, as BD to DA, so is CE to EA (V. 11). 

Next, let the sides AB, AC, of the triangle ABC, or these 
sides produced, be cut pro- a a 

portionally in the points D, 
E, that is, so that BD be to 
DA, as CE to EA, and join i> 
DE ; DE is parallel to BC. 

The same construction ^ ^ rr— — e b c 

being made, because as BD to DA, so is CE to £ A ; and 
as BD to DA, so is the triangle BDE to the triangle ADE 
(VI. 1) ; and as CE to EA, so is the triangle CDE to the 
triangle ADE ; therefore the triangle BDE is to the triangle 
ADE, as the triangle CDE to the triangle ADE ; that is, 
the triangles BDE, CDE, hare the same ratio to the triangle 
ADE ; and therefore the triangle BDE is equal to the tri- 
angle CDE (V. 9). And they are on the same base DE; 
but equal triangles on the same base are between the same 
parallels (L 39) ; therefore DE is parallel to BC. 

PROPOSITION m. THEOREM. 

If the vertical angle of a triangle be bisected by a straight 
line which abo cuts the base, the segments of the base shall 
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hare the same ratio wluch the other sides of the triangle hare 
to one another ; and if the segments of the base hs^^ the 
same ratio which the other sides of the triangle hare to oae 
another, the straight line drawn from the vertex to the point 
of section, bisects the vertical angle. 

Let the angle BAG of any triangle ABC be diTided info 
two equal angles by the straight line AD ; BD is to DC, as 
BA to AC. 

Through the point C draw CE parallel to DA (I. 31), 
and let BA produced meet CE in E. Because the straight 
line AC meets the parallels AD, EC, the angle ACE is 
equal to the alternate angle CAD (1. 29). But CAD, by 
the hypothesis, is equal to the angle BAD; 
wherefore BAD is equal to the angle 
ACE. Again, because the straight Ime 
BAE meets the parallels AD, £C, the 
exterior angle BAD is equal to the in- 
terior and opposite angle AEC. But the ^ if 

angle ACE has been proved equal to the angle BAD; 
therefore also ACE is equal to the angle AEC, and conse- 
quently the side AE is equal to the side AC (1. 6). And 
because AD is drawn parallel to one of the sides of the tri- 
angle BCE, namely, to EC, BD is to DC, as BA to AE 
(VI. 2). But AE is equal to AC ; therefore, as BD to DC, 
so is BA to AC (V. 7.) 

Let now BD be to DC, as BA to AC, and join AD ; the 
angle BAC is divided into two equal angles by the straight 
line AD. 

The same construction being made ; because, as BD to 
DC, so is BA to AC ; and as BD to DC, so is BA to AE 
(VI. 2), because AD is parallel to EC ; therefore AB is to 
AC, as BA to AE (V,ll) ; consequently AC is equal to 
AE (V. 9), and the angle AEC is therefore equal to the 
angle ACE (1. 5). But the angle AEC is equal to the ex- 
ternal and opposite angle BAD ; and the angle ACE is equal 
to the alternate angle CAD. Wherefore, also, the angle 
BAD is equal to the angle CAD ; therefore the angle BAG 
is cut into two equal angles by the straight line AD. 
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PROPOSITION A. THEOREM. 

If the exterior angle of a triangle be bisected by a straight 
Ime which also <mts the base produced, the segments be- 
tween the bisecting line and the extremities of the base have 
the same ratio which the other sides of the triangle have to 
one another ; and if the segments of the base produced 
haye the same ratio which the other sides of the triangle 
bare, the straight line drawn from the vertex to the point 
of section bisects the exterior angle of the triangle. 

Let the exterior angle CAE of anj triangle ABC be di* 
Tided into two equal angles by the straight line AD which 
meets the base produced in D ; BD is to DC^ as BA to AC. 

Through C draw CF parallel to AD (I. ai) ; and be- 
cause the straight line AC meets the parallels AD, FC, the 
angle ACF is equal to the alternate angle CAD (I. 29) ; 
but CAD is equal to the angle DAE ^B 

(Hyp.) ; therefore also DAE is equal a^ 

to the angle ACF. Again, because the 
straight £ue FAE meets the parallels 

AD, FC, the exterior angle DAE is ^ c" 

equal to the interior and opposite angle CFA. But the 
angle ACF has been proved to be equal to the angle DAE ; 
therefore also the angle ACF is equal to the angle CFA ; and 
consequently the side AF is equal to the side AC (I. 6) ; 
and because AD is parallel to FC, a side of the triangle 
BCF; BD is to DC, as BA to AF ( VI. 2) ; but AF is equal 
to AC ; as therefore BD is to DC, so is BA to AC. 

Let now BD be to DC, as BA to AC, and join AD ; the 
angle CAD is equal to tlie angle DAE. 

The same construction being made, because BD is to DC^ 
as BA to AC ; and also BD to DC, as BA to AF ; there- 
fore BA is to AC, as BA to AF (V. 11) ; wherefore AC is 
equal to AF (V. 9), and the angle AFC equal to the angle 
ACF (I. 5). But the angle AFC is equal to the exterior 
angle EAD, and the angle ACF to the alternate angle 
CAD ; therefore also EAD is equal to the angle CAD. 

Cor. — ^The two lines that bisect the vertical angle and 
its adjacent angle, cut the base produced harmonically ; 
or the base is a harmonic mean between its greater in- 
ternal and external segments. 
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SckoL 1.— Thi§i and ike la«t propositiom may be e&vnei- 
•ted thus :— If tbe vertical anf^ of a trka^ aut its 
adjacent angle be bisected by lines cuttii^ tiie base^ it iiiH 
be cut inteinally and extemaJly in the satio of tiie two 
ndes. 

&/^al. 2. — By means of these two pfopeskioos^ ft is 
prayed in optics, that the axis of a peninl of rays inckknt 
SfO. a spherical mirror is diyided harmomcally by the ladkHat 
point, the geometrical focus of reflected rays, and ibe ceiitte 
and sur&ce of the reflectoj. It is also found that thelesigilks 
of three musical strings of the same thickness, materiaT, wsA 
texture, and under the same tension, that produce any sote^ 
ita fifth, and octare, are in harmonical progression ; and 
hence the origin of the term. It is beliered that Pyths^gpons 
first obeenred this relation of musical stiingEk 

FROPOSmON IT. THEOREM. 

The sides about the equal angles of equiangular trian^et 
are proportionals; and those which are opposite to the 
equal angles are homologous sides, that is, are the antece- 
dents or consequents of the ratios. 

Ijet ABC, DCE, be equi^mgular tri«ngie% baling &e 
angle ABC equal to the angle IHI!£, and the angle AGB to 
the angle DEC, and consequently die aag^ BAG e^^al to 
the angle CDE (I. 32). The sides about the equal an^ 
of the triangles ABC, DC£, are proportionals ; voA trae 
are the hcmiologons sides which ai« oppoate to the equal 
awlpift 

jLet the triangle DGE be {daeed, so that its side C£ mmy 
be contiguous to BC, and in the same straigbt line with it; 
and because the angles ABC^ ACB^ are to-* f 
gether less than two light angles (I. l^\ \ 
ABC and DEC, which is equal to ACBy are *\ 
also less than two right angles; wherefore 
BA, ED, produced, shall meet (L 29, Cor.) ; ^ 
let them be produced and meet m the point b 
F ; and because the angle ABC is equal to the angle DCE, 
BF is pasalld to CD (I. 2B). Agam, because the ande 
ACB is equal to the angle DEC, AC is paidlel to F£! ; 
therefore FACD is a paiiUlelogcam; and consequently AF 




Vk mfoal to Ca>y md AC to ¥D (I. M}; and because AC 
is parallel to FB» one oi ithe side9 of the triangle FBE, 
BA:AF::BC:CE (VL 2); but AF is eqmd to CD; 
therefore (V. 7), BA : CD : r BC : OE ; and alternately, 
AB : BC : : DC : CE. Again, because CD is parallel to 
BP, BC : CE : : FD : DE; but FD is eqnal to AC ; there- 
fore, BC : CE : : AC : DE; and alternately, BC: CA : : CE: 
ED. Therefore, because it has be^i prored that AB: 
BC::DC:CE; and BC : CA : :CE :ED, by equality, 
BA:AC:2CD:DE. 

PROPOSITION V. THEOREM. 

If the sides of two triangles, about eadu of their angles, 
be proportionals, the triangles shall be equiaaigular, and hftre 
their equal angles opposite to the hooK>l^ous sides. 

Let the triangles ABC, DEF, haye their ddes propor- 
tionals, so that AB is to BC, as DE to EF ; and BC to 
CA, as EF to FD ; and consequently, by equality, BA to 
AC, as ED to DF ; the triangle ABC is equiangular to the 
triangle DEF, and their equal angles are opposite to the 
homologous sides ; namely, the angle ABC being; equal to 
the angle DEF, and BCA to EFD, and also BAG to EDF. 

At Sie points E, F, in the straight line EF, make (1. 23) 
the angle FEG equal to the angle ABC, and tlie angle 
"EFQ equal to BCA ; where^ire the remaining angle BAC 
38 equal to the remaining angle EOF "^ 

(I. 32), and the triangle ABC is therefore 
equiai^g;ttlar to the triangle GEF; and 
ooBsequeatly they hare their sides opposite 

to the equal angles proportionals (VI. 4) ; i \ ©^ 

-wherefbve, aa AB to BC, so is GE to EF ; but as AB to 
BC, so is DE to EF; therefore, as DE to EF, so GE to 
EF (V. 11) ; therefore DE and GE have the same ratio to 
£Fy and consequently are equal (Y. 9) ; for the same rea- 
son, DF is equal to FG; and because, in the triangles 
DEF, GEF, DE is equal to EG, and EF common, and also 
the base DF equal to the base GF; therefore (I. 8) the 
angle DEF is equal to the angle GEF, DFE to GFE, and 
EDF to EGF ; and because the angle DEF is equal to the 
Angle GEF, and GEF to the angle ABC ; therefore the 
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angle ABC is equal to the ande DEF ; for the same reason, 
the angle ACB is equal to &e angle DFE, and the angle 
at A to the angle at D ; therefore the triangle ABC Is equi- 
angular to the triangle D£F. 

PROTOSmON VI. THEOREM. 

If tiw triangles have one angle of the one equal to one 
angle of the other, and the sides ahout the equal angles 
proportionals, ihe triangles shall he equiangular, and shall 
have those angles equal which are opposite to the liomolo- 
gous sides. 

Let the triangles ABC, DEF, have the angle BAC in 
lihe one equal to the angle EDF in the other, and the sides 
ahout those angles proporticmals ; that is, BA to AC, as 
ED to DF ; the triangles ABO, DEF, are equiangular, and 
have the angle ABC equal to the angle DEF, and ACB to 
DFE. 

At the points D, F, in the straight line DF, make (L 23) 
the angle FDG equal to either of the angles BAC, EDF ; 
and the angle DFG equal to the angle ACB ; wherefore 
the remaining angle at B is equal to the -^ 
remaining one at G (I. 32), and conse- /\ » ^ 

quentljthetriangle ABC is equiangular / \ f\^ 

to the triangle DGF ; and therefore as / \ / \/ 

BA to AC, so is GD to DF ( VI. 4) ; i c e — T 

hut, hy the hypothesis, as BA to AC, so is ED to DF; as 
therefore ED to DF, so is GD to DF (V. 11) ; wherefore 
ED is equal to DG (V. 9) ; and DF is common to the two 
triangles EDF, GDF ; therefore the two sides ED, DF, are 
equal to the two sides GD, DF ; hut the angle EDF is also 
equal to the angle GDF ; therefore (I. 4) the angle DFG 
is equal to the angle DFE, and the angle at G to the angle 
at E!. But the angle DFG is equal to the angle ACB ; 
therefore the angle ACB is equal to the angle DFE ; and 
the angle BAC is equal to the angle EDF (Hyp.) ; where- 
fore also the remaining angle at B is equal to the remaining 
angle at E ; therefore the triangle ABC is equiangular to 
the triangle DEF. 
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PBOPOSITION VII. THEOREM. 

If two triangles liave one angle of the one e<jaal to one 
angle of tlie other, and the sides about two other angles 
proportionals, then, if each of the remaining angles be either 
less, or not less, than a right angle, the triangles shall be 
equiangular, and hare those angles equal about which the 
sides are proportionals. 

Let the two triangles ABC, DEF, hare one angle in the 
one equal to one angle in the other ; namelj, the angle BAG 
to the angle EDF, and the sides about two other angles 
ABC, DEF, proportionals, so that AB is to BC, as DE to 
EF^ ^nd in the first case, let each of the remaining angles 
at C, F, be kss than a right angle. The triangle ABC is 
equiangular to the triangle DEF ; that is, the angle ABC is 
equal to the angle DEF, and the remaining spigle at C to 
the remaining angle at F. 

For, if the angles ABC, DEF, be not equal, one of 
them is greater tnan the other. Let ABC be the greater^ 
and at the point B^ in the straight line 
AB, make the angle ABG equal to 
the angle DEF (I. 23) ; and because 
the angle at A is equal to the angle 
at D, and the angle ABG to the angle 
DEF; the remaining angle AGB is equal to the remaining 
angle DFE (L 32) ; therefore the triangle ABG is equi- 
angular to the triangle DEF ; wherefore (VI. 4), as AB is 
to BG, so is DE to EF ; but as DE to EF, so, by hypo- 
thesis, is AB to BC ; therefore, as AB to BC, so is AB to 
BG (V. 11) ; and because AB has the same ratio to each. 
of tbe lines BC, BG ; BC is equal to BG (V. 9), and there- 
fore the angle BGC is equal to the angle BCG (I. 6) ; but 
the angle BCG is, by hypothesis, less than a right angle ; 
therefore also the angle BGC is less than a right angle, and 
the adjacent angle AGB must be greater than a right angle 
(1. 13). But it was proved that the angle AGB is equal to 
the angle at F ; therefore the angle at I' is greater than a 
right angle ; but, by the hypothesis, it is less than a right 
angle ; which is absurd ; therefore the angles ABC, DEF, 
are not unequal, that is, they are equal ; and the angle at 
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A is equal to the angle at D ; wherefore the remaining 
angle at G is equal to the remaining angle at F ; therefore 
the triangle ABC is equiaengular to the triangle DBF. 

Next, let each of the angles at 0, F, he not less than a 
right angle ; the triangle ABC is also in this case equian- 
gular to the triangle DEF. 

The same construction heing made, it may he proved in 
like manner that BC is equal to BG, and ^ 

the angle at C equal to the angle BGC ; / >^ -^ 
hut the angle at is not less, than a right ^^^-^ .y^ 
angle ; therefore the angle BGC is not » <: m r 
less than a ri^t angle ; wherefore, two angles «€ the iri- 
angle BGrC are together not less than tw4» right angks, 
which is impossible (1. 17) ; and therefore tiie trisn^ A^C 
may he prored to be equiangular to the triangle 1>£F, «B 
in the first case. 

PROPOSITION VIII. THEOREM. 

In a right-angled triangle, if a perpendicular be drawn 
from the right angle to the base, the triangles on each side 
of it are similar to the whole triangle, and to ime another. 

Let ABC be a right-angled triangle, having -Che right 
angle BAC ; and from the point A let AD be drawn per* 
pendicular to the base BC ; the triangles ABD, ADC, are 
similar to the whole triangle ABC, and to one another. 

Because the an^le BAG is equal to the angle ADB, -each 
of them being a right angle, and that the an^e at B is oo&ft- 
mon to the two triangles ABC, ABD; ^ 

the remaining ande ACB is eqi;uBl to the ^^^^ 

remaining angle BAD (I. 32) ; thei<efore >^ 1 \ 
the triangle ABC is equiangular to the ^^ \ \ 

triangle ABD, and the 4udes about their ^ » c 

equal angles are proportionals ( YI. 4) ; wherefore ihe txi- 
angles are similar (Y I. Def. 9) ; in the same manner, it may 
be demonstrated that the triangle ADC is equiangular and 
similar to the triangle ABC ; and the triangles Am), ADQ 
being both equiancrular and similar to ABC, ace equiangular 
and similar to each other. 

Cor. — ^From this it is manifest that the perpendkidac 
drawn from the right angle of a dgkt-ai^led tnnagle 
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io tbe l)ase, is a mean |»r&po]ti<Hial 1)etween the 8^ 
ments of the base ; and also that each of the sides is a 
mean proportioiial between the base, and its segment 
Adjacent to that side. For in the triangles BD A, ADO, 
B£> : DA; : DA : DC (YI. 4) ; and in the triangles 
ABC, DBA, BC:BA::BA:BD; and ia the tn- 
angles ABO, ACD, BO : CA : ; CA : CD. 

PROPOSITION IX. PROBLEM. 

From a giren straight line to cut off an^ part required; 
that is, a part of whidi the line shall be a giyen multiple. 

Let AB be the giren strai^t line ; it is required to cut 
off from it a part of iivhich J3i shall be a given nmltiple. 

From the point A draw a straight line AC making any 
angle with JJB ; and in AC take any point D, and take AU 
ihe same multiple of AD, that AB is of the part a 
which is to be cut off from it ; join BC, and oraw 
DE parallel to it ; then AE is ihe part required 
to be cut off. 

Because ED is parallel to one of the sides of the 

triande ABO, namdj, to BC, as CD is to DA, * h 

so is BE to EA (VI. 2) ; and, by compoatkm (V. 18), CA 
is to AD, as BA to AE. But CA is a multiple of AD; 
therefore (Y. c) BA is the same m'ultiple of AE. Whaterer 
part, ^refore, AD is of AC, AE is the same part of AB ; 
wherefore, from the straight line AB the part required it 
cut off. 

moposinoN x. problem. 
To diYide a given straight line similarly to a given divided 
straight line, that is, into parts that shall have the same 
ratios to one another which the parts of the divided given 
straight line have. 

Let AB be the straight line ^yen to be divided, and AO 
the divided line ; it is required to divide AB similarly to AO. 

Let AC be divided in the points D, E ; and let AB, AC^ 
be placed so as to contain any angle, and join BC, and 
through the points D, E, draw DIl, EG, paraUel to BC 
(1. 31 ) ; and through D draw DHK parallel to AB ; therefei?e 
each of the figures FH, MB, is a pasaiklogram ; wlierefore 
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DH is equal to FG, and HK to GB (1. 34). And because 

HS is parallel to KC, one of the sides of the 

triangle DKG, as CE to ED, so is KH to HD 

(VI. 2). But KH is equal to BG, and HD 

to GF ; therefore, as CE to ED, so is BG to 

QF. Again, because FD is parallel to EG, 

one of the sides of the triangle AGE, as ED 

to DA, so is GF to FA. But it has been proved that CE 

is to ED, as BG to GF ; and as ED to DX so GF toFA ; 

therefore the given straight line AB is divided similarly to 

AC. 

PROPOSITION XI. PROBLEM. 

To find a third proportional to two given straight lines. 

Let AB, AC, be the two given straight lines, and let them 
be placed so as to contain any angle ; it is required to ilnd 
a third proportional to AB, AC. 

Produce AB, AC ; and make BD equal to AC ; and hav- 
ing joined BC, through D, draw DE parallel . 
to it (1. 31). 

Because BC is parallel to DE, a side of b 
the triangle ADE, AB is to BD, as AC to 
CE (VI. 2). But BD is equal to AC ; as 
therefore AB to AC, so is AC to CE. Where- 
fore to the two given strai^t lines AB, AC, a third pro- 
portional CE is found. 

PROPOSITION XII. PROBLEM. 

To find a fourth proportional to three ^ven straight lines. 

Let A, B, C, be the three given straight lines ; it is re- 
quired to find a fourth proportional to A, B, C. 

Take two straight lines DE, DF, containing any an^e 
EDF ; and upon these make DG equal to A, GE equal to 
"By and DH equal to C ; and hav- 
ing joined GH, draw EF parallel 
to it through the point E (I. 31) ; 
and because GH is parallel to EF, 
one of the sides of the triangle 
DEF; DG is to GE, as DH to HF _ 
(VI. 2) ; but DG is equal to A, ^ 
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GE to B, and DH to C ; therefore, as A is to B, so is C 
to HF. Wherefore to the three given straight lines, A, B, 
C, a fourth proportional HF is found. 

PROPOSITION Xm. PROBLEM. 

To find a mean proportional between two given straight 
lines. 

Let AB, BC, be the two given straight lines ; it is re- 
quired to find a mean proportional between them. 
• Place ABy BC, in a straight line, and upon AC describe 
the semicircle ADC, and (1. 11) from the point B draw BD 
at right angles at AC, and join AD^ DC. 

Because the angle ADC in a semicircle 
is a right angle (ill. 31), and because in 
the right-angled triangle ADC, DB is 
drawn from the right angle perpendicular "^ 
to the base, DB is a mean proportional between AB, BC, 
the segments of the base (VI. 8, Cor.) ; therefore between 
the two given straight lines AB, BC, a mean proportional 
DB is found. 

PROPOSITION XIV. THEOREM. 

Equal parallelograms which have one angle of the one 
equal to one angle of the other, have their sides about the 
equal angles reciprocally prop<^onal ; and parallelograms 
that have one angle of the one equal to one angle of the 
other, and their sides about the equal angles reciprocally 
proportional, are equal to one another. 

Let AB, BC, be equal parallelograms, which have the 
angles at B equal, and let the sides DB, BE, be placed in the 
same straight line; wherefore alsoFB,BG, are in one straight 
line (1. 14; ; the sides of the parallelograms AB, BC, about 
the equal angles, are reciprocally proportional ; that is, DB 
is to BE, as GB to BF. 

Complete the parallelogram FE ; and a f 

because the parallelogram AB is equal to \. 

BC, and that FE is another parallelogram, ^ 

AB is to FE, as BC to FE (V. 7). But 

as AB to FE, so is the base DB to BE fe — i 

(VL 1); and, as BC to FE, so is the base GB to BF; there- 
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foK, as DB to BE, 90 k OB to BF (V. 11). Wlieiefti«, 
iiie sides of the parallelograms AB, BC, about their eqtai, 
angles are reciprocally proportional. 

And, if the sides about the equal angles be reciprocally 
proportional, namely, as DB to BE, so GB to BF; the 
parallelogram AB is equal to the parallelogTam BO. 

Because, as DB to BE, so is GB to BF; and as DB to 
BE, so is the parallelogram AB to the parallelogrBm ¥E ; 
and as GB to BF, so is the parallelogram BC to the pa- 
rallelogram FE ; therefore, as AB to FE, so DC to FE. 
Wherefore the parallelogram AB is equal to the paralldb- 
gram BC (V. 9). 

PROPOSITION XY. THEOBBM. 

Equal triangles which have one angle of the one equal to 
one angle of the other, have their sides about the equal 
angles reciprocallj proportional ; and triangles which haye 
one angle m the one equal to ^le angle in the other, and 
iiheir sides about the equal angles reap rocally propoitibnalt 
axe equal to one another. 

Let ABC, ADE, be equal triangles, which haye the angle 
BAC equal to the angle DAE ; the sides about the equal 
angles of the triangles are redprocaQj proportional ; that is, 
CA is to AD, as E A to AB. 

Let the triangles be placed so tliat (heir sides CA^ AD, 
be in one straight line ; wherefore also EA and AB are in 
one straight Ime (I. 14) ; join BD. ^^-"-Tsw 

Because tne triangle ABC is equal to ^^y*"'^^ X^V^ 

the triangle ADE, and that ABD is o^^ -X — ^» 

another triangle ; therefore, as the tii- ^ V 

angle CAB is to the triangle BAD, \ / 

80 IS triangle EAD to triangle DAB isr 

(V. 7). But as triangle CAB to triangle BAD, «o is the 
base CA to AD (VI. 1) ; and as triangle EAD to triao^ 
DAB, BO is the base E A to AB ; as therefore CA to JJ} 
so is EA to AB (V. 11) ; wherefore the sides of i^ tri- 
angles ABC, ADE, about the equal angles are reciprocal]^ 
proportional. 

And, if the sides of the triangles ABC, ADE, about Ae 
equal angles be reciprocallj proportioiial, namelir C A to AD, 
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as £ A to AB ; I3ie triangle ABC b ^qoal to die trianij^ 
ADE. 

Haying joined BD as beforo ; becanne, as C A to AD, so 
is EA to AB ; and as CA to AD, so is triable ABC to 
tiiangle BAD (YI. 1) ; andas EA to AB, so is tnaadle EAD 
to triangle BAD ; therefore (Y. 11), as triaDd|e BAC to 
triangle BAD, so is triangle EAD to triangle BAD ; tlud 
is, the trian^es B AC, EAT), have the same ratio to the tiv- 
angle BAD. Wher^ore the triangle BAC is equal to dia 
triangle ADE ( Y. 9). 

PROPOSITION XYI. THEOREM. 

If four straight lines be proportionals, the rectangle con- 
tained by the extremes is equal to the rectangle contained 
by the means ; and if the rectangle containea by the ex- 
tremes be equal to the rectangle contained by tne meaas^ 
the four straight lines are proportionals. 

Let tlie four straight lines AB, OD, E, F, be propor- 
tionals ; namely, as AB to CD, so E to F ; the rectangle 
contained hy AB^ F, is equal to the rectangle contained by 
CD,E. • 

From the points A, C, draw AG, CH, at right angles to 
AB, CD (1. 11) ; and niake AG equal to F, and CH equal 
to E, and complete the parallelograms BG, DH ; because 

as AB to CD, so is E to F ; and that ^ 

E is equal to CH, and F to AG; AB is ». «i 

to CD, as CH to AG (Y. 7) ; therefore 
-the sides of the parallelograms BG, DH, ^ 
about the equal angles, are reciprocally 
proportional; but parallelograms which ■*• * ^ 
haye their sides about equal angles reciprocally proportional^ 
are equal to one another (YI. 14) ; therefore the parallelo- 
gram BG is equal to the parallelogram DH ; and the paral- 
lelogram BG is contained by thue straight lines AB, F; 
because AG is equal to F ; and the parallelogram DH is 
contained by CD and E ; because CH is equal to E ; there- 
fore the rectangle contained by the straight lines AB, F^ its 
equal to thatt mdck is contained by CD and E. 

And if the rectangle contained by the straight lines AB» 
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F, be equal to that which is contamed by CD, E ; these four 
lines are proportionals, namely, AB is to CD, as E to F.. 

The same constniction being made^ because the rectangle 
contained by the straight lines AB, F, is equal to that which 
/is contained by CD, E, and that the rectangle BG is con- 
tained by AB, F, because AG is equal to F ; and the red" 
angle DH by CD, E, because CH is equal to E ; therefore 
the parallebgram BG is equal to the parallelograxn DH ; 
and they are equiangular ; but the sides about the equal 
an^es of equal paraUelograms are reciprocally proportional 
(yl, 14); wherefore, as AB to CD, so is CH to AG ; and 
CH is equal to E, and AG to F ; as therefore AB is to CD^ 
80 E to F. 



PROPOSITION XVn. THEOREM. 

If three straight lines be proportionals, the rectangle con- 
tained by the extremes is equal, to the square of the mean ; 
and if the rectangle contained by the extremes be equal to 
the square of the mean, the three straight lines are propor- 
tionals. 

Let the three straight lines A, B, C, be proportionals ; 
namely, as A to B, so B to C ; the rectangle contained by 
A, C, is equal to the square of B. 

Take D equal to B ; and because as A to B, so B to C, 
and that B is equal to D ; A is to B, as D to C ; but if foiu: 
straight lines be proportionals, the rectangle ^ 
contained . by the extremes is equal to that b- 



which is contained by the means (TI. 16) ; » 
therefore the rectangle contained by A, C, is c 
equal to that contained by Ef, D ; but the rectangle con- 
tained by B, D, is the squaji^of B ; because B is equal to 
D ; therefore the rectangle contained by A, C, is equal to 
the square of B. 

And if the rectangle contained by A, C, be equal to the 
square of B ; A is to B, as B to C. 

The same construction being made, because the rectanele 
contained by A, C, is equal to the square of B, and the 
square of B is eqited to the rectangle contmned by B, Di 
because B is ^mal to D ; therefore the rectangle contained 
by A,C, is eqtH to that contained byB, D; but if the rect- 
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angle contained by the extremes be equal to that contamed 
by the means, the- four straight lines are proportionals ; 
therefore A is to B, as D to C ; but B is equal to D ; where- 
fore as A to Bi, so B to C. 

PROPOSITION XVIII. PBOBLEM. 

Upon a given straight line to describe a rectilineal figure 
sinukr, and similarly situated, to a given rectilineal figure. 

Let AB be the given straight line, and CDEF the given 
rectilineal figure of four sides ; it is required upon the given 
straight line AB to describe a rectilineal figure similar, and 
similarly situated, to CDEF. 

Join DF, and at the points A, B, in the straight line AB, 
make (I. 23) the angle BAG equal to the angle at C, Wid 
the angle ABG equal to the angle CDF ; therefore the re- 
maining angle CFD is equsd ^^-^ 
to the remaining smgle AGB ^^^^^''^^^ \ 
(I. 32) ; wherefore the triangle VN. yi.Fi 
FCD is equiangular to the tri- \ \w / 
angle GAB. Again, at the points jl b 
G, B, in the straight line GB, make (1. 23) the angle BGH 
equal to the angfe DFE, and the angle GBH equal to 
FDE ; therefore the remaining angle FED is equal to the 
remaining angle GHB, and the triangle FDE eqiiiangular 
to the triangle GBH ; then, because the angle AGB is 
equal to the angle CFD, and BGH to DFE, the whole 
angle AGH is equal to the >jbple CFE ; for the same rea- 
son, the angle ABH is equailpb the angle CDE ; also the 
angle at A is equal to the angle at C, and the angle GHB 
to FED ; therefore the rectilineal figure ABHG is equian- 
gular to CDEF ; but likewise these figures have their sides 
about the equal angles proportionals ; because the triangles 
GAB, FCD, being equiangular, BA is to AG, as DC to 
CF (VI. 4) ; and because AG is to GB, as CF to FD ; and 
as GB to GH, so is FD to FE (VI. 4) ; therefore (V. 22) AG 
is to GH, as CF to FE ; in the same manner, it may be 
proved that AB is to BH, as CD to DE ; and GH is to HB, 
as FE to ED (VI. 4) ; wherefore, because the rectilineal 
figures ABHG, CDEF, are equiangular, ana have thdii 
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ad«8 about, {he equal azigles pn^portioaa]!^ th^ ase ffiorihi 
fa one another (YI. Def. 9)^ 

Next^ let it be required to describe upon a giren straigiii 
line AB, a rectilineal figure similar^ and simUarljr intuate<i^ 
to the rectilmeal figure CDBJEF. 

Join DE, and upon the giveii stiaiglit line AB describe 
the rectiHneai figure ABHG similar^ and simil^ly situated, 
lo the quadrilateral figure CDEF, by the former case ; and. 
at the points B, H, in the straight line BH, make the angle 
HBL equal to the angle £DK, and the angle BHL equal 
to the angle DEK ; therefore the remaining angle al K is 
equal to the remainiog angle at L ; and because the figures 
ABHG, CDEF, are similar, the angle GHB is equal to the 
ai^le FED, and BHL is equal to DEK ; wherefc»re the 
whole angle GHL is equal to the whole angle FEK ; £» 
the same reason, the angle ABL is equal to the angle CDK ; 
therefore the fiye-sided figures AGHLB, CFKKD, are 
equiangular ; and because the figures AGHB, CFED, are 
similar, GH is to HB^ as FE to ED; and as HBto HI^ 
so is ED to EK (YI. 4) ; therefore (V. 22) GH is to HL, 
as FE to EK ; for the same reason, AB is to BL, as CD 
to DK ; and BL is to LH, as DK to KE, because ihe tii- 
angles BLH, DKE, are equiangidar ; therefore, because Que 
fire-sided figures AGHLB^ CFEKD, are equiangular, and 
hare their sides about the equal angles p-aportionals, th^ 
are similar to one another ; and in me same manner, a ree- 
tSIineal figure of six or more sides may be described up<Nft a 
giren straight line similar to one giren ; and so on^ 

FROFOfflnoir XIX. theobbm. 

^milar triangles are to one another in the duplicate ratio 
of their homologous sides. 

Let ABC, DEF, be similar triangles, haying the angle B 
equal to the angle E, and let AB be to BC,as DE to EF» so 
that the side BC is homoIogCHis to EF ^V. Def. 20) ; the 
trian^e ABC has to the trian^e DEF, the duplicate ratio 
of that whidi BC has to EF. 

Take BGa third proportional to BC, EF (VI. 11), so 
that BC is to EF^ as EF to BC^ and join GA; then, be- 
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canie as ABtxt BC, «> DE to £F; ali^natelj (T. 16), JkB 
ia to DE, as BC to £F. Buta»BO 
to EF> so is £F t» BG ; therefore 

ST. 11) as AB to DE, so is EF to 
G. Wherefore the sides of the tri- 
angles ABG» D£F, which are ahput 
the equal angles, are reciprocally proportional. But tri- 
ai^es which have the sides about two equal angles reci- 
procaHj proportional are equsd to one another (YI. 15) ; 
therefore the triangle ABG is equal to the triangle DEF ;* 
md heeause as Bu is to £F> so EF to BG ; and that if 
tJbee straight lines be proportionals^ the first has to the 
third the duplicate ratio of that which it has to the second; 
BC therefore has to BG the duplicate ratio of that which 
BO has to EF. But as BC to BG, so is the triangle ABO 
to the triangle ABG (VI. 1). Therefore the triangle ABC 
^has to the triangle ABG the duplicate ralio of that which 
BC has to EF. Birt the triangle ABG is equal to &e tri- 
angle DEF ; wherefore also the triangle ABO has to the- 
triangle DEF the duplicate ratio of that which BO has to EF. 
Cor. — ^From this it is manifest, that if three straight lines* 
be proportionals, as the first is to the third, so is anj 
triangk upon the first to a similar, and simiiarly de* 
scribed triangle upon the second. 

FROPOSiriON XX. THEOBEM. ^ 

Similar polygons may be divided into the same number 
of similar triangles, having the same ratio to one anothes 
that the polygons have ; and the polygons have to one an* 
other the duplicate ratio of that which their homologous 
indes have. 

Let ABODE, FGHKL, besimikr polygons, and let AB 
be the homologous side to FG; the polygons ABODE, 
FGHKL, may be divided into the same number of similar 
triangles, whereof each to eadi has the same ratio which the 
polygons have ; and the polygon ABODE has to tiie poly- 
gon FGHEX the duplicate ratio of that which the mie AB 
has to the side FG. 

Join BE,. EC, GL, LH ; and because the plygon ABODE 
ia similar to the polygon FGHKL^ ^tte angle BA£ is eq^ 
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to the angle GFL ; and BA is to AE, aa GF to FL (VL 
Def. 9) ; wherefore^ because the triangles ABE, FGL, hare 
an angle in one eqiial to an angle in the other, and liieit 
sides about these equal angles proportionals, the triangle 
ABE is equiangular (YI. 6), and therefore simile to Sui 
triangle FGL ( VL 4) ; wherefore the angle ARE is equal 
to the angle FGL. Aud because the polygons are similar, 
the whole angle ABC is equal to the whole sm^e FGH. ; 
therefore the remaining angle £BC is equs^ to the reman- 
ing angle LGH. And because the triangles ABE, FGL, 
are similar, EB is to BA, as LG to GF. And also, because 
the polygons are similar, AB is to BC, as FG to GH ; thei»* 
fore (V. 22) EB is to BO, as ^^ _m_ 

LG to GH ; that is, the sides ^s^g^^^^ \ 
about the equal angles EBC, PsT " — ^b >^| 
LGH, are proportionals ; there- \ ^\^/ 
fore the triangle EBC is equi- d c i^ 

angular to the triangle LGH, and similar to it. For the 
same reason, the triangle ECD likewise is similar to the 
triangle LHK; therefore the similar polygons ABODE, 
FGHKL, are llivided into the same number of similax 
triangles. 

Also these triangles have, each to each, the same ratio wHch 
the polygons have to one another, the antecedents being 
ABE, EBC, ECD, and the consequents FGL, LGH, LHK. 
And the polygon ABCDE has to the polygon FGHKL the 
duplicate ratio of that which the side AB has to the homo- 
logous side FG. 

Because the triangle ABE is similar to the triangle FGIi, 
ABE has to FGL the duplicate ratio of that which the side 
BE has to the side GL (VL 19). For the same reason, the 
triangle BEO has to GLH the duplicate ratio of that which 
BE has to GL ; therefore, as the triangle ABE to the tri- 
angle FGL, so is the triangle BEO to the triangle GLH 
(V. 11). Again, because the triangle EBO is similar to the 
triangle LGH, EBO has to LGH the duplicate ratio of that 
which the side EC has to the side LH. For the same rea- 
son, the triangle ECD has to the triangle LHK, the dupli- 
cate ratio of that which EC has to LH ; as tberefoi-e the 
triangle EBO to the triangle LGH, so is the triangle ECD 
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to the triangle LHK. But it has been proved, that the tri- 
angle EBC i» likewise to the triangle LGH, as the triangle 
AbE to the triangle FGL. Hiererore, as the triangle AB£ 
is to the triangle FGL, so is triangle EBC to triangle 
LGH, and triangle ECD to triangle LHK f and therefore, 
as one of the antecedents to one of the consequents, so are 
all the antecedents to all the consequents (Y. 12). Where- 
fore, as the triangle ABE to the triangle FGL, so is the 
polygon ABODE to the polygon FGHKL ; but the triangle 
ABB has to the triangle FGL, the duplicate ratio of that 
whick the side AB has to the homologous side FG. There- 
fore, also, iJie polygon ABODE has to the polygon FGECBX 
the duplicate ratio of that which AB hsis to the homologous 
side FG. 

Gob. 1. — In like manner it may be proved, that simiiar 
four-sided figures, or of any number of sides, are one 
to another in the duplicate ratio of their homologous 
sides, and it has already been proved in triangles. 
Ther^re, unit^rsally similar rectilineal figures are to 
one another in the duplicate ratio of their homologous 
sides. 
Cor. 2. — ^If to AB, FG, two of the homologous sides, a 
third proportionaJ M be taken, AB has (V. Def. 18) to 
M the duplicate ratio of that which AB has to FG. 
But the four-sided figure or polygon upon AB has to 
the four-sided figure or polygon upon FG likewise the 
duplicate ratio of that which AB has to FG ; there- 
fore, as AB is to M, so is the figure upon AB to the 
figure upon FG, which was also jproved in triangles 
( V I. 19, Cor.) Therefore, universally, it is manifest, 
that if three straight fines be proportionals, as the first 
• is to the third, so is any rectilineal figure upon the firsts 
to a similar and similarly described rectilineal figure 
upon the second. 
CoE. 3. — ^Because all squares are similar figures, the ratio 
of any two squares to one another is the same with the 
duplicate ratio of their sides ; and hence, also, any two 
similar rectilineal figures are to one another as the 
squares of their homologous sides. 

M 
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PROPOSITION XXI. THEOREM. 

Rectilineal figures which are similar to the same recti- 
lineal figure, are also similar to one another. 

Let each of the rectilineal figures A, B, be similar to the 
rectilineal figure C ; tiie figure A is similar to tbe £gure B. 

Because A is similar to C, they are equiangolar, and 
also have their sides about the e<iual angles propoitioiifids 
(VI. Def. 9). Again, because B a 

is similar to C, they are equian- a / c\ 

gular, and have their sides about / \ / \ 
the equal angles proportionals ; 

therefore the figures A, B, are / "~ \ / JB 

each of them equiangular to C, 
and hare the sides about the equal angles of each of them 
and of C proportionals-; wherefore the rectilineal figures A 
and B are equiangular, and hare their sides about the equal 
angles proportionals (V. 11) ; therefore A is similar to B. 

PBOPosmoN xxn. theorem. 

If four straight lines be proportionals, the similar recti- 
lineal figm*es similarly described upon them shall also be 
proportionals ; and if the similar rectilineal figures similarly 
described upon four straight lines be propomonals, those 
straight lines shall be proportionals. 

Let the fomr straight lines AB, CD, EF, GH, be propor7 
tionals ; namely, AB to CD, as EF to GH, and upon AB, 
CD, let the similar rectilineal figures KAB, LCD, be simi* 
laxly described ; and upon EF, GH, the similar rectilineal 
figures MF, NH, in like manner; the rectilineal figure 
KAB is to LCD, as MF to NH. 

To AB, CD, take a third proportional X (VL 11) ; and 
to EF, GH, a third proportional O ; and because AB is to 
CD, as EF to GH, and k i, 

that CD is to X, as GH A A 

to (V. 11); where- / \ / \ 
fore (V. 22) as AB to A. - " 

X, so EF to 0; but as " — 
AB to X, so is the rec- 
tilineal KAB to the rcc- B 



s c 



M" 



MOCTK BOOK. 153 

tiimeal LCD (TI. 30, Cor. 2), and as EF to O, so is the 
rectilineal MF to tlie rectilineal NH ; therefore, as KAB 
to LCD, so is MF to NH. 

And if tibe rectilineal KAB he to LCD, as MF to NH ; 
the strait line AB is to CD, as EF to GH. 

Make ( VL 12) as AB to CD, so EF to PR, and (VI. 1^) 
upon PR descrihe the rectilineal £gare SR similar and si- 
imlarlj situated to either of the figures MF, NH ; then, 
hecause as AB to CD, so is EF to FR, and that upon AB, 
CD, are descrihed the similar and similarly situated recti* 
lineak KAB^ LCD, and upon EF, PR, in Hke manner, the 
similar rectilmeals MF, SR ; KAB is to LCD, as MF to 
SR ; but, hj the hypothesis, KAB is to LCD, as MF to 
NH; and therefore the rectilineal MF having the same 
ratio to each of the two NH, SR, these are equal to one 
another (V. 9) ; they are also similar, and similarly situ- 
ated ; therefore GH is equal to PR ; and hecause as AB to 

CD, so is EF to PR, and that PR is equal to GH ; AB is 
to CD, as EF to GH. 

CoB.— -If four straight lines he proportional, their squares 

are proportional, and conversely. 
For squares are similar figures. 

PROPOSITION XXIII. THEOBEM. 

Equiangular parallelograms have to one another the ratio 
which is compounded of the ratios of their sides. 

Let AC, CF, he equiangular parallelograms, having the 
angle BCD equal to the angle ECG ; the ratio of the pa- 
rallelogram AC to the parsulelogram CF, is the same with 
the ratio which is compounded of the ratios of their sides. 

Let BC, CG, he placed in a straight line ; therefore DC 
and CE are also in a straight line (1. 14) ; and complete 
the parallelogram DG ; and, taking any a 
straight line K, make as BC to CG, so K V" 

to L (VI. 12) ; and as DC to CE, so make L b "c^ 

to M ; therefore the ratios of K to L, and 
Xi to M, are the same with the ratios of the 
sides ; namely, of BC to CG, and DC to 

CE. But the ratio of K to M is that which x £ m 
is said to he compounded of the ratios of K to h^ and L to 
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M (V. Def. 17); whetefore also K hAs to M the it9J^o 
oompounded of the ratios of ihe sides ; and because as BO 
to CG, so is the parallelogram AO to the parallelogram CH 
(VI. 1) ; but as BO to CG, so is K to L ; therefore K is 
to L, as the parallelogram AC to the parallelogram' OH 
(V« 11) ; again, because as DC to CE, so is ^e paralldfo- 
g(am OH to the parallelogram CF ; but as BO to OE, so 
is L to M ; wherefore L is to M, as the parallelograxa OH 
to the parallelogram OF ; therefore, since it has been proVed 
that as K to L, so is the parallelogram AO to the paraSl^l^ 
gram OH ; and as L to M, so the parallelogram OH to thi 
parallelogram OF; K is to M, as the p^BlIelogram j^ 
to the parallelogram OF (V. 22) ; but K has to M hU 
ratio which is oompounded of the ratios of the sides ; th^r^- 
fote aliso the piralleiogram AO has to the parallelogram CF 
the ratio which is compounded of the ratios of the sides. 

Cor. 1. — ^The rectangles under the corresponding terms 
of two analogies are proportional. 

For let A : B = : D and E : F == G.: H^ and Jet If, JV, 
P^ Q» denote respectively the rectangles A * E, B • F, • G, 
and D • H j then M : N in a ratio compounded of A : B and 
E : F (VI. 23), and P : Q in a ratio compounded of C : D 
and G : H ; but the two former simple ratios are respec- 
tively equal to the two latter, and therefore the ratios com- 
pounded of them are equal (V. e) ; therefore M : N = P : Q. 

OoR. 2. — ^Hence rectangles, whose bases are proportional, 
and also their altitudes, are themselves proportional. 

PROPOSITION XXIV. THEOREM. 

The parallelograms about the diameter of any parallelG- 
gram, are simikff to the whole, and to one another. 

Let ABOD be a parallelogram, of which the diameter is 
AO ; and EG, HK, the parallelograms about the diameter ; 
the parallelograms EG, HK, are simUar e b 

fcoth to the whole paralldogram ABOD, and 
to one another. 

Because DO, GF, are parallels, the angle 
ADO is equal to the angle AGF (I. 29) ; 
fi>t the same reason, because BO,' EP, are parallels, the 
angle ABO is equal to the angle AEP; imd each Of the 
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angles BCD, EFG, is equal to t^e opposite angle DAB 

2. 34), and therefore are equal to one another, wherefore 
e parallelograms ABCD, AEFG, are equiangular ; and 
because the angle ABC is equal to the angle AEF, and the 
angle BAG common to the two triangles BAG, EAP, Ihey 
are equiangular to one another ; therefore (YI. 4) as AB 
to BG, so is AE to EF ; and because the opposite sides of 
parallelograms are equal to one another, AB is to AD, as 
AE to AG.(y. 7) ; and DG to CB, as GF to FE; and 
also GD to DA, as FG to GA ; therefore the sides of the 
parallelograms ABCD, AEFG, about the equal angles are 
proportionals ; and they are therefore similar to one another 
^Tl. De£. 9) ; for the same reason, the parallelogram ABCD 
IS similar to the parallelogram FHGK ; wherefore each of 
the parallelograms GE, &H, is similar to DB ; but recti- 
lineal figures which are srmilar to the same rectilineal 
figure, are also similar to one another (YI. 21) ; therefore 
the parallelogram GE is similar to KH. 

PROPOSITION XXT. PROBLEM. 

To describe a rectilineal figure which shall be similar to 
one, and equal to another given rectilineal figure. 

Let ABC be the giren rectilineal figure, to which the 
figure to be described is required to be similar, and D that 
to which it must be equal. It is required to describe a recti- 
lineal figure similar to ABG, and equal to D. 

Upon the straight line BG describe the parallelogram BE 
equal to the figure ABG (1. 45, Cor.) ; also upon GE de- 
scribe the parsJlelogram GM equal to D, and haying the 
angle FGE equed to the angle CBL ; therefore BG and GF 
are in a straight line (I. 14), as 
also LE and EM (I. 29) ; be- 
tween BG and GF find a mean 
proportional GH (YI. 13), and 
upon GH describe the rectflineal 
f^ureKGH similar and similarly- 
situated to the figure ABG (YI. 18). And because BG is 
to GH as GH to GF, and if three straight lines be pr<^ibr- 
tionals, as the first is to the third, so is the figure upon ife 
fiijBt to the similar and similarly described figure upon the 
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leomd (YI. 20, Cor. 2) ; tIierefore» as BO to GF, so isibe 
lectilineal figure ABO to KGH. But as BC to OF, so is 
the pain^elograin BE to the pasallelogiam £F (YI.!); 
therefore, as ue lecfcilineid figure ABC istoKGH, so is the 
parallelogram BE to the paraUelogram EF (Y. 11). And 
liie rectiSneal figure ABO is eooal to the paraUekgnunBJB; 
ilrerefore the rectilineal figure JLGH. is equal to the paral* 
klogram £F (Y. 14). But EF is equal to thefi^m D ; 
wherefore ako KGH is equal to D ; and it is Buinkff to 
ABO. Therefore the rectilineal figure KGH has been de- 
scribed similar to the figure ABO> and equal to D. 

PBOPOSITION XXYI. THEOREH. 

If two similar parallelograms hare a common angle, and 
be similarly situated, thej are about the same diameter. 

Let the parallelograms ABOD, AEFG, be similar andsi- 
xnilarly situated, and have the angle DAB common ; ABOD 
and AEFG are about the same diameter. 

For, if not, let, if possible, the parallelogram BD hare 
its diameter AHO in a differeijt straight line firom AF the 
diameter of the parallelogram EG, and j^ 
let GF meet AHO in H ; and througb H 
draw HK parallel to AD or BO ; there- J^ 
fere the parallelograms ABOD, AKHG, 

being about the same diameter, they are , 

omilar to one another ( YI. 24) ; where- ^ ' o 

fore, as DA to AB, so is ( YI. Def. 9) GA to AK. But be- 
cause ABOD and AEFG are similar parallelograms, as DA. 
is to AB, so is GA to AE ; therefore (Y. 11) as GA to AE, 
so GA to AK ; wherefore GA has the same ratio to eacli 
of the straight lines AE, AK ; and consequently (Y. 9) AK 
is equal to AE, the less to the greater, which is impossible ; 
therefore ABOD and AKHG are not about the same di- 
ameter ; wherefore ABOD and AEFG must be about the 
same diameter. 

PROPOSITION xxyn. theorem. 
Of all the rectangles contained by the segments of a given 
siaraight line, the greatest is the square whidi is described on 
half the line. 
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Let AB be a gircn straight line, which is bisected in 0; 
and let D be any point in it, the square on AG is greater 
than the recbu^le AD * DB. 

For since the straight line AB is diyided into two eqnal 

parts in C, and into two unequal parts • . 

in D, the rectangle contained by AD "^ c b b 

and DB, together with the square of CD, is equal to the 
square of AC (II. 5). The square of AC is ther^ore greater 
than the rectangle AD'DB. 

FBOPOSmON XXTin. PROBLEM. 

To divide a given straight line, so that the rectangle con- 
tained by its segments may be equal to a given space ; but 
that space must not be greater than the square of half the 
given Hne. 

Let AB be the given straight line, and let the square upon 
the given straight hne C be the space to which the rectangle 
contained by the segments of AB must be equal, and this 
square, by the determination, is not greater than that upon 
half the straight line AB. 

Bisect AB in D, and if the square upon AD be equal ta 
the square upon C, the thing required is done. But if it 
be not equal to it, AD must be greater than C, according to 
the determination. Draw DE at right 
angles to AB, and make it equal to C; 
produce ED to F, so that EF be equal 
to AD or DB, and from the centre E, 
at the distance EF, describe a circle 
meeting AB in G. Join EG ; and be- 
cause AB is divided equally in D, and unequally in G, tha 
rectangle AG* GB, together vnth the square of DG, is equal 
to the square of DB (XL 5), that is, of EF or EG ; but 
the squares of ED, DG, are also equal to the square of EG 
(1. 47) ; therefore the rectangle AG -GB, together with the 
square of DG, is equal to the squares of ED Mid DG. Take 
away the square of DG from each of these equals ; therefore 
the remaining rectangle AG • GB is equal to the square of 
ED, that is, of C. Wherefore the given Kne AB is divided 
in G, so that the rectangle contained by the segments AG, 
GB, is equal to the square upon the given straight line C. 
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PROPOSJTIOK JCXDC PROBLEM. 

To produce a giren strsugiit line, so that the recfcai^e 
contained by the external segments of the giren line may be 
e^ual to a given space. 

Let AB be the ^ren straight line, and let tbe square npoo 
iJie giyen stnught line C be the space to yrhich the rectangle 
under the s^ments of AB produced, must be equal. 

Bisect AB in D, and draw BE at right ai^es to it, so that 
BE be equal to C; and having joined DE, from the centre B^ 
at the distance DE describe a circle meeting AB pxtodnced 
in G. And because AB is bisected in D, 
and produced to G, the rectangle AG*GB, 
together with the square of DB, is equal to 
the square of DG (II. 6), or of DE, that is, 
to the squares of EB, BD (1. 47). Prom 
each of these equala take the square of DB ; therefore the 
remaining rectangle AG * GB is equal to the square of BE^ 
£hat is, to the square upon C. TVJierefere the line AB is 
produced to G, so that the rectangle contained by the s^- 
ments AG, GB, of the line produced, is equal to ^e square 
ofO. 

PROPoemox xxx. problem. 
To cut a given straight line in extreme and mean ratio. 

Let AB be the given straight line; it is required to out 
it in extreme and mean ratio. 

Upon AB describe the square BC (1. 46), and produce 
CA to D, so that the rectangle CD • DA may be equal to 
the square CB (VL 29). Take AE equal to » 
AD, and complete the rectangle DF under DO 
and AE, or under DG and DA. Then, because 
the rectangle CD, DA, is equal to the square 
CBj the rectangle DF ia equal to CB. Tak» 
away the common part CE .fix>m each, and 
the remainder FB is equal to the remainder DB. But "FB 
is the rectangle contained by FE and EB, that is^ by AB 
aad BE j and DE is the squai:e upon AE ; therefore AE m 
a mean proportional between AB and BE (VL 17); or 
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AB is to AE as AE to EB. But AB is greater than AE; 
wherefore AE is greater than EB (V. 14) ; therefore the 
stxsdght line AB is <nit in extretne and mean ratio in E 
(VI. Def. 4). 

Otherwise, let AB he the given straight line ; it is re- 
quired to cut it in extreme and mean ratio. 

Diidde AB in the point O, so that the rectangle contained 

by AB, BG> he equal to the square of ^ _ 

AC (II. 11) ; then, because the rectangle 
AB * BC is equal to the square of AOj as BA to AC, so is 
AC. to CB (Vli 17) ; therefore AB is cut in extreme and 
mean ratio in C. 

:t!oB.— The section of a line in extreme and mean ratio, 
is the same as inedial section (II. Def. 6). 

PROPOSITION XXXI. *rHBOREM; 

In right-angled triangles, the rectilineal figure described 
upon the side opposite to the right angle, is equal to the 
fflmilar and simiiariy described figures upon the sides con- 
taining the right angle. 

Let ABC be a ri^ht-angled triangle, having the right 
angle BAC; the rectihneal figure described upon BC is equal 
to the similar and simiiarly described figures upon BA, AC. 

I>raw the perpendicular AD ;. therefor^, because in the 
right-angled triangle ABC, AD is drawn firom the right 
angle at A perpendicular to the base BC, the triangles ABD, 
ADC, are similar to the whole triangle ABC, and to one 
another (YI. 8) ; and because the tnande ABC is similar 
to ADB, as GB to BA, so is BA to BD 
(VI. 4) ; and because these three straight 
lines are proportionals, as the first to the 
third, so is the figure upon the first to the 

similar and similarlj described figure upon 

the second ( VL 20, Cor. 2). Therefore, as CB to BD, so is 
the figure upon CB to the similar and similarly described 
figure upon BA ; and inversely (V. a), as DB to BC, so is 
the figure upon BA to that upon BC ; for the same reason, 
as DC to CB, so is the figure upon CA to that upon CB. 
Wherefore, as BD and DC together to BC, do are the 
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figures upon BA, AG, to ihat upon BC (Y. M); but BD 
and DC together are equal to BO ; therefore the figure die- 
imbed on BC is equal to the similar and similarly described 
figures on BA, AC (V. b). 

PROPOSITION XXXn. THEOREM. 

If two triangles, which hare two sides of the one propor- 
tional to two sides of the other, be joined at one augle^ so 
as to have their homologous sides parallel to one another, 
the remaining sides shall be in a straight line. 

Let ABC, DCE, be two triangles which hare the tw« 
sides BA, AC, proportional to the two CD, DE, namely, 
BA to AC, as CD to DE ; and let AB be parallel to DC, 
and AC to DE ; BC and CE are in a straight line. 

Because AB is parallel to DC, and the straight line AC 
meets them, the alternate angles BAC, ACD, are equal 

g'. 29) ; for the same reason, the angle -^ 
DE is equal to the angle ACD ; where- 
fore also BAC is equal to CDE ; and be- 
cause the triangles ABC, DCE, haye one 
angle at A equal to one at D, and the b" 
sides about these angles proportionals, namely, BA to AC, 
as CD to DE, the triangle ABC is equiangular to DCE 
(VI. 6) ; therefore the angle ABC is equal to the angle 
DCE; and the angle BAC was prored to be equal to 
ACD ; therefore the whole angle ACE is equal to the two 
angles ABC, BAC ; add the common angle ACB, then the 
angles ACE, ACB, are equal to the angles ABC, BAC, 
AuB ; but ABC, BAC, ACB, are equal to two right angles 
(I. 32) ; therefore also the angles ACE, ACB, are equal to 
tvfo right angles ; therefore (1. 14) BC and CE are in a 
straight line. 

PROPOSITION XXXIII. THEOREM. 

In equal circles, angles, whether at the centres or cir- 
cumferences, haye the same ratio which the arcs on which 
they stand have to one another ; so also have the sectors. 

Let ABC, DEF, be equal circles ; and at their centres 
the angles BGC, EHF, and the angles BAC, EDE, at then: 
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caeum&reiiees ; aa iha are BC to ilie are EF, bo is the 
ai^le BGC to the mgle EHF» and the angle BAG to the 
an^e EDF ; and also the sector BGC to tl^ sector EHF. 
^Take any number of arcs CK, KXi, eadi equal to BC, 
and any number whateyer FM, MN, each equal to EF ; 
and join GK, GL, HM, HN. a^ 
Because the arcs BC, CK, 
KL, are all equal, the angles 
BGC, CGK, KGL, are also 
all equal (III. 27) ; therefore 
what multiple soever the arc 
BL is of the arc BG, the same multiple is the angle BGL 
of the angle BGC ; for the same reason, whatever multiple 
the are EN is of the arc EF, the same multiple is the angle 
EHN of tbe angle EHF ; and if the arc BL be equal to the 
arc EN, the angle BGL is also equal to the angle EHN ; 
and if tbe arc BL be greater than EN, likewise the angle 
BGL is greater than EHN ; and if less, less. There being 
then four magnitudes, the two arcs BC, EF, and the two 
angles BGC, EHF, and of the arc BC, and of the angle BGC, 
have been taken any equimultiples whatever, namely, the 
arc BL, and the angle BGL ; and of the arc EF, and of the 
angle EHF, any equimultiples whatever, namely, the are 
EN, and the angle EHN ; and it has been proved, that, if 
the arc BL be greater than EN, the angle BGL is greater 
than EHN ; and if equal, equal ; and if less, less ; as there- 
fore the arc BC to the arc EF, so is the angle BGC to the 
angle EHF (V. Def. 10) ; but as the angle BGC is to the 
angle EHF, so is the angle BAC to the angle EDF (V. 15), 
for each is double of each (III. 20) ; therefore, as the arc 
BC is to EF, so is the angle BGC to the angle EHF, and 
the angle BAC to the angle EDF. 

Also^ as the arc BC to EF, so is the sector BGC to the 
sector EHF. Join BC, CIC, and in the arcs BC, CK, take 
any points X, O, and join BX, XC, CO, OK ; then, be- 
cause in the triangles GBC, GCK, the two sides BG, GC, 
are equal to the two CG, GK, and that they contain equal 
angles ; the base BC is equal to the base CK (I. 4), and 
the triangle GBC to the triangle GCK ; and because the 
arc BC is equal to the arc CK, the remaining part of the 
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wliole drcmnference of ilie drcle ABC, is e<iiial to the re- 
maining part of the wliole circiunference of the Bame dccb ; 
wherefore the ande BXC is equal to the angle GOK ; and 
the segment BXU is therefore similar to the segment COK 
rill. Def. 8) ; and thej are upon equal straight lines BC, 
CK ; but similar segments of 
drdes upon equal straight 
lines are equal to one anouer 
(HI. 24) ; therefore the seg- 
ment BXC is equal to the 
s^ment COK ; and the tri- 
angle BGC is equal fo the 
triangle CGK; tnerefore the whole, the sector BGC, is 
equal to the whole, the sector CGK ; for the same reason, 
the sector KGL is equal to each of the sectors B€KJ, CGK ; 
in the same manner, the sectors EHF, FHM, MHN, maj 
be proved equal to one another ; therefore, what mtiltiple 
soerer the arc BL is of the arc BC, the same multiple is the 
sector BGL of the sector BGC ; for the same reason, what- 
ever multiple the arc EN is of EF, the same muldple is the 
sector EEtN of the sector EHF ; and if the arc BL be equal 
to EN, the sector BGL is equal to the sector EHN ; and if 
the arc BL be mater than EN, the sector BGL is greater 
than the sector EHN ; and if less, less ; since, then, there 
are four magnitudes, ^e two arcs BC, EF, and the two 
sectors BGC, EHF, and of the arc BC, and sector BGC, 
the arc BL and sector BGL are anj equal multiples what- 
ever ; and of the arc EF, and sector EHF, the arc EN and 
sector EHN are any equimultiples whatever ; and that it 
Jias been proved, if the arc BL be greater than EN, the 
sector BGL is greater than the sector EHN ; and if equal, 
equal ; and if less, less ; therefore (V. Def. 10), as the arc 
Be is to the arc EF, so is the sector BGC to the sector 
EHF. 

OoR. 1.— Sbnilar sectors of the same, or of equal drdes, 
are equal. 

CoR. 2.— An angle at the centre of a circle, is to four 
right angles, as the arc on which it stands, to the^ cir- 
cumference of the circle. 

For an angle at the centre, is to one right angle^ as the 
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are snbtettding the former one fo a diiadrantal arc; there- 
fore (V. 4) the angle at the ceAtrie, is to four right angles, 
m fhe arc subtending it, to the whole circmnference. • 

PROPOSITION p» THEOBElf* 

If an angle of a triangle be bisected by a straight line, 
which likewise cuts the base, the rectangle contained by the 
sides of the triangle is equal* to the rectangle contained by 
th^ segments of me base, together with the square of the 
straight line bisecting the angle. 

Let ABO be a triangle, and let the. angle BAG be hi"- 
s^ed hj the straight Ime AD ; the recta^igle BA * AG is 
equal to the rectangle BD ' DG> together with the square 

of Ai>. 

Describe the circle AOB about th^ triaogle (IV. 5), and 
produce AD to the circumference in E, £atd join EG ; then 
because the angle BAD is equal to the angle 
CAE, and the angle ABD to the angle AEG 
(III. 21), in the same segment ; the tri* 
angles AJBD, AEG, are equiangular to one 
another ; therefore as BA to AD, so is E A 
to AG (VI. 4), and consequently the rect- 
angle BA • AC is equal to the rectangle EA • AD,(VL IS) ; 
that is, to the rectangle ED • DA, together with the isquare 
of AD (II. 3) ; but the rectangle ED • DA is equal to the 
rectangle BD • DC (III. 35) ; therefore the rectangle 
BA* AG is equal to the rectangle BD • DC, together with, 
the square of AD. 

■\ 

PROPOSITION C. THEOREM. 

If j&om any angle of a triangle a straight line be drawn = 
perpendicular to. the base, the rectangle contained by thei 
sides of the triangle is equal to the rectangle contained by^ 
the perpez^dicular and the diameter of the circle described 
about the triangle. 

Let ABO be a triangle, and AD the perpendicular from 
th& angle A to the base BC ; the rectangle BA • AG is 
equal to the rectangle contained by AD and the diameter 
of Uie circle described about the tnangle. 
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Describe (lY. 5) the cir<^ ACB ^hoai tilie friaxigle, atki 
draw its diameter A£, and joia £0 ; be- 
cause the right angle BDA is equal to tiie 
angle EGA in a semicircle (III- 3), and the *^ 
angle ABD to the angle AEO in the same 
segnent (III. 21); the triax^les ABD, 
AEG, are equiangular; therefore, as BA 
to AD, so is E A to AG (VI. 4) ; and consequently the rect- 
angle BA • AG is equal to the rectangle EA • AD (VI. 16). 

PROPOSITION D. THEOREM. 

The rectangle contained by the diagonals of a quadri- 
lateral inscribed in a circle, is equal to both the rectangles 
contained by its opposite sides. 

Let ABGD be any quadrilateral inscribed in a circle, and 
join AG, BD ; the rectangle contained by AG, BD, is equal 
to the two rectangles contained bj AB, GD, and by AD, EC. 

Make the angle ABE equal to the angle DBG ; add to 
each of these the common angle EBD, then the angle ABD 
is equal to the angle EBG ; and the angle 
BDA is equal to the angle BGE (III. 21), 
because they are in the same segment; 
therefore the triangle ABD is equiangular 
to the triangle BGE ; wherefore (VI. 4) as a^ 
BG is to GE, so is BD to DA ; and conse- 
quently the rectangle BG'AD is equal to the rectangle 
BD • CE (VI. 16) ; again, because the angle ABE is equal 
to the angle DBG, and the angle BAE to the angle BDC 
(III. 21), the triangle ABE is equiangular to the triangle 
BGD ; as therefore BA to AE, so is BD to DC ; where- 
fore the rectangle BA • DG is equal to the rectangle BD, 
AE ; but the rectangle BG * AD has been shown equal to 
the rectangle BD • GE ; therefore the whole rectangle 
AG • BD is equal to the rectangle AB • DC, together with 
the rectangle AD • BG (II. 1.) 

PROPOSITION E. THEOREM. 

If a segment of a circle be bisected, and firom the extre- 
niities of the base of the segment, and from the point of 
bisection straight lines be drawn to any point in the cirema- 
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farenoe) &e sum of ike two lines drawn from tlie extremi- 
ties of the base, will hare to tke line drawn from the point 
of bisection, the same ratio wiiich the base of &e segment 
has to the base of half the segment. : 

Let ABD be a circle, of which AB is a segment bisected 
in C, and from A, C, and B to D, any point whatever in the 
circnmference, let AD, CD, BD, be drawn ; the sum of the 
two lines AD and DB has to DC the same ratio that BA has 
to AC. 

For since ACBD is a quadrilateral inscribed in a circle, 
of which the diagonals are AB and CD, the rectangles 
AD'CB and DB'AC are together equal 
to tie rectangle AB • CD (VI. d). But the 
rectangle AD • BC is equal to the rectangle 
AD • AC, because BC is equal to AC ; and 
therefore the two rectangles AD • AC and 
BD • AC are equal to the rectangle AB • CD. 
But the two rectangles AD • AC and ""^^ 
BD • AC are the rectangle contained by AC, and the sum 
of the lines AD and DB (II. 1) ; wherefore the rectangle 
contained by AC and the sum of the lines AD, DB, is 
equal to the rectangle AB • CD ; and because the sides of 
equal rectangles are reciprocally proportional (YI. 14), the 
sum of AD and DB is to DC as AB to AC. 

PROPOSITION F. THEOREM. 

If two points be taken in the diameter of a circle, such 
that the rectangle contained by the segments intercepted be- 
tween them and the centre of the circle be equal to the 
square of the semidiameter ; and if from these points two 
straight lines be inflected to any point whatsoever in the 
cucumference of the circle, the ratio of the lines inflected 
will be the same with the ratio of the segments intercepted 
between the two flrst-mentioned points and the circumfe- 
rence of the circle. 

Let ABC be a circle, of which the centre is D, and in 
DA produced, let the points E and F be such that the rect- 
an^e ED • DF is equsd to the square of AD ; from E and 
F to any point B in the circumference, let EB, FB, be drawn : 
FB:BE::FA:AE. 
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JoinBD, and because the rectangle FD ' DE ig equal to 
the square of AD, that is, of DB, FD : DB : : DBrDE 
(yi.l7). The two triangles FDB, 
BDE, hare therefore the sides 
proportional that are about the 
common angle D ; therefore they 

are equiangular (VI. 6), the angle 

DEB being equal to the angle DBF, and DBE to DEB. 
Now, since the sides about these equaJ angles are also pro- 
portional (VI.4),FB:BD::BE:ED,and altemately(V. 16), 
FB:BE::BD:ED, or FB : BE:: AD:DE. But be- 
cause FD : DA : : DA : DE, by division (V. 17), FA : DA : : 
AE : ED, and alternately, FA : AE : : DA : ED. Now, it 
has been shown that FB : BE : : AD : DE ; therefore (V. 11) 
FB:BE::FA:AE. 

CoR.— If AB be drawn, because FB : BE : : FA : AE, the 
angle FBE is bisected by AB (VI. 3). Also, since 
FD : DC : : DC : DE, by composition (V. 18), FO : 
DC : : CE : ED ; and since it has been shown that 
FA : AD (DC) : : AE : ED, therefore, by equality, FA : 
AE : : FC : CE. But FB : BE : : FA : AE ; there- 
fore, FB : BE : : FC : CE ; so that if FB be produced 
to G, and if BC be drawn, the angle EBG is bisected 
by the line BC (VI. a). 

PROPOSITION G. THEOREM. 

If, from one extremity of the diameter of a circle, a chord 
be drawn, and a perpendicular be dra^yn to the diameter, so 
as to cut it and the chord either internally or externally, the 
rectangle imder the diameter and its segment reckoned &om 
that extremity, is equal to the rectangle under ihe chord 
and its corresponding segment. 

Let ABC be a circle, of which AC is a diameteri let DE 
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be pexpeBdicolar to the diaiaetec AC, and let AB meet DE 
inF; the rectangle BA'AE is equal to the rectangle 
CA-AI>. 

Join BC, and because ABC is an anffle in a semi- 
circle, it is a right angle (III. 31). Now, the angle ADF 
is also a right angle (Hyp-) ; and the angle BAC is either 
the same with DAF, or yertical to it ; therefore the tri- 
angles ABC, ADF, are equiangular, and BA : AC : : AD : 
AF (VI. 4) ; therefore also the rectangle B A • AF, contained 
by the extremes, is equal to the rectangle AC ' AD, con- 
tained by the means ( VL 16). 

PROPOSITION H. THEOREM. 

The area of a triangle is a mean proportional bet^reen 
the rectangle under the semiperimeter and its excess above 
the base, and that under its excesses above the other two 
sides. 

Let ABC be any triangle, its area is a mean proportional 
between the rectiigles S (S— AB) and (S — AC) (S— . 
BC), where S is the semiperimeter. 

Bisect the angles at its base, and those adjacent to them 
by the lines AD, BD, AG, and BG ; and join their inter- 
sections D and Gr with C ; draw from 
D and G the perpendiculars DE, DF, 
DL, and GM, QK, GN, upon the 
fiides and sides produced. 

In the triangles ADE, ADL, the 
angles at A are equal, and the angles 
at E and L are also equal, being right ^/ 
angles, and AD is common to them, 
therefore (I. 26) AL = AE and DL 
= DE. It is proved in a similar manner that BL = BP, 
and DL = DF; also that AM = AK, GM = GK; and 
BN=:BK, and GN = GK; and since DE and DF are 
each equal to DL, therefore DE = DF ; and similarly 
GM =GN. Again (L 47), CE? + ED* = CD* = CF* + 
FD*, and ED* = FD*, for ED = FD, therefore CE* = CF*, 
and GE = CF ; and hence (1. 8) the triangles CED, CFD, 
are equal in every respect ; and therefore the an^e at C 
is bisected by CD. The triangles CMG, CNO, are simi- 

K 
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krlj proved (1. 47 and L 8) to be equal in vroy vaapeefc; 
henoe the angle at C ib biseotod bjOu-; tbenfoBe ^bs MoeB 
CG, CD, coincide. 

Snce AK = AMaadBK=:BN, liievefoxe OM+ON 
= perimeter, and CM = CN = S, IJie semipeEimeter; and 
AM = 8~AC. Ako2C£ + 2AE + 2AM:=peraneter 
== 2CF + 2 AL + 2BL, and C£ = CF, AE = ili, Hiere- 
fere 2AM =: 2BL, and therefore AM or AKsiBL, and 
therefince AL =: BK ; and because AM = BL, ihereSare 
M£ = AB, and CE = S~ABj and beeooK A£ = AL 
= BK = BN, therefore AE =B--^BC. 

Again, since ED is parallel to MG (I. 29), CE : ED = 
CM:MG; but CM : CM = ED : ED, therefore CE • CM : 
EDCM = CM-ED:MGED(VI.23,Cor.l). Butthe 
tziangk ABC is equal to the three ADC, ADB, CDB, which 
are respectiyely equal to half the recton^es AC'DE^ 
AB • DL, BC • DF (1. 41), the sum of which w = ED • CM. 
And since angles EAL + MAK==: two right aii^tes,EAD + 
MAG=:one right angle := AGM + M AG (I. 32), azid 
therefore E AD =: AGM, and the angles at £ and M aope 
right angles, hence the triangles AGM, EAD, are dmilar, 
and AE : ED=MG: AM ; l£erefbre AE- AM=^G*EI>. 
The former analogy therefore becomes CM - CE : ABC r=: 
ABC : AM • AE or S (S~AB) : ABC= ABC : (S— AC) 
(S~BC). 

GoR.— -If the sides opposite to the angles A, B, C, be re- 
spectiyely denolfced by a, ^, and r, then 

, (*_c): ABC = ABC :(» — «) (s — b). 

SchoL — ^This proposition affords the usefol rule, by which 
the area of a triangle may be computed, when its three sides 
are giyen. 

EXERCISES. 

. lines that meet any three paxaUel lines, are cut pn>- 
portioitally. 

2. K a strai^ hne be Prided mto three segm^its sad^ 
Ihat the rectangle underthe whole line and the middle seg- 
ment, is equal to that mider ike ertreme segments, the line 
is cut hannonical^. 

3. If fiom &e actxemities ofthe hase^xf a triangle^ lines 
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kt dnman biseafiog 1teco|q>osite aodfis, tliey will diyidb eadi 
other m iheatiD fxf two iO'OBe. 

4. If a Ime be di»wii paicallel to the base of a tnangle to 
meet the sides, and the alternate extremities of this Hue and 
of the base be joined, the line drarwn .&(mi the yertex 
thxtMigk iJne nxter8ectiD& of the connecting lines, will bisect 
die base, and 'mil be est baimtmioally. 

5. The inoBnatioa of two fhatda of a circle is measured 
by half the sum or half the diifereiwe of the intereeptod 
arcs, according. as ibey inteasect intemally or externally. 

This property of the drde suggested a considerable im- 
pnorement in tlte:£)rm txf astronomical angular instruments. 

d If three lines be in continued proportion, the first is 
to the third, as the square of the difiPerence between the first 
and second, to the square of iiie diiFereuce between the 
•second and third. 

7* If a. line bisect the angle adjacent to the yertical: angle 
of a triangle, and meet the base produced, the difference 
between the square of that line and the rectaugle under the 
external segments of tibe base, is equal to the rectangle un- 
der the Sides of the triangle. 

This may be considered as another case of VI. b. 

8. If two tangents and a secant be drawn to a circle fi'om 
a point without it, and the points of tsontact be joined by a 
straight line, the secant will be cut harmonically. 

9. If two tziangles have two angles together equal to two 
right angles, and other two angles equal, the sides about 
their remaining angles are proportionaL 

10. If a bne be drawn tbrougb any point in tiie base of 
an isosceles triangle^ so as to cut ofiP firom one side and add 
to the other, equal segments, it will be bisected by the base. 

11. If firom the extremsties of the base of a triazigle, lines 
be drawn throi^ any point in the perpendicular to meet 
tbe sides, lines joining the points of section of tbe sides 
witb that of the base, will make equal angles with the 
base. 

12. If firom tlie angular pdnts of a trian^e, lines be 
drawn duovaiL aai^ point within it to meet the opposite 
sides, and if firom the point of section of the base, Imes be 
4niwxi through the otber two points of section to meet a 
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line drawn through the yertex parallel to the hase, the in- 
tercepted portion of the latter is bisected in the rertex. 

13. Harmonicals cut all straight lines that intersect them 
harmonicall J. 

14. To cut a given line harmonically. 

15. If lines be drawn from the £uigular points of a tri- 
angle, through any point within it, to meet the opposite 
sides, and the points of section be joined, the former \a^s& 
will be cut harmonically. 

16. If through anj point within or without a triangle, 
lines be drawn from the angular points to meet the opposite 
sides, and if lines joining the points of section be produced 
to meet the sides produced if necessary, the three points of 
concourse are in one line. 

17. If a semicircular and quadrantal arc have a common 
chord, the lune contained by these arcs is equal to an isos- 
celes right-angled triangle, having the chord for its hjpo- 
tenuse. 

This is the lune of Hijppocrates. 

18. Given one side or a triangle, the angle offosite to it, 
and the sum of the other two sides, to construct the tri- 
angle. 

19. Given the altitude of a triangle, the difference of the 
angles at the base, and the sum or difference of the sides, 
to construct it. 

20. The altitude, the difference of the segmentd of the 
base, and either the sum or difference of the two sides of a 
triangle, are given to construct it. 

21. Given the altitude, the vertical angle, and the peri- 
meter of a triangle, to construct it. 

22. Given the base, the altitude, and the sum or difier- 
ence of the sides of a triangle, to construct it. 

23. If arcs of different circles have a common chord, lines 
diverging from one of its extremities will cut the arcs pro- 
portionally. 

24. If on two opposite sides of a rectangle semicircles be 
described towards the same parts, the mixtilineal space con- 
tained by their circumferences and the other two sides of 
the rectangle, is equal to the rectangle. 
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ON THE QUADRATURE OP THE CIRCLE, AND THE 
RECTIFICATION OF ITS CIRCUMFERENCE. 

DEFINITIONS. 

1. The detennination of a square equal to a giyen snr- 
iace, 13 called its quadrature. 

2. The determination of a straight line equal to a curre 
line, is called its rectification, 

3. A mixed line is composed of straight and curve lines. 

4. A mixtilineal space is a space contained by a mixed 
line. 

5. The inclination of a straight line and a curve is the 
angle contained by the former, and a tangent to the latter 
at the point of intersection. 

6. The supplemental chord of an arc is the chord of its 
defect from a semicircumference. 

AXIOMS. 

1. Of all lines that can join two points, there must be at 
least one such that no other is less than it ; and if there be 
only one such, it is the least. 

2. If any number of lines ful£l certain conditions, and 
if a line fulfilling the same conditions can alwa3rs be found 
less than any of them, except one, this one must be the 
least. 

PBOPOSmON I. THEOREM. 

If two rectilineal figures be on the same side of the same 
base, and if one of them be wholly encompassed by the 
other, and be also concave internally, the sum of its sides is 
less than that of the other. 

Let the figures ACDB, AEFB, be upon the same base 
AB, then AE + EF + FB :;^ AC + CD + DB. 
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For, produce AC to G ; join C, F, and produce CD to 
K ; then (I. 20) AE + EG ::^ AG, 
CG + GF:^CF,CF + FK:P^CK;and ^' 
DK + KB:^DB. Therefore AE + EF 
+ FB p=- AG + GF + FB, which; is 7^ 
AC + 0F + FB,whichis::7-AC + CK 
+ KB, which is :^ AC + CD + D-B, or ^ 
AE + EF + FB ::^ AC + CD + DB. 

And, in a similar manner, the proposition is proved for 
polygons. 

PROFosmoK ir« thborbh. 

Of all the lines, straight and curre, that caa Join two 
points, the straight line is the least. 

Let A, B, he any two pouits, the straight £ne AB. is the 
shortest line that can join them. 

1. Let the curre line ADB, concaye towards AB, join 
them. Then take any point C in AB, and from the oentrefi 
A and B, with the radii AC, CB, 
respectively, descrihe the arcs CD, 
CE, passing through C, and cutting 
ADB in D and E. Then, since the a c 
arcs touch at C (III. 12), and cannot touch at any oiher 
point (III. 13), the point E must he without ^e arc CD, 
and D without the arc CE ; and flie line DE hetween them 
must he of some length. Npw^ if the points D and E he 
made to coincide with C, A and B remaining fixed, the 
curve lines AD, EB, would connect A and B; and hence a 
line shorter than ADEB can connect tiiese points. The 
same can he proved of any other concave line, therefore l^e 
straight line AB is shorter than any of tirem (Ax. 1). 

2. Let a line ACDB, partly concave and partly convex 
towards AB, connect the points. Lirt AC^ DB, he concave, 
and CD the convex portion. Draw _£-— -p^ 
the straight lines AC, CD, DR Then 

8>y 1st case) the straight lines AC, 
D, DB, are less than the curve lines 
AC, CD, DB, respectively; and the sum of the former 
therefore less than the whole curve line ; hence a Hne shorter 
than it has heen found. 
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3. Let die exooked Hue ACDB join A and B. Then, if 
AD be joined by a straight line, AC + €D p^ AD^ and 
AD + DB p^ AB; theiefore the sum of the straight lines 
AC, CD, and DB, are greater than AB. 

Since, therefore, a line shorter than asay of the curre ok 
crooked fines that join A and B can be found, but none 
shorter than the straight line can be found, therefore it is 
the shortest (Ax. 1). 

CoR. 1. — 1£ two points A, B, be joined hj a straight fine 
AB, and a curve line ACB, or a 
luixed litie, which is concave to- 
wards AB; ACB is the least of ^ 
all the lines that lie on the same ^ 
side of AB, that join A. and B, and that do not lie be* 
tween ACB and AB. 
For if ADBbe any otiiier line, then by joining two points 
in it by a straight Une, a shorter line will be found than it, 
joining A and B, and fulfilling the other conditions ; and 
iMs mil be the case whether ADB be composed of straight 
lines, or be a mixed line, or a curve line. And as this can 
be proved of every line i^ilfilling the required condition^ 
excq^t of ACB ; therefore (Ax. 2) ACB is. the leajst. 
Cob. 2.— If two intersecting curves, whose curvatures lie 
in one and the same direction, be cut by a straight line, 
inclined to the interior at an angle not greater than a 
light angle, the arc which it intercepts on this line 
£rom the point of intersection, vnU be less than the 
coxrespondiug arc of the other line. 
Let AB, AC, intersect in A, and be cut by CD,, so that 

the angle at B is less than a right c 

angle, then AC :;^ AB. /\I-— ^^:::n. 

For, if CE, BE, be curves equal /y\ ^ 

to AC, AB, in every respect, on the /jt \ 
other side of CD, but in a reverse ^ \ 

position, and having respectively •*• *i> 

the same inclinations to CD ; then, since the angles at B 
do not exceed two- right angles, ABE is concave towsurds D^ 
aad hence (last Cor.) ACE -p^ ABE, and therefore AC za^ 
AB. 

CoR. 3.— Hence the. circumference of a ciroLe is greater 
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than tbe perimeter <£ any inscribed potygoxi, and less 
than that of any one cizcuSDJScribing it 

PROPOSITION nr. theorem. 

If from the greater of two unequal magnitudes there \)e 
taken away its naif, and from the remainder its hal^ and so 
on, there shaU at length remain a magnitude less 'than tlie 
least of the proposed magnitudes. 

Let AB and C be two unequal magnitudes, of wMch. AB 
is the greater. If from AB there be taken away its bal^ 
and from the remainder its half, and so on, there sball at 
length remain a magnitude less than C. 

For C may be multiplied so as at length to beccwne 
greater than AB. Let it be so multiplied, and let DE 
its multiple be greater than AB, and let DE be divided 
into DF, FG, GE, eacb equal to C. From AB ^ 
take BH equal to its hdf, and from the re- 1 
mainder AH take HK equal to its haF, and so I 
on, until there be as many divisions in AB as *| 
there are in DE ; and let the divisions in AB be / 
AK, KH, HB ; and the divisions in ED be DF, J 
FG, GE ; and because DE is greater than AB, \ 
and that EG taken from DE is not greater than 
its half, but BH taken from AB is equal to its 
half; therefore the remainder GD is neater than 
the remainder HA. Again, because GD is greater 
than HA, and that GF is not greater than the half of GD, 
but HK is equal to the half of HA ; therefore the remainder 
FD is greater than the remainder AK ; and FD is equal 
to C ; therefore C is greater than AK ; t"hat is, AK is less 
than C. 

PROPOSITION IV. THEOREM. 

Equilateral polygons of the same number of sides inscribed 
in circles, are similar, and are to one another as the squares 
of the diameters of the circles. 

Let ABCDEF and GHIKLM be two equilateral poly- 
gons of the same number of sides inscribed in the circles 
ABD aad GHK ; ABCDEF and GHIKLM are similar, 
and are to one another as the squares of the diameters of 
*e circles ABD, GHK. 
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Mnd N and O tbe centres of the circles ; join AN and 
BN, as also GO and HO, and produce AN and GO till they 
meet tlie circumferences in D and K. 

Because the chords AB, 

BC, CD, DE, EF, FA, are 

all equal,, the arcs AB, BC, 

CD, DE, EF, FA, are also 

equal (ni. 28); for the 

same reason, the arcs GH, 

HI, IK, KL, LM, MG, are all equal, and they are equal in 

number to the others ; therefore, whatever part the arc AB 

is of the whole circumference ABD, the same is the arc 

GH of the circumference GHK ; but the angle ANB is the 

same part of four right angles that the arc AB is of the 

circumference ABD (VI. 33, Cor. 2) ; and the angle 

GOH is the same part of four right angles that the arc GH 

is of the circumference GHK ; therefore the angles ANB, 

GOH, are each of them the same part of foiu: right angles, 

and therefore they are equal to one another. The isosceles 

triandes ANB, GOH, are therefore equiangular (VI. 6), 

and me angle ABN equal to the angle GHO ; in the same 

manner, by joining NO, 01, it may be proved that the 

angles NBC, OHI, are equal to one another, and to the 

angle ABN ; therefore the whole angle ABC is equal to the 

whole GHK ; and the same may be proved of the angles 

BCD, HIK, and of the rest ; therefore the polygons 

ABCDEF and GHIKLM are equiangular to one another ; 

and since they are equilateral, the sides about the equal ^ 

angles are proportionals ; the polygon ABCDEF is therefore 

similar to the polygon GHIKLM; and because similar 

polygons are as the squares of their homologous sides 

ryi. 20), the polygon ABCDEF is to the polygon 

GHIKLM as the square of AB to the square of QH ; but 

because the triangles ANB, GOH, are equiangular, the 

square of AB is to the square of GH, as the square of AN to 

the square of GO (VI. 4, and 22, Cor.), or as four times 

the square of AN to four times the square of GO, that is, as 

the square of AD to the square of GK ; therefore, also, the 

polygon ABCDEF is to the polygon GHIKLM as the 

square of AD to the square of GK ; and they have also 

been shown to be similar. 
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doB.-— Eiperj equilateral poljgOB: inscmliecE. in & cifde is 
adso equiangular. For the isosceles triangles^ winch 
have their common vertex in the centra ace all' equal 
and similar ; theEefiae- the angles at their haacB are 
s31 equal, and. the angles, of ihe polygon am Aerefiue 
alsa equal. 

FBOPOsmoir v. froblebc. 

The side of any equilateral polygon inscribed in & circle 
Being given, to £nd the side of a pdhrgon of the same num- 
ber of sides described about the circle. 

Let ABCDEF be an equilateral polygon inscribed in liie 
euccle ABD ; it is required to find me^side of an equilateral 
polygon of the same numb^ of sides dsscribed sJx»ut the 
circle. 

Find G the centre- o£ the dbrde ; join. CKAi, GB ; bisect tin 
arc AB in H ; and through H cbaw KHL. toudung tiie 
eirde in H, and meetiiw GA and GB 
produced in K and £ ; KL is the 
side of tha polygon reqnired. 

Produce GF to N, so that GN 
may be equal to GL ; join KN, and 
fix>m G draw GM at right angles to 
KN; join also HG. 

^ Because the drcum&rence AB is ir^ 

bisected in H, the angle AGH is equal to the angle BGH ; 
and because KL tou£es the ciicle in H, the angles LQGr, 
KHG, are right angles ; there&re there ace two an^^es q£ 
the trian^e n£}K^ equal to two-angles of the triangle xIOIs 
each to each ; but die side G£E is conunon to l^ese trh- 
angles ; therefore they are equal, and GL t» equal to 6K. 
A^in, in the ttianglea KGL, KGN, because GN is equal 
to GL^ and GK common, and also the angle LG£ equal to 
the angle KGN ; therefore tiie base KL is equal to the 
base "KN ; but because tilie tnan^e KGN is isosceles^ Ihe 
angle GKN is equal to the^ ai^e GNK, and the angles 
GJMK, GMN, are both right ai^s by construction ; where- 
fcTO the triangles GMK, GMN^ hare two angles of tiie one 
equal to two angles of ihe othex^ and thej hare also the side 
GM common ; tnerefore they are equals and the side KM. is 




efiuil to. tliA-sub MNv so tiiat KN uf biseetod in M ; But 
KN i» equal to KL, and there&re thior haiyecr KM and 
KH ace also equal; vrhereforet, in ^m tnangleB GEH^ 
GKM, the two sides GK andKH are equal to && twa GK 
and KM, each to each ; and' the* angles GKH, GKM, an 
also equal, therefore GM is equal to GH ; wEeiefbre tha 
point M is in the circumference of the circle ; and hecaoM 
KMG is a right angle, KM touches tiie circle ; and in the 
same mannar, by joining the centre and the other anguiar 
points of the inscribed polygon, an equilateral polygon niav 
be described' about the circle, the sides of which will eaon 
be eq.ual to EXy and will be equal in number to the sides of 
the inscribed polygon ; therefore SZL ici the ode of an equi- 
latoi^ polygon described about liie dxde of the same num- 
ber of sides with iSke inscribed polygm ABODEF ; which 
was to be found. 

Cor. — Because GL, GK, GN, and the other straight 
lines drawn from the centre G to the angular points of 
the polygon described, about liie- circle ABD, are a]! 
equal ; if a circle be described from the centre G^ witiSi 
the distance GK, the polygon will be inscribed in thai 
circle ; and therefore it is similae to* the polygon 
ABCDEF (4). 

FBOFOSCnON TI. THE0R8H. 

A circle being given, two similar polygons maybe foim^ 
the one described about the circle, and the other inscribed 
in it, which shall differ from one another by a space less 
than any ^yen space. 

Let ABO be the giyen circle,, and iSxe square of D an^ 
given space ; a polygon may be inscribed in the circle ABC^ 
and a similar polygon desmbed about it,, so tiiat the di£fei^ 
ence between them shall be less than the square of D. 

In the circle ABO apply the straight line AJS equal to D, 
and let AB be a fourth part of the circumference of the 
circle. From the dzcumferaice AB take away its half, and 
from the remainder its half, and so on till the drcamforenoe 
AF is found less than the drcomforence AE. Find Unoi 
centre G; draw the diameter AG, as abo the stcaight lines 
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AF and FG ; and hxfiag bisected the circtmifei^ence AF m 
Ky join KG, and draw UL tonching the circle in EI, and 
meeting GA and GF produoed in H and L ; join CF. 

Because the isosoeles triangles HGL and AGF hare the 
common aa^e AGF, they are equi- 
aagolar ( VL 6), and the angles 
GHK, GAF, are therefore equal to 
one another ; hut the angles GKH, 
CFA, are also equal, for they are 
tight angles ; therefore the triangles 
HGK, AOF, are Hkiewise equiangu- 
lar. 

And because the arc AF was found 
by taking fn»n the are AB its half, and from that remainder 
its haJ^ and so on, AF will be contained a certain number 
of times exactly in the arc AB, and therefore it will also be 
contained a certain number of times exactly in the whole 
drcumference ABO ; and the straight Hue AF is therefore 
the side of an equilateral polygon inscribed in the cirde 
ABC ; wherefore, also, HL is the side of an equilateral 
polygon of the same number of sides described about ABC 
(5). Iiet the polygon described about the circle be 
caUed M, and the polygon inscribed be called N ; then, 
because these polygons are similar (5, Cor.), they are 
as the squares of the homologous sides HL and AE 
(VI. 20, Cor. 3), that is^ because the triangles HLG, 
AFG, are similar, as the square of HG to the square of AG, 
that is, of GK ; but the triangles HGK, ACF, hare been. 
proved to be similar, and therefore the square of AC is 
to the square of CF, as the polygon M to the polygon 
N ; and, by conversion, the square of AC is to its excess 
$tbave the square of CF ; that is, to the square of AF, as 
the polygon M to its excess above the polygon N ; biit the 
square of AC, that is, the square described about the circle 
ABC, is greater than the equilateral polygon of eight sides 
described about the circle, because it contains that polygon ; 
and, for the same reason, the polygon of eight sides is 
greater than the polygon of sixteen, and so on ; ther^ore 
the square of AC is greater than any polygon described 
about the circle by the continual bisection of the arc AB ; 



il; if tHerefore greater thaa the poljgoB M. Now, it Has 
been demonstrated, that the square <h AC is to the square 
of AF, as the polygon M to the difference of the polygons ; 
therefore, since tiiie square of AG is greater than M, the 
square of AF is greater than the difference of the pofygons. 
The difference of the polygons is therefore less than the 
square of AF ; hut AF is less than D ; therefore ^e differ^ 
ence of the polygons is less than the square of D, that is, 
than the given space. 

Cor. 1. — ^Because the polygons M and N differ from one 
another more than either of them differs from the circle, 
the difference hetween each of them and the circle is 
less than the giyen space, namely, the square of D ; 
and, therefore, howerer small any gir^n space may he, 
a polygon may he inscribed in the circle^ and another 
described about it, each of which shall differ from the 
circle by a space less than the given space. 
Cob. 2. — ^The space B, which is gre ater t han any polygon 
that can be inscribed in the y^ "N. 
circle A, and Jess than any f \ 

polygon that can be described I A j 
about it, is equal to the cirde y J 

A. If not, let them be im- V ^ ^ X 
equal ; and £rst, let B exceed 
A by the space ; then, because the polygons de- 
scribed about the circle A are all greater than B, by 
hypothesis, and because B is greater than A by the 
space C, therefore no polygon can be described about 
the circle A, but what must exceed it 1^ a space greater 
than C, which is absurd. In the same manner, if B 
be less than A by the space C, it is shown that no 
polygon can be inscribed in the circle A, but is less 
than A by a space greater than C, which is also absurd ; 
therefore A and B are not unequal; that is, they are 
equal to one another. 

PROPOSITION Vn. THEOREM. 

Every circle is equal to the rectangle contained by the 
somidiameter, and a straight line equal to half the cirihixii*- 
ference. 
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Let ABD be a cktde, of wiiidi {he oenlafe is D, said the 
^buoneter AC ; if in ACI produced tkeie he taken AH eqadl 
4» half the circimi&Eeiiee, ihe cirele is equal to the rectangle 
contained bf iQA sad AH. 

Let AB he the cnde of sof equilateral polygon inscrrbed 
in the cirde ABO ; Hsect the circumference AB in O, 
and through G draw EGF % 
touohing the drde, and 
meeting DA produced in 
E, and DB produced in F ; a^ 
£F will be the side o£ an 
equilateral polygon descrtb- 
•ed about the circle ABC 
(5). In AC produced take AK equal to half the peri- 
meter of the polygon whose side is AB, and AL equal to 
half the pemneter of &e polygon whose side is EF ; then 
AK will be leBS> and AL greater than the straight line AH 
(2, Cor, 3). Now, because in the triangle EDF, DG 
is drawn perpendicular to the base, the triangle EDF is 
equal to the rectangle contained by DG and the half of EF; 
and as the same is true of all {be other equal tnan^es hay- 
ing their vertices in D, which make up the polygon de- 
scribed about the circle; therefore the whole polygon is 
equal to tibte rectangle contained by DG and ATi^ haflf the 
perimeter of tibe polygon, or by DA and AL ; but AL is 
greater than AH, therefore ike rectangle DA • AL is greater 
tihan the rectangle DA • AH; the rectangle DA • AH is 
therefore less tl^ the reetan^^ DA* AL, tiliat is, titan any 
polygon described about the circle ABC. 

Again, the triangle ADB is equal to Die rectangle con- 
tained by DM tiie pexp«adieular and ene-half of me base 
AB, and it is therefore less tiban llie rectangle contaim^ by 
DG, or DA, and the half of AB ; and as the same is true 
^of all the otiier trian^es haying thek y^rtioes in D, which 
make up the inscribed polygon, therefore the whole of the 
inscribed polygon is less than the rectangle contained by 
DA, and AK naif the 3>erimeter of the po^gon. Now, the 
rectangle DA • AK is less ^an DA • AH ; therefore the 
pokgon whose side ia AB is still leas than DA « AH ; 
and the rectangle DA • AH is therefore greater than 
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a&j polygon iiworibed in the cirde ABC ; but the saooie 
rectangle DA * ATT has heen pvored to be less iiian an j 
polygon described abont Alc cwdeJiJBC ; therefoi<e die rect- 
angle DA * AH is eonal io the dxde ABC ^, Cor. '2)« 
Now, DA is the semidianieter of the circle ABC, and AH 
the half of its circumference. 

Cob. 1.>*— Hence, a polj^on may be described abont a 
circle, the perimeter ofwhich shall exceed the circum- 
ference of the circle by a line that is less than any 
given line. Let NO be the given line. Take in NO 
the part NP less than its iialf, and less also l3ian AD, 
and let a polygon be described about ihe circle ABC, 
BO that its excess above ABC loay be less than the 
square of NP (6, Cor. I). Let tiie side of this 
polygon be EF ; and since, as has been proved, the 
circle is equal to the rectangle DA * AH, and Ihe poly- 
gon to the rectangle DA * AL, the excess of ihe poly- 
gon above the circle is -equal to the rectangle DA'HL, 
Qierefore the rectangle DA * HL is less thsm Ihe square 
of NP ; and therefore, since DA is greater than NP, 
HL is less than NP, and twice HL less than twice NP, 
wherefore twice HL is vtiH less Ihan NO ; but HL 
is the difference between half the perimeter of the 
polygon whose side is EF,jaBd half the drcum&renee of 
the cirde ; therefore twice HL is liie dififarence between 
the whole perimeter of the polygon and tiie whole cir- 
cumference of the drde. The difference, therefore, 
between the perimeter of the polygon and the circum- 
ference of Ihe oirde, is less win the given line NO. 
CoR. 2.*— Hence, also, a polygon may be inscribed in a 
drde, sudi that tibe excess o£ the drcnmference above 
the perimeter of the polygon may be less than any 
given line. This is proved like the preceding. 
Cob. 3- — Hence (VL 33), the area of a sector is equal 
to half the rectangle under its arc and the radius. 

PROPOSITION Vm. THEORBM. 

Circles are to one another in the duplicate ratio, or as the 
^uares of their diameters. 

lict ABD and QfiL be two circles, of whidi the diame« 
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lers are AD and GL ; the circle ABD is to tlie cirde GHI^ 
as the square of AD to the square of GL. 

Let ABCDEF and GHKLMN be two equilateral poly- 
gons of the same number of -sides inscribed in the circles 
ABD, GKL; 
and let Q be 
such a space ^ 
that the square 

of AD is to ^^ ^ ^ 

the square of Jp"^*-^ — ^e " "* 

GL, as the cirde ABD to the space Q. Because the poly- 
gons ABCDEF and GHKLMN are equilateral, and of the 
same number of sides, they are similar (4), and are as 
tiie squares of Ihe diameters of the circles in which they are 
inscribed ; therefore, as the square of AD to the square of 
GL, so is the polygon ABCDEF to the polygon GHKLMN; 
but as the square of AD to the square of GL, so is the circle 
ABD to the space Q ; therefore the polygon ABCDEF is 
to the polygon GHKLMN, as the cirde ABD to the space 
Q ; but the polygon ABCDEF is less than the circle ABD, 
therefore GHKLMN is less than the space Q. (V. 14) ; 
wherefore the space Q is greater than any polygon inscribed 
in the cirde GHL. 

In the same manner, it is demonstrated that Q is less 
than any polygon described about the circle GHL ; where- 
fore the space Q, is equal to the cirde GHL (4, Cor. 2). 
Now, by hypothesis, the circle ABD is to the ispace Q, as 
the square g£ AD to the square of GL ; therefore the circle 
ABD is to the circle GHXi, as the square of AD to the 
square of GL. 

Cob. 1.— Hence, the circumferences of drdes are to one 

another as their diameters.. 
Let the straight line X be equal to half the circumference 
of the circle ABD, and the strakrht line Y to half the cir- 
cumference of the circle GHL; x ■ ... 

and because the rectangles AG • X 

and CP • Y are equal to the cirdes "^ , * i-. v 

ABD and GHL (7); therefore ike rectangle AO'X 
is to the rectangle GP • Y, as the square of AD to ihe square 

of g4 or as the tf^uare of AO to the jBquare of GP; th^e- 
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£>re, altenmtelj the rectangle AG * X is to the square of 
AO, as the rectangle GP • Y to the square of GP ; but rect- 
angles that hare equal altitudes are as their bases, therefore 
X is to AO as Y to GP ; and again, alternately, X is to Y 
as AO to GP, and taMng the doubles of each, the circum* 
ference ABD is to the circumference GHL as the diameter 
AD to the diameter GL. 

CoR. 2. — ^The circle that is described upon the side of a 
right-angled triangle opposite to the right angle, is 
equal to th^ two circles described on 
the other two sides ; for the circle 
described upon SR is to the circle 

described upon RT as the square of ^'^ ^t 

SR to the square of RT ; and the circle described upon 
TS is to the drde described upon RT as the square of 
ST to the sqtiare of RT ; wherefore the cirdes described 
on SR and ST are to the circle described on RT as the 
squares of SR and ST to the square of RT (V. 24) ; 
but the squares of RS and ST are equal to the square 
df ^T ; therefore the circles described on RS and ST 
are equal to the circle described on RT. 

PROPOSITION K. THEOREM. ,V 

Equiangular parallelograms are to one another as the 
products of the numbers proportional to their sides. 

Let AO and DF be two equiangular parallelograms, and 
let M, N, P, and Q, be four numbers, such that AB : BO : : 
M : N ; AB : DE : : M : P, and AB : EF : : M : Q, and there- 
fore, by equality, BO : EF : : N : Q. The parallelogram AO 
is to the parallelogram DF as MN to PQ. 

Let NP be the product of N into P, and the ratio of MN 
to PQ will be compoimded of theratios of MN to NP, and 

of NP to PQ ; but the ratio of MN / yc . ^ 

to NP is the same with that of M / / /"^jg J 

to P, because MN and NP are / / / " / 

equimultiples of M and P ; and a b h e 

for the same^ reason, the ratio of NP to PQ is the same with 
that of N to Q; therefore the ratio of MN to PQ is com- 
pounded of the ratios of M to P, and of N to Q. Now, the 
ratio of M to P is the same with that of the side AB to the 



8id«DB; and llie fatio of N to Q the same vritK l^at of'&e- 
gide BC to the side EF; therefore ihe ratio of MN to FQ 
is corapouaded of the ratios of AB to DE, and of BC to 
EF ; and the ratio of the parallelograra AC to the parallelo- 
gram DF is compoimded of the same ratios ; therefore the 
parallelogram AC is to the parallelogram DF as MN, the 
product of the nmnhers M and N, to PQ the product of the 
Bumhois^ P and Q. 

CoR. 1. — ^Hence, if GH he to KL41S l^enmnher M to 

numher N ; the square descrihed * 

on GH will be to the square de- ^ " * ^ 

scribed on KL as MM the square of the ntmiBer M to 
NN the square of the numbor N. 
Cor. 2.-~ *If the square on GH be to the square on KL 
as a number to a number, the line GH will be to the 
fine EjL as the square root of the first number to the 
square root of the second number ; for, if GH were to 
IlL in anj other ratio, the square desmbed on GH 
would not be to the square described on KL in the 
ratio supposed. 
Schol. — Ihis proposition is demonstrated here only in the 
case of commensuzsQble lines, as the fif);e^ith proposition of 
the fifth f)ook, on whidi part of the demonstration dep^ids, 
is proved onlj in the case of integral multiples. BdPore it 
be proved for incommensurable lines, it must iSrst be proved 
that M : P = MN : NP when N is an interminate number 
(Ad. V. Def. 3, and Al. Pr. VIH.*) The numbers pro- 
portional to the sides are the numbers die^iotmg the number 
of times that the unit of measure is columned in these sides 
(Ad. V. Def. 5). 

PROPOSITION X. THEOREM. 

The area of a rectangle is equal to the square of the onk 
of measure multiplied by the product of the numbers dttio^ 
ing the number of times, that this unit is. contaiaed in two 
of its adjacent sides. 

Let CD£F be a rectangle, M the uint of measure^ and 
let its sides CD, DE, be denofted hy A and B, and the ntim- 

* The reference here is to the additional fifth book and the algfl* 
braical principles at the end of the volume. 
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ber of times tiuift M is contained in A and B respectiyelj bj 
•.and by ihen A*B = a^M». 

1. yhiea M is contained a certain nnznbef of times in A 
and B, as 4 and 3 times rcspeetiveljr, it 
is obyious fibat OE may be divided into 
a number of squares eacb = M^, by 
drawing lines paiaild to tbe sides tbrougn 
the points of division, that there mil be 
as many xawa as there are units in by 
and as many squares in each row as 
there are units in a, therefore g^aerallj 
AB = a5M«.* 

2. When a and 6" are terminate^ but not integral num^ 

bers, let a = — and 6 rs'^, these are equal to — ^, and — . 
' n g ^ nq nq 

Take a line M' such that M = n^M', then A and B will con* 

tain M' as often as there are imits in mq and np. Call these 

products a! and V respectivelj^ then (by l^t case) A * B == 

t^hlO!^ z=. mqnphL\ But W =z nq* nq - ^'^ (also by 

1st case) = wVM'*, or W^=z^^ ; therefore A • B = 

n^^ nq * n q 

3. Let 5 be an intenninate number. If A * B is not =; 
abWy let A * B = ablA^; .and let b' be interminate and 
Z^by and let b*' be. an intermediate terminate nimiber. 
Then (by 2d case) A • B'' = o^'M*, where B" is such a 
line that B:B" = 5:6"; and since ^-^6", therefore B 

B"(V. 14), andA-B-e^rrA-B", and therefore a6'M» 
a6"M«; But b' 7^ V\ therefore ah'W is also :?^ 
oJ^'M*, winch is impossible ; therefc»:e V is not "^ b ; and 
k TosBj be similarly shown that it is not less; therefore 
A-B = a*M2. 

4. Let « and h be both intezminate. Then if A * B is 
not = a6M«, let A • B = a5'M2, V being::^- 5 as in the 3d 
case, and 1^ B'' and V be taken as in that case, then A-B'' 

* Before the ttadent caa understaxid any of the following cases, 
at will be necessary for ham to be acquainted with the alj^ebraicai 
priBcipIet at the 6imU 
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£= a5"M« (by 3d case), but A • B" ::5^ A • B, therefore 
a^"M2 z^ ab'W \ and since V ::?- h"y therefore a6''M« .^ 
o^'M^, whidi is impossible. Hence V is not :::=^ 5, and 
similarly it may be shown not to be less ; therefore A * B 

PROPOSITION XI. THEOREM. 

The rectangle under the radius of a circle, and the sum 
of the diameter and supplemental chord of an arc, is ecjual 
to the square of the supplemental chord of half lliat arc 

Let ABE be a circle, AB any arc, AD its half; AD, 
AB, their diords, and OF, 00, perpendiculars upon tiiem 
from the centre ; then 2E0 - EO = AE^. 

For, produce EO to D, and since the angle EAD is a 
right angle (III. 31), and therefore (I. 29) EA is parallel 
to OF ; therefore (VI. 4) the triangles 
OFD, EAD, are similar, and therefore 
DE:DO = EA:OF. ButDE=2D0, 
therefore EA = 20F, or the per- 
pendicular on AD irom the centre, 
IS half of the supplemental chord 
EA. Similarly it is shown that 00 is 
half the supplemental chord of the arc 
AB. The triangles CE A and EAD are similar, the 
angles at A and being ridit angles, and that at E com- 
mon ; therefore CE : EA = EA : ED, and therefore (VL 16) 
CE • ED = EA2, but 2CE = 2E0 + 20C = DE -f- 20C, 
and 200 is the spplemental chord of AB ; and CE * ££> 
= 2CE • EO ; therefore 2CE • EO = AE?. 

CoR. 1. — ^If P be the perpendicular on the chord of an 
arc, and Q that on the diord of half that arc, and the 
radius = 1 ; then 4^2 = 1 (2 + 2PX or 2^2 = 
i(2-|-2P) = l+P. 

For AE = 20F=: 2Q, and 2CE =:2E0 + 20C = 2 + 
2P, and EO = 1. 

Cor. 2. — ^Let C denote the chord on which P is the per- 
pendicular, then ^C* = 1 — * P*. 
For if AD=C, AD2=:4AF», and AP=0A2~0F«. 
Cor. 3.— «Let B =: the side of an inscribed regular poly- 
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gon, and S ihat of the correspondiiig circumscribed 
one, and P the perpendicular on the former ; then S =: 
B 

P' 

For, if AD, GH, be the sides of the polygons, then OF : 
OK = AD:GH, orP: 1 =R:S(Ad. V.7), and S:l = 

R:P(Ad.V.10),orS=:-. 

Cor. 4. — ^The triangles DCA, DAE, are similar, and 
therefore ED : DA = DA : DC, or AD* = ED • DC 
= ED (OD— OC) = 2 (1 ~ OC). 
^hoL — ^In these four corollaries and the next proposi- 
tion, the radius is supposed = 1, and numbers proportional 
to the other lines are taken instead of the lines. When the 
square of a number is found, the number itself can of course 
be found by extracting the square root of the former. 

PROPOSITION Xn. PROBLEM. 

To find the approximate ratio of the diameter of a circle 
to its circumference as nearly as may be required. 

This may be done by calculating first the apothem of an 
inscribed r^ular polygon, by taking some polygon, the length 
of the side of which is accurately known, as that of a square 
or hexagon. Then calculate (11, Cor. 1) the apothems of the 
polygons found by doubling successively the number of sides, 
till at last the apothem of a polygon of a sufficient number of 
sides be found ; its side may then be foimd (11, Cor. 2) ; and 
then the side of the corresponding circumscribed polygon 
may be found (11, Cor. 3). The perimeters of the two last 
polygons will be found by multiplying one of their sides by 
the number of sides, and it will be foimd that the numbers 
expressing their yahies are the same for a certain number 
of places of figures ; and since the value of the circumference 
of tlie circle is intermediate between these, it will be accu- 
rately expressed to that number of places by the figures 
common to both these former numbers ; and this approxi- 
mate value may, by the same method, be carried to any 
degree of accuracy required. 

If a hexagon be taken for the first polygon, its side R = }^ 
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tkmtkre ihe «<)ttHPe cf its «M>tib«m is = 1 •— |R* =: 1 ^-^ 
^ = f ; and if its apotkem be tsafled A, A' =: f. If 'B be 

me apotbem on the polygon of 12 sides, then (11, Oor. 1) 
2B^ = 1 + A, and as A is found, B* and therefore B wiU 
be feimd. If C be tiw apotiiem on the inscribed pofygvm 
of 24 sides, then, sioularly, 2C> = l+B,iiiidxfB be 
Imcwn, C and therefore C can be found. In the same 
manner, the values of D, E, F, &c., the apothems of in^ 
scribed polygons of 48, 96, 192, Sec. sides, may be &imd. 
The foDowmg are the Talnes of the apothcms of eight suc- 
oessire polygons, beginning wiih the hexagon. 



poMon. 




▲pothem. 


Tai|ixa«!r«poaau 


6 


A» = 1 — i = 


:f and A 


= •86602540 


12 


2B» = 1 + A 


B 


=:-965d2S83 


24 


2C» = 1 +B 


C 


=:• 991444^5 


48 


2D* = 1 + C 


D 


= • 997a5«92 


96 


2E» = 1 + D 


E 


= •99946458 


192 


2F» =. 1 + E 


F 


= •99986^14 


384 


2Gs = l+F 


G 


= -99096»^ 


768 


2H« = 1 +G 


H 


= •99999163 


1536 


^* = 1 + H 


K 


= -90999791 



Now (11, Cor. 4) if AB be the side of the polygon of 
768 sides, then 00 = H, and AD« =2 (1 — H), aid 
AD = • 004090612, which is the side of the inscribed poty- 
gon of 1536 sides. But (11, Cor. 3) if AD = B and GH 

= S> then S =-= = •004090618 = the side of the oorres- 

ponding circumscribing polygon. And the perimeters of 
these two polygons, found liy multiplying these two sides 
by 1536, are, respectiyely, 6 -283180032 and 6-283189248 ; 
and oonsequ^tly the approximate yaloe of the drcumlerenee 
of the circle, carried to 6 places in the decimal part, is 
6 • 283185. 

If the first inscribed regular polygon be a square, instead 
of a hexagon, its apothem is the square root of ^ or of *5, 
and the apothems and sides of the successive inscribed and 
wwmmscribed polygons of 8, 16, 32, &c. sides may be cal- 
culated in the same manner as abore. If the sides of these 
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polygons be found, and then their areas be calculated by 
multiplying their perimeter by half their apothem, these 
areas carried to 7 places in the decimal, will be found to be 
the same as in the subjoined table. 



Number uf 


Area of inscribed 


Arteofcircmnscrbed 1 


sidfiB. 


polygon. 


polygon* 1 


4 


2-0000000 


4' 


0000000 


8 


2-S2a4271 


3 


3137065 


16 


3-06M674 


3 


1^25979 


as 


3*1214451 


8 


- 1517^10 


64 


3-1365485 


3 


1441194 


128 


3 • 1403311 


3 


1422236 


256 


3 • 1412772 


3 


1417504 


513 


3- 1415138 


S 


1416321 


1024 


3 • 1415729 


3- 


1416025 


2048 


3 -1415877 


3 


• 1415951 


4096 


3 • 1415914 


3 


' 1415933 


8192 < 


3-1415923 


3 


• 1415928 


16384 


3 1415925 


3 


• 1415927 


32768 


3-1415^6 


3-1415926 1 



Since the areas of the last inscribed and circumscribed 
polygons agree as &r as the seventh decimal place, this 
must be £dso the area of the circle, Ti^hich is always of aa 
intermediate yalue ; and since the area of a circle is equal 
to the rectangle under its circumference and half its radius^ 
therefore the radius being 1, the yalue of the s^nidrcum- 
ference is 3 '1415926, which is also the ratio of the circum- 
ference of any circle to its diameter, carried to the seventh 
decimal place. 

The value of this ratio may be carried in the same man- 
ner to any required d^ee of approximation ; but much 
more expeditious methods of effecting this are afforded by 
analytical principles. This approximate value was found by 
Archimedes to be 3} or 22 to 7 ; by Peter Metius 355 to 
113 ; it was carried by Tieta to 11 figures ; by Adrianus 
Romanus to 17 ; by Ludolph Van Ceulen to 36 ; by Abra- 
ham 8harp to 74 ; by Machin to 100 ; and by De Lagn^ 
to 127 figures. This ratio, carried to 36 figures, « 
3 • 14159^6535,89793,23846^6433,83279,60288. 
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OF GEOMETRICAL MAXIMA AND MINIMA. 

DEFINITIONS. 

1. Of all xnaffliitudes that fulfil the same conditionB, ibe 
greatest is called a mammumy and the least a minimtan. 

2. Figures that hare equal perimeters fu-e said to he 
ucperimetrical. 

AXIOM. 

Of all isopenm^rieal figures, there must he at least one 
such that its area is not exceeded hy that of any other, and 
if there he only one such, it is the maximum. 

PROPOSITION I. THEOREM. 

Of all straight lines that can he dj^wn from a giren posDl 
to a given straight line, the perpendicular is the least 

Let P he the ^ren point, and AB the 
line ; draw PC perpendicular to AB, and 
any other line PD meeting AB, PC .^ 
PD. 

For, since the angles at C are right ^ ^ — ^ ^ ^ 
angles, angle PDC is less than a rigkt 
angle (I. 17) ; therefore PC .^ PD. 

CoR.*— A line nearer to the perpendicular is less than one 

more remote. 
For angle PDE is greater than a right angle (1. 16), and 
PEC is less (1. 17), therefore PD ^PE. 

PROPOSITION II. THEOREM. ^ 

Of all triangles having the same hase and egual peri- 
meters, that is a maximum, whose undeterminea sides are 
equaL 

Let ABE, ADB, he two triangles having the same hase 
AB, and AC + CB = AD + DB, then if AC 3= CB, the 
triangle ABC :^ ABB. 
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For, draw BE perpendicular to AB, and draw CF, DK, 
perpendicular to BE, make FE = FB 
and KG = KB, join CE and DG. 
Then tlie triangles GFE, OI©,' have 
BF = FE and FC common, and the 
angles at F right angles, therefore 
CE = CB. For a smiilar reason, 
DG = DB. Therefore AC + CE = 
AC + CB» and AD + DG = AD + 
DB. Now angle ECF = BCF = CBA (I. 29) = CAB 
(I. 5), therefore ECF + ACF = CAB + ACF = two right 
angles (I. 29), therefore AC, CE, are in the same straight 
line. But AD + DG z^ AG, if AG were joined, there- 
ifere AG .<^ AE, and hence liie point G is nearer to the 
perpendicular AB than E is (1, Cor.), hence GB ^ EB^ 
and therefore' KB -^ FB. Therefore the altitude of the 
triangle ADB heing less than that of ACB, ADB -^ ACB 
(VI. 1, Cor. 2.) 

PROPOSITION ni. THEOREM. 

Of all isoperimetrical polygons of the same number of 
sides, the equilateral polygon is a maximum. 

Let ABODE be the maximum polygon, 
then if two of its sides as ED, DO, be not 
equal, let EF, FC, be drawn equal. Then 
the triangle EFC 7^ EDO (2) ; and Aere« 
fore the given polygon is less than ABOFE, 
which is contrary to hypothesis. There- 
fore ED = DC ; and it may be similarly 
proved that any two adjacent sides are equal. 

PROPOSITION IV. THEOREM. 

Of all triangles having only two sides given, that is the 
greatest in which these sides are perpendicular. 

Let ABC, ABD, be.two triangles having c 
the common base AB and AC = AD, 
then if AC be perpendicular to AB, ABC 
P5-ABD. 

For, draw DE perpendicular to AB, 
then (1) DE -.si: AD, and therefore DE .^ 
AC; hence the triangle AOD p^ ADB (VI. 1, Cor. 2.) 
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Of all the angles sdbtended at tiie 
centres of different drdes bj equal 
ebords, that in the least ckde is die 
gseatest. 

Let the same chord AB subtend liie 
angles D, O, at the centres of two 
cizdes, of which OB, DB, aie the radii, 
then D i::;^ C (1. 21.) 

PROPOSITION n. THEOBISH. 

There is only one way of femungs pc^yi;oa,<dl of 
jides are giyen, except one, and inscribed in a aemidrcl^ of 
which the unknown «ide is a diameter. 

Let the sides of tiie foYyffm ABCDEF be al! giten ex- 
cept AB, and inscribed m a semicircle AEB, of imich AB 
is the diameter. I^ now, a greater 
circle ^^ere taken, the angles at the 
centre subtended by the chords BO, tj 
OD, DE, EF, FA, would be rei^>eo- 
tirely less than the angles subtanded L 
by them at G, the centre of AEB, that '^ 
is, they would be less than two right angles ; and Aerefore 
the extremities A, B, of the giyen sides would not £ili at 
the extremities of a diameter. If a less ciide were taken, 
the sum of the angles would exceed tm> r^t anglesy and 
the same consequence would follow. Hence the p^yg^ m 
question can be inscribed in only one semicirde. 

SchoL— The order of the sides AF, FE, &«. may be al- 
tered in any manner, the diameter AB and the area of the 
polygon remaining the same. For the s^ments cot off 
by these side - are always the same, and the area of the poly- 
gon is equal to that of the semicircle diminished by these 
segments. 

PBorosmoN vii. theorem. 
Among all polygons whose sides are all given but one, 
that is the maximum whose sides can be mscnbed in a 
semicircle, of which the unknown side is the diameter. 

Let ABODE be Ihe greatest polygon, which can ba 
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formed mth the girim ndes A£, ED, DC, GB, and iiie fagft 

AB assumed of an j magnitude. Join 
AD, DB ; then if the angle ADB 
were not a right angle, hj making ifc 
so the trian^e ADB would be in- 
creased (4), and the parts AM), 
DCB, Temainingilieisame, ike whole 
polygon W0dd be increased. But the giTen polygon, being 
a maximum, cannot be augmented; therefore the angle 
ADB must be a right anffte. In the same manner, the 
angles AEB, ACB, must be right angles, and the polygon 
is inscribed in a semicircle. 

vROTosmoN thi. "ammsm. 

Of all polygons formed with ^ren sides, that whidb. can 
be inscribed in a circle is a maximum. 

Let ABODE, lAede^ be two polygons, T^ose corresponding 
sides are equal, namely, 
AB=:a^, BC=:^,&c. 
and let the former be 
inscribed in a drcle, 
but the latter incapable 
of being so inscribed, 
the former is the greater. 

Draw frem A Ae diameter AF ; join CF, FD, and make 
the triangle ifd = CFD, in crery reroect, so liiat cfz= CF, 
€gr= DF, and jom af. 

The polygon ABCF z::^ ahcf (7), unless the latter can be 
insctibed in a semicircle haying o/Tfor its diameter, in which 
case the two polygons would be equal. For a similar reason, 
the polygon AEDF :;^!^ aedf^ unless in the case of a similar 
exception, by whidi the polygons would be equal. Hence, 
the whole polygon ABCFDE ':p^ alrfde^ unless the latter 
can be inscribea in a circle. But it cannot ; therefore the 
former is the greater. Take irom both the equal triangles 
CFD, efd^ and there remains the polygon ABODE z^^ a^xde. 

Sehol, — It may be shown, as in the sixth proposition, that 
tliere is only one circle in which the polygon can be in- 
8cn3>ed, and therefoxa only one mtdamum polygon; and 
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this polygon will have the same area in whatever order die 
ndes be arranged. 

PROPOSITION IX. THEOREM. 

Of all isoperiinetrical polygons, having the same numl>er 
of sides, the regular polygon is the greatest. 

For (3) the maximum polygon is equilateral, and (8) it 
can be mscribed in a circle, it is therefore a regular polygon. 

PROPOSITION X. THEOREM. 

Of two isoperimetrical regular polygons, the one having 
the greater number of sides is the greater. 

Let DE, AB, be half-sides of these polygons, 0£^ CB, 
their apothems, lying in the same straight hne, and ACB, 
DOE, the half-angles at 
their centres. Since these 
angles are unequal, the 
sides OD, CA, if pro- 
duced, will meet in some 
point F. Draw FG per- 
pendicular to CG, and ^ 
from the centre O describe the arcs GI, MN, with the xadius 
OG and the radius OM = OG ; and describe the arc GH 
finom the centre O with the radius CG. 

The polygons being regular, their perimeters are the same 
multiples of their half-sides, that four right angles is of their 
half-angles at their centres, but their perimeters are equal ; 
therefore, by direct equality, angle 0:0= DE : AB. But O : 
C = MN : GH (VI. 33), therefore DE : AB = MK : GH ; 
but OG : OM or CG = GI : MN (Qu.* YIII. Cor. 1), tliere- 
fore(VI.23,Cor.l)DEOG:ABCG=MNGI:MNGH 
= GI :GH (VI. 1) if MN be the altitudes of these two rect- 
angles. But the triangles OED, OGF, are similar, therefore 
OB : OG=iDE:FG (VI. 4), therefore OEFG = DE ' OG 
(VI. 16). Also, from the similar triangles, ABO, FGC^ CB : 
AB=CG:FG;andhenceCBFG=ABCG. Therefore 
OEFG:CBFG = GI:GH, or (VI. 1) OE : CB = 
GI : GH. But (Qu. 11. Cor. 2) GK ^ GH, therefore GI is 
still -p^ GH, therefore OE ;:^ CB. But the perimeters of 

* Qtf. refers to the preceding book on the Quadrature of the CSrda 
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the polygons bebff equal, their iareas will he proportional to 
their apothema ; flierefore the polygon, of which OE is the 
apothem, is the greater. But its half-angle O is less than 
that of the other, or it has a greater number of sides ; there- 
fore the polygon having the greater number of sides is the 
greater. 

PROPOSITION' XI. THEOREM. 

The circle is greater than any polygon of the same peri- 
meter. 

Let AG be a half-side, and C the centre of a regular poly- 
gon of the same perimeter as the circie, of which F is the 
Cj^ire, and DE an arc sub- a. 
tending an angle DFE 
equal to t^e angle ACB 
subtended by the side AB ; 
then the triangle ACB and 
the sector DFE are equal 



on 




parts of the whole polygc 

and circle, and AB and DE v 

are equal parts of their perimeters, and are therefore equal ; 
therefore, if the polygon and circle be respectirely denoted 
by P and C, P : C = triangle ACB : sector DFE = AG • GC : 
DH • HF = GC : HF. But if IHK be a side of the corres- 
ponding circumscribed polygon, then by the similar triangles 
ABC, IFK, GC : HF = AB or DE : IK ; and therefore 
P : C = DE : IK. But (Qu. II. Cor. 2) DH ^ IH, and 
therefore IK z^ DE, hence C 7^ P. Now P is a reg^ar 
poljg9n, and of all isoperimetrical polygons having the same 
nunu>er of sides, the regular polygon is uie greatest ; but the 
circle has been proved to be greater than this polygon ; it n 
therefore greater than any other isoperimetrical poTpgon.- 

PROPOSITION Xn. THEOREM. 

Of all polygons having the same area and the same num-> 
ber of sides, the regular polygon has its perimeter a mini'^ 

SQLIUn. 

Let A and P be the area and perimeter of a regular 
polygon B, and N the number of its sides, and A', P , N^ 
those of an irregular polygon B', if A = A' and N = N , 
tUenP-^P. 



/ 
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For, kt B''l^ apdygoa simikrto B' and A", F' wiA W 
its BsesLy perimeter, ai^ the number of its sides. If F' =r P 
and N" = N, thiftL A" -£^ A (9) ; and tlierefore if the jarte 
of B'^ be pToportionallj increased till A'' = A, &en its peri- 
metes = P' (VI. 20). But Fp^F', and therefore Fp^^ P. 

PROPOSITION Xm. THEOREM. 

Of regular polygons haying the same area, that ^Mcli lias 
the greatest nnmber of sides nas the least perimeter. 

Let B be a regular polygon. A, P, N, its area, perimeter, 
and the number of its sides ; A', F, N', those of another 
regular polygon B' ; and A'', F', N", those of another F' si- 
milar to B'. If N;:?^N' then P is ^-rP'. For since iV^**^ 
N, if P'' = P, A"-^A (10); and if the parts of B^be 
increased proportionally till A" = A, then (YI. 20) its peri- 
meter wiU =F ; but F::?-F' and P" =:P, therefore F't^F. 

SchoL—^ln accordance with this and other propositions, 
bees instinctiyely construct their cells in the form of r^olar 
hexagons, which form requires the least quantity of wax. 

PROPOSITION XIT. THEOREM. 

The perimeter of a circle is less than that of aay polygon 
haying the same area. 

Let A and P be the area and perimeter of a drde B , 
A' and P' those of a polygon B'; and A% F', those of a 
polygon B" similar to B'. Then, if F' = P, A"' will be 
^^ A (11) ; and if the parts of B" be proportionally in- 
creased till A'' = A, then its pmmeter wiU = F; but 
F :;^ F and P" = P, therefore F z^r P. 

PROPOSITION XT. THBOKEM. 

Of alt isoperimetrical plane figures, the circle contains the 
greatest area. 

Let ACE be the maximnm figure for a given perimeter. 
If it is not a circle, let an equilateral ^ ^,-r=s3S. 
polygon be described in it. It is evi- * 
aenuy possible for such a polygon to 
esdst in it, so that each of its angular 
pmnts shall not be in the circumfisrence 
of the same circle with all the other 
angular points, and therefore the polygon will be irregnlar 
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Let 8 regular polygon P of the saose nimibeT of sides and 
the same peximeter be described, thea eacb of its sides w3I 
be equal to tbose of the inscribed polygon. On the sides of 
F describe segments equal to AFB, BGC, &c^ thioi a cur- 
yilinear figure Q mil thus be formed, having the same peri- 
meter as the given figure ACE ; and since the regular poly- 
gon exceeds &e other polyg^ (9), the whole figure Q Tvill 
exceed the vAicAe ACE. When ACE therefore is not a 
circle, anotiier figure as Q haying the same perimeter, can 
always be found greater than it; hence the circle is the 
maximnm figure (Ax.) 

SeAoL — ^No part of the figixre ACE is supposed to be 
convex internally. Were any portion of it convex, an equal 
concave arc being substituted for it, the area would thus be 
increased, while the perimeter is unaltered. 

PROPOSITION XVI. THEOREM. 

Of all plane figures of the same area, the circle has the 
least perimeter. 

Let the circle A = the fi- 
gure B, the perimeter of A is 
less than that of B. For, if 
not, let another circle C be 
assumed whose perimeter is 
equal to that of B ; then (15) 

its area exceeds that of B or of A ; and hence its perimeter 
exceeds that of A (Qu. VIII.) 

EXERCISES. 

1. A straight line and two points without it being given^ 
to find a point in it such that the sum of the lines drawn 
£roxa it to the two given points, shall be a minimum, that is, 
that they shall be less than the sum of any two lines simi- 
iariy drawn firom any other point in it. 

a. J£ any ^int, except ihe centre, be taken in the dia^ 
meter of a circle, of m the diords passing t&rough this 
point, that is the least which is perpendicular to the diameter. 

3. Of ail triangles that have the same vertical angle, and 
^vhose bases pass tiirough a given point, that whose base is 
bisected by tne pcdnt is a minimum. 

4. The sum of the four lines drawn to the angular points 
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p£ flSLj quadrilateral from tiie intersecdon of the di^onals, 
h; lesai. tluan that of any other four lines similarly drawn fisom 
OBji other point. 

&, To find £1 point in a given line such that the difference 
of the lilies drawn to it nrom two given points may be a 
maximum. 

6. A* straight line and two points on the same side of it 
being given, to find a point iu it such, that the angle con- 
tained by lines drawn firom it to the given points shall be a 
maximum. 

7. Given three points, to find a fourth such, that the suiA 
of its distances firom the given points shall be a minimum. 



ON GEOMETRICAL ANALYSIS. 

In the method of Geometrical Analysis, the 'process of 
demonstration follows an order the reverse of that observed 
in the ordinary or Synthetic Method. The latter method 
proceeds firom established principles, and, by a cbam of 
reasoning, deduces new principles firom these ; tbe f onner 
proceeds firom the principles that are to be estabHshed con- 
sidered as known, and fi*om these, taken as premises, 
arrives, by reversing the chain of reasoning, at known prin- 
ciples. The latter method is the didactic method used in 
communicating instruction ; the former is rather employed, 
in the discovery of truth. This method is not exactly &a.t 
pursued by the mind in analysing any 'proposition, but it 
may be considered to be that method reduced to a systematic 
form. 

Magnitudes are said to be y»9«n> wben they are actually 
given or may easily be found ; they ar^ said to be ^iven in 
position when their position may be determined ; and recti- 
lineal figures are said to be aiwti in species when figures 
similar to them may be founa A circle is said to be given 
in position when its centre is given, and in magnitude when 
its radius is given. A ratio is said to be ^iven wben two 
quantities havii^g that ratio are giv^i. 
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The two following propositions are giyen as examples of 
this method. 

PROPOSITION I. PROBLEM. 

Gireu two points P and Q and a straight line AB, to 
find a point C in AB such, that Unes PC, CQ, drav^'n to it 
from P and Q, may make equal angles PCA, QCD, with AB. 
By analysis.— For either of the two given points as Q, 
draw QJ> perpendicuhir to AB, ^d 
produce QD to meet PC produced in 
E if then the angle ECD = ACP (1. 15) 
= QCD (HypO, and the angles CDE^ 
CDQ, aie equal, heing right angles, 
and CD is common to the two triangles 
CDE, CDQ; therefore (I. 26) they 
are equal in every respect, and hence 
DE = DQ. But the perpendicular DQ is given, and there- 
fore DE and the point E are given ; hence the Ime PE, and 
consequently the point C are given. 

SchoL — ^By this analysis, the construction is discovered 
by which the point C is determined. That C is the required 
point may now he demonstrated by synthesis or composi- 
tion, thus :-^ 

By composition. — Draw QD perpendicular to AB, and 
produce DQ till DE = DQ, and join PE, then C will be 
the point required. 

For, join CQ.. Then because QD = DE and DC is com- 
mon to the two triangles CDE, CDQ, and the angles CDE 
and CDQ are equal, being right angles, therefore (I. 4) 
these triangles are every way equal ; and hence angle ECD 
= QCD. But PCA = ECD (1. 15), therefore also PCA 
= QCD ; and C is the point required. 

PROPOSITION II. PROBLEM. 

A straight line AB, and two points P and Q without it 
being given, to find a point C in it such, 
that the two lines CP, CQ, drawn to 
them firom C shall be equal. 

Analysis. — Join PQ, and bisect it in 
D, and join CD. Because CP=€Q 
and PD =: DQ and CD oommon to the two triangles C9)P« 

p 
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GDQ, they are eyery way equal (1. 8), therefore the aragle 
PDC = QDC. Therefore CD is perpendicular to P^ 
But PQ is given, therefore the point D and the perpendi- 
cular DC are given, and consequently the point C is given. 

It may he easily proved hy composition that C is the 
point required. 

Any of the exercises given in the preceding books will 
serve as exercises in geometrical analysis. 



ON PI*ANE LOCI. 

If every point in a straight or curve line, and no o&er 
point, M&l certain conditions, the line is said to be a loeuf 
of the point. 

As a simple illustration of a locus, confdder tiiat of a 
point which is always equally distant from a given point 
This is obviously a. circle, whose radius is equal to that dis- 
tance. So the locus of a point, which is always eqoallj 
distant from a giv^i straight line, is a line parallel to it, and 
at a distance from it equ^ to the given distance. 

EXEBCISBS. 

1. Find the locus of the vertices of all the triangles lliat 
have the same baseand one of their sides of a given length. 

2. Find the locus of a point that is at equal distancesr 
from two given points. 

3. Find the locus of a point that is equally ^Qstaixt from 
two given lines, either parallel or inclined to one another. 

4. To find the locus of the vertices of aU triangles that 
have the same base and equal altitudes* 

5. To find the locus of the vertices- of all triangles that 
have the same base and one of the angles at the base equaL 

6. To find the locus of the angular point opposite to the 
hypotenuse of all the right-angled triangles l£at have the 
same hypotenuse. 

7* To find the locus of the vertices of all the triaagles^that 
have the same base and equal vertical an^oBB^ 
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8. To find tbe locus of the vertices of all the triangles that 
have the same hase and equal areas. 

9. To find the locus of the vertices of all triangles that 
hare the same base and the sum of the squares of their sides 
equal to a given square. 

10. If straight lines drawn fi:t>m a given point to a siven 
line be cut in a given ratio, to find the locus of the pomt of 
seetion. 

11. To find the locus of the vertices of all the triangles 
that have the same base and the ratios of their sides equal. 

22, Jfa straight line dravni firom a given point, and ter- 
minating in the circumference of a given circle, be cut in a 
given ratio, the locus of the point of section is also the cir- 
cumference of a given circle. 

13. If one of the extremities of straight lines drawn 
through a given point be terminated in a given straight line, 
and their other extremities be determine^ so that the rect- 
angle under the segments of each fine is equal to a given 
rectangle, the locus of these extremities will be the circum- 
ference of a circle ; and if one of the extremities be termi- 
nated in the circumference of a circle, the locus of the other 
extremities is a straight line. 



ON PORISMS. 

A portsm is an indeterminate problem, or one that admits 
of an indefinite number of solutions ; but every indetermi- 
nate problem is not a porism. As a simple example of a 
porism, let it be required to find a point such, that all 
straight lines drawn from it to the circumference of a given 
circle shall be equal. This point is evidently the centre of 
the circle. Problems of lod and porisms are in many casev 
mutually convertible. The preceding problem becomes a 
problem of the latter kind when the centre is given, and it 
IB required to find tiie locus of all the points that are at & 
giv^i distance fircon it. 
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ISXSRCISES. 

1. Two points being given,, to find a third, through lyl^c^. 
mij strcdght line bein^ drawn, the peipendiculais upoA it. 
fi:om the two giren points shall be equal. 

2. Three points being given, to find a fourth, through 
which any straight line being drawn, the sum of the perpen- 
diculars upon it firom two of the given points on one mde of 
it, shall be ec^ual to the perpendicular on it from the third 
point. 

There are similar porisms when four, five, or any Hunir 
ber of points are givep, by which another point is to b^i 
found such that any straight line being drawn through k%r 
the sum of the perpendiculars from the points on one ude< 
of it shall be equal to the sum of those from the points (m 
the other side of it The point so found is called the point 
of mean distance ; or if the points be considered to be equal 
physical, or material points, it is caHed the centre of gravity. 

3. A straight line and a circle being givien, to find a poin^ 
such that the rectangle under the segmesBts of any sto^g-ht 
lii^e drawn through it, and limited by these, ^ail be equal 
to a given rectangle. 

Tms problem is the 13th exercise on loci converted into 
a porism. Many other problems of loci may be similarly 
converted ; and conversely. 



ADDITIONAL SECOND BOOK. 

The arrangement of the propositions in this book is nearly 
the same as in Euclid, and some of them are new. Although 
the notation be algebraical, no knowledge of algebra is 
requisite, and the reasoning is strictly geometrical. The 
enunciations of those propositions that are the same as in 
Euchd, are difierently expressed to accommodate them to the 
notaitioa. It is of some advantage to vary the enundations, 
as the same proposition occurs in gedixietrical> investigations 
in more than one form, and its Sentttyin diJferent fi)nns 
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IS not so eaaly recognised unless ^a familiarity Be acquired 
with the various forms of expression. It may be remarked, 
tiat when the propositions of the second book are once 
understood, the figures employed by Euclid, in their demon- 
strations, readily suggest the proposition ; but it will certainly 
be admitted that the expressions in this book are so obvious 
by the algebraical notation, that they suggest the proposi- 
tions, vdth at least equal facility, and even more so, when 
the analogy between algebraical products and the expressions 
for rectangles is considered. The cause of this analogy will 
be observed in the tenth proposition in the book on the 
Quadrature of the Circle ; and, in fact, it appears by it, that, 
wften the symbols representing the sides of a rectangle de- 
note the numbers proportioned to its sides, the algebraical 
product and the expression for the ar^ of the rectangle ar^ 
identical. 

PROPOSITION I.- THEORfiU. 

A line is equal to the sum or difference of its segments, 
and tvrice the mean distance is equal to the difference or 
sum of the segments, according as the point of section is 
internal or external.' 

Let AB be cut equally in C and imequally in D, then 
AB = AD ± DB and 2CD = AD + DB, taking the upper 

sign for the first figure, and the lower i j !• — j 

for the second. ^ 

For (fig. 1)AB = AD + DB, and ^^ ^ inb 

AD— DB = AC + CD— DB = CB + CD— DB = DB 
+ CD + CD — DB = 2CD. 

And (fig. 2) ABs=AD — DB, and AD+I>B = AC 
+ CD + DB = CB + CD + DB = 2CD. 

PRoroBinoN n. theorem. 

If, of three lines^ the excess of the second above the thirds 
is to be taken away firom the first, the remainder will be the, 
same as if the second be taken from the sum of the first and 
third. 

Let A, B, C, represent three lines, then the excess of A* 
above B — C is equal.to the excess of A -f C/ abore B^ o» 
A~(B — C)=A + C^B. 
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For, let A — (B~C) =D, and add (B~C) to boA 
these equals, then A = D + (B — C)=D + B -^C, 
or A = D 4* B •— < C. Now, add C to both tiiese equals, 
aad take B from them, and A + — B = D; but D^ 
A — (B— C),therefiMeA~(B— C) = A + — B. 

CoR.~nie proposition applies also to rectilineal fignres. 
For, if they be rectangles of the same altitncle, and the 
lines A, B, C, their bases, tiie j may be added and sub- 
tracted in the same manner as the lines ; and if they 
be any other rectilineal figures, they conld be rednoed 
to equiralent rectangles of the same altitude (1. 44, 45.) 

Sckol. — ^This principle, which is constantly employed m 
algebra, wiU be found to be of great use in geometry, as it 
will, in many cases, preyent the necessity of adding or sub- 
tracting equal magnitudes, in order to arriye at an obyious 
result. 

PROPOSITION m. THEOBSM. 

The rectangle under a line, and the sum of any noml^er 
of lin,es, is equal to the sum of the seyeral rectangles con- 
tained by that line and each of the other lines. 

Let the line EF = B, FG = C, GK =i D, and kt A be 
.any other line, then A(B + C-|-D) = A-B+A-C + 
A 'D. 

Let B, C, D, lie in one straight i. 

fine ; draw EL perpendicular to £K u 

fiam £, and make EM =z A ; through 
M draw MP parallel to EK, and I 
Arongh F, G, K, draw FN, GO, 1 b \ 
KP, each parallel to EM. Then * i - 

the figures iSP, EN, FO, and GP, a, . 

are rectangles, and GO = FN = EM = A, also 

EP = EN-hFO-f-GP; 

but EP = EM•EK = A(B-^C-f-D), 

EN = ME-EF=:AB, 

FO = NP • FG = A • 0, 

and GP = OGGK=:A-D; 

Aeeefore A(B f C f D) = A-B -f- A-0 fA-D. 
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PROPOSITION IV. THEOREM. 

The rectangle under a line, and tlie difference between 
two lines, is equal to the difference between the rectangles 
under that line and each of the other lines. 

Let A, B, C, be three lines, and let B i:::^ 0, then 
A(B — C) = AB — A-C. 

Let DE = B, and DF == C, and 
construct the figure BM, as in the last 
proposition, making DK = A. Then 
the figures DM, DL, FM, are rect- 
angles, and LF =: KD = A, and FM 
is uie differejice between DM and DL, 
and FE = DE — DF = B — C. 
Now, FM = DM — DL; 
but FM = LFFE = A- (B — C), 

DM = KDDE=:AB, 
and DL=KDDF = AO; 

therefore A (B — C) = A • B — A • C. 

PROPOSITION V. THEOREM. 

The rectangle under the sum of two hues and one of 
them, is equal to the sum of the rectangle under the two 
lines and the square of the latter. 

Let A and B. be two lines, then (A + B) B = A * B 
+ B2. 

For(3*)B(A + B) = A-B + B-B,or(A + B)B=: 
A'B + B2. 

PROPOSITION VI. THEOREM. 

The rectangle under the difference between two linas and 
one of them, is equal to the difference between the rectangle 
under these lines and the square of the latter. 

Let A and B be the two lines, then if A ::::^ B, ( A — . B) 
B = AB— B». 

For(4)B(A— B) = AB — BB, or (A — B)B = 
AB~B«. 



The numben refer to the propositions in this book. 
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pROPCsmoj* rn. theorem. 

The square of the sum of two lines is equal to the sum 
of the rectangles under that sym and each of the lines. 

T^t A, B, be two lines, then (A + B)« = (A + B) A + 
(A + B)B. 

For(A + B)« = (A + B)(A + B.) LetA + B = D; 
then ( A + B) ( A + B) = D (A + B) = D • A + D • B 
(3)==(A + B) A+ (A + B) B. Therefore (A + B)* = 
(A + B)A + (A + B)B. 

PROPOSITION VIII. THEOREM. 

The square of the difference between two lines is tqjosl 
to the difference between the rectangles under that difference 
and eiK^ of the lin^* 

Let the two lines be A and B, then if A :?^ B, (A — B)c 
= (A--.B)A — (A— B)B. 

For, let A — B = D, then (A— B)* = (A— B) (A— B) 
=D(A— B)=DA— DB (4) = (A— b) A— (A— B;B. 

PROPasiTION JX. THSORSBC 

The. square of the sum of two lines is equal to the sqioares 
of these lines and twice the rectangle contained by them. 

Let A aad B be two lines, then (A + B)» = A« + B* + 
2AB. 

For (A + B)« = (A + B) A + (A+B) B (7.) But 
(A + B)A=A« + A-B(5),and(A + B)B=A-B-f.B«. 
Therefore (A + B)2 — A2 + B« + 2A-B. 

Cor. — ^The square of a line is equal to four times the 
square of its half. 

For. when A =B, (A + B)* = (A + A)« = A2 + A^ + 
iA-*A,or(2A)« = 4A2. 

PROPOSITION X. TRE0RE3I. 

The square of the difference of two lines is equal to the 
S^^uares of these lines diminished by twice their rectangle. 

Let A, B, be two lines, then if A:P^B, (A~B)« = 
A« + B^— 2AB. 

>'Fof, by (8) (A — B)^ = ( A -^ B) A— (A— B) B. 
But(A — B)A = A«— AB(6;,ctad(A— B)B=£A-B 
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— B«. Therefore rA — B)2=:A2—A-B~(A;B—B«). 
But, subtracting A • B — B* is the same as adding B* and 
ittbtracting A • B (2), therefore ( A — B)^ = A» — A • B — 
A • B + B2 = A« + B2— 2 A * B. 

PROPOSITION XI. THEOREM. 

The rectangle under the sum aind difference of itwo lines 
is equal to the difference of their squares. 

Let A and B be the two lines, of which A •^ B, then 
(A + B)(A— B) = A2~B2. 

For, let A+B = S, then (A+B)(A—B) = S-A—S-B 
(4.) But S • A = (A + B) A = A2 + A -B (5), and S- B 
is(A + B)B=:A*B + B2. Therefer^(A + B)(A — B) 
ri: A« + A • B — A • B — B2 =: Aa — B*. 

SckoL—^The fifth and sixth propositions of the former 
second book may be easily derived &om thas one (see IL 5 
and 6, and Schol. to 6.) 

PROPOSITION XII. THEOREM. 

The sum of the squares of two lines is equal to twice the 
rectangle under them and the square of their difference. 

Let A and B be two lines, then if A p^ B, A^ + B» = 
2A-B + (A — B)«. 

For (10) (A --B)2 = A2 + B2—2A-B,aad/ adding 
2 A • B to both, 2A • B + (A— .B)^ = A* + B2. 

SckoL — ^This is the same an the serenth propi)sition of 
the former second book, or its corollary, if AB == A, and 
BC = B, and therfefore AC = A — B. 

PROPOSITION xm. THEOREM, 

The square of the sum of two lines is equal to the square 
of their difference and four times the rectangle contained 
by them. 

Let A and B be two lines, and A :p^ B, then (A + B)2 = 
(A — B)« + 4A-B. 

For 2 A- B =4A • B — 2 A- B, and adding A« + Ba to 
both,AH»+2AB = 4AB+A2 + B2— 2AB. Or 
(9 and 10) (A + B)2 = 4 A • B + (A — B)«. 

SchoL^^'ThiB proposition is the same as the eighth o£ Ihe 
otiier second book^ if AB = A and BC = B. 
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PROPOSITION XIY. THEOREM. 

The square of tke sum of two lines, togedier with the 
square of their difference, is equal to the sum of twice their 
squares. 

Let Aand B be two lines, and A z::^ B, then (A -f- B)^ + 
(A— B)» = 2A»+2B». 

For (9) (A+B)2= A« +B»+2 A-B, and (10) ( A— B)« 
= A2 + B2~2A-B; therefore (A + B)« + ( A — B)« 
= 2A« + 2B2,for2AB— 2AB=:0. 

iScAo/.— This proposition is the same as the ninth and 
tenth of the former second booh, if AC = A and CD =rJ?, 
in the former ; and CD = A, AC = B, in the latter. It 
may also be enunciated as in the scholium to the latter. 

PROPOSITION XT. THEOREM. 

In any triangle, if -^ perpendicular be let £dl iram the 
yertex upon the base, then, according as the angle opposite 
to one of the sides is obtuse or acute, the square of that 
side is greater or less than the squares of the base and the 
other side, by twice the rectangle contained by Ae base and 
the part of it intercepted between that angle aadl^^- 
pendicular. 

Let ABC be any triangle, and CD a perpendicular &om 
C upon AB or AB produced, then AC^ = AB» + B0» ± 






2 AB * BD, taking the upper sign when the angle ABC is 
obtuse, and the lower when it is acute. 

For AD2 = AB2 + BD2 ± 2AB • BD (9 and 10), add 
DC« to both, then AD* + DC* = AB* + DB« + DCs ± 
2AB-BD. But (L 47) AD2 + DCs = AC*, and BD* + 
DC* = BC*, therefore AC* = AB* + BC* ± 2 AB • BD. 

Propositions XVI. XVH. XVIIL and XIX. are Hie 
«ame as A, B, C, and D, of the former second bo<^ 
^ckoL — Proposition C and Cor. 1, are true also when 



the peipendicular ftHs upon the base produced. In Cor. 3, 
it is obvious, that, if the squares of two lines drawn from 
iwo points to the same extrendt j of the giren lines, respec- 
tively exceed the squares of the lines drawn from the same 
points to the other extremity, the two points lie on the same 
side of the line tibat bisects the given line perpendicnlarly ; 
for the greater line is adjacent to the greata: segment of the 
base. 

PROPOSITION XX. THEOREM. 

If, from the extremities of the base of a triangle, perpen- 
diculars be drawn to the opposite sides, the line joining their 
inteTsection and the vertex is perpen^cukr to the base. 

Let ABC be a triangle, and AF, BE, perpendiculars 
upon the sides, then CGD is perpen- 
dicular to the base AB. 

For (11. c.) AB» — BC8 = AG» — 
OC2, and AB2 — AC» = BG« ~ GC*; 
therefore taking equals from equals, 

AB2 — BC» — (AB2 — AC2)=AG« ^ ' » b 

_.-GC2— (BG2 — GCs), or (2) AB^— BC^ — AB2 + 
AC8 = AG2— GC2— BG«+ G&, or AC2_BC2 = AG2— 
BG*; and therefore CD is perpendicular to AB (11. c. Cor. 3). 




ADDITIONAL FIFTH BOOK. 

In this additional £frh book a simple and common defi- 
nition is adopted of a ratio, which is the only intelligible 
one, and is in feet identical with that of Euclid, although 
the latter is not expressed in very definite terms ; and a 
simple, obvious, and concise definition of proportion, is also 
adopted. The critical difEiculty of incommensurables is di-^ 
reedy encountered in the seventh proposition, and by means 
of it all the succeeding propositions in proportion may be 
demonstrated. By.ihis proposition, the doctrine of propor- 
tion, in reference to magnitudes, is reduced to numerical 
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proportion ; so that wliaterer proportion exists among ms^ 
nitudes, will exist among tj^^umbers that are prc^orti^ml 
to them; and the proposition being proved in the caae.<^f 
the latter, will laiso be estaliished in respect to the fonoi^n 
in the theory of arithmetic ^d algebra, the prindplea, of 
proportion are established in the case of terminate numbers, 
and they are assumed to be true in the case of interminate 
numbers. Instead of this has^ and unsatisfactory induc- 
tion, it would be more scientific to establish them also in 
this ease. ' This has been done, as far as is necessaiy 141 
geometry, in the algebraical principles at the end of this 
Tohmie. By meailsof the pnnciple proved in the twenty- 
seventh propositibn bf this book, this view of proporfion 
can easily be applied to geometry. In several, ot^emriae; 
excellent treatises on geometry, the proposition that tri- 
angles of the same altitode are as their bases, is proved in 
the case of the basesv being incommensurable, by implidtly 
assuming as an axiom a principle which is identical with 
the proposition to be proved ; and m sotne other treatkes^ 
the application of the principles of ptopoiliion are frequenify 
^cumbered with indirect demonstratioiii^ Euclid's defini- 
tion of proportion is prolix and remote fr&m our or^aiy 
axatej^Ui of proportion ; but, by an ingenious eftasion of 
the question of incommensurabiUty, he has thus been wi- 
abled to give direct, though frequently tedious, demonstra- 
tions of the principles of proportion. Were it possible 
always thus to evade the question, the method o£ £kidid 
might perhaps be considered to be the best, but it. only re- 
moves the question a stage farther forward, for it is sure to 
present itself before a complete treatise, of geometry eai^ be 
composed ; and, in fact, it occurs in such a form that ffvsi^ 
sion 18 no longer possible in proving the proposition (Qu* X.) 
that the area of a rectangle is equal to the square of the 
unit of measure, multipUed by the prioduct of the numbers 
denoting the number, of times that this -unit is contained in 
its sides. Since this question, therefore^ must be recognised 
and disposed of in a scientific manner, it would ^pcrl^tps be 
the best method to do so at first, since the principles of pro- 
portion can by this means be mpre simply established ; as 
one proof of which, no less than, ^e propositionsk wjuoh 
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loathe method 6f EacM require to he demonsti-ated, he- 
ti&fne axioms. The property of numbers, by means of which 
tile propositions in proportiolx', are extended to incommen- 
surables, and by which the 'Algebraical principles, in the 
case of intenninate numbers, ai-e demonstrated, is stated in 
the schoHum after the definitions of tbis book. 

DEFINITIONS. 

* < * 

1. The ratio of two quantities is the number of times that 
the one contains the other. .,>ii: 

Thus, if a quantity A contain another B m times, the 
ratio of A to B is m, and is expressed tKus : A -r B == m, 

A ■ 

or A : B = wi, or — = w. The lines A aft4 B are not sup- 
posed to be represented by numbeiB. 

2« A proportion or an' analogy consists of two equal 
ratios. 

Let A : B be equal to C : D, then A : B = C : D, is a 
proportion or an mob^g^. 

3. A terminate niunber is an integer, a mixed number, 
or a Tulgar fraction. 

As a mixed number may be reduced to a Tulgar fy^uctim, 

M" 

all terminate numbers maybe expressed by -, where m 

and n are integers ; and when the number is an integer, 
n = 1, and the number = m. 

4... A number that is not terminate, is called an intermi- 
nate number. 

Interminate numbers comprehend interminate decimals, 
excepting repeaters and eirculaters, which can be reduced to 
vulgar fractions, and are therefore terminate nimibers, al- 
tliough, howerer, in the form of decimal fractions, they are 
called interminate decimals. 

'5. A line by which another is measrured, that is, which 
is applied to another line, in order to determine the number 
of times that^ihe latter contains it, is called a unit of mea- 
sure. 

6. A compound ratio may be concisely expressed by eri- - 
clocring the simple connponent ratios within parentheses, thus; 
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if the ratio of A to B be compounded of the ratios of C to 
D, and of E to F, then A : B = (C : D, E : F.) 

AjAoZ.— Between two numbers, however near, though 
both be inteiminate, an intermediate terminate number 
may be found. For, if one of the numbers be terminate, 
then if it be the less, that part of the other, which extends 
one place farther than the former, is evidently greater ; and if 
the former be the greater, then some portion of the latter, 
with its last figure increased by unity, will be intermediate. 
If they be both interminate, then some portion of the less 
may be found, such, that if its last figure be increased bj 
unity, it will be intermediate. Any vulgar fraction, wheir 
converted into a decimal firaction, 'mU be a finite, a repeat- 
ing, or a circulating decimal, and if the last, the number of 
circulating decimals will be less than the denominator. The 
properties of numbers stated in this scholium, so far as I 
know, have not before been observed. 

AXI0M& 

1. Equal magnitudes have the same ratio to the same 
magnitude. 

2. Magnitudes that have the same ratio to the same mag- 
nitude are equal. 

3. The same magnitude has the same ratio to equal mag- 
nitudes. 

4. Magnitudes, to which the same magnitude has the 
same ratio, are equal. 

5. Of two magnitudes, that which has a greater ratio to 
the same magnitude, is the greater. 

6. Of two ma^tudes, that to which the same magnitude 
has a less ratio, is the greater. 

7* Of two equal ratios, according as the one is a ratio of 
equality, majority, or minority, so must the other ; or ac- 
cording as the fii^ term of an analogy is equal to, greater 
or less than, the second, the third is equal to, greater or less 
than, the fourth. 

8. If the first term of an analogy be any multiple or sub- 
multiple of the second by a whole number, the third is the 
same multiple or suhmultiple of the fourth. 
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9. Batios that are equal to the same ratio are equal to 
one another. 

The first five propositions in this book are the same as 
the first, second, third, fifth, and sixth of the former fifth 
book. 

PROPOSITION VI. THEOREM. 

If a multiple of a magnitude by any whole number be 
taken, and then a submultiple of this multiple by any other 
whole number, the resoltrng magnitude will be the same, 
as if the same submultiple had first been taken of the given 
magnitude, and then the same multiple of this submultiple. 

Let A be any magnitude, and m^ », any whole numbers, 

then a submultiple of mA by n, is equal to a multiple of 

A , mA A 

— by m ; or =: m • — • 

n n n 

For, it is evident that the nth part of m times A, is equal 
to the nth part of A taken m times. 

CoR. • A is either or m • — . And similarly, 

m 

n * n 

becomes evident. 



— •wjM = — -^. If a line A be taken = n^M, this 



PROPsoinoN vn. theorem. 

Hie ratio of two lines is the same as that of the numbers, 
vtrhich express the number of times that any third line is 
contained in them respectively. 

Let A and B be any two lines, and 
M a third, and let M be contamed a ♦. 

times in A and h times in B, then * 

AM* I 

g = T, or A : B = a : 5. 

1. Let a and h be integers. 

If A == 3 and ^ = 2, that is, if A contains M 3 times and 
B contains it twice, then it is evident that A contains B 
1^ times, and that a contains h I^ times, therefore A : B = 
a : h, Th& same conchuion is obvious whatever be the 
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values of a and by piofided tbej be integers ; t1i3»e&re 
a aM A 

If a = mq^ and 5 = np^ m^ n, /?, and q^ being integers, 
a 9n^ mqM. 

T np »y?M* 

2. Let a = — , and h = - 

Let M' be a submultiple of M by nq^ or M = nqi/L\ tben 

r= — - = —^=-Ti7 (1st case). But»wM'=— -i— 
n p np npslL \ ^ ^ « 

= — - • nqW (6, Cor.*) = — M. And, similailj, njpMT =r 

^M. Tberefore a : & = — M : -M, or a : & = A : B. 
q « y ^ 

3. Let a be interminate and h terminate. 

If -s^ is not = -Ty let tt- = -r-. Let o' :::^ a, and a" a ter- 
tniaate number intermediate between a and a\ Then 
-T- = -T^ (1st or 2d case), and a"M :::^ aM or A ; tbereioxe 

"T^ :^^ g , and hence "T" ^^ T> and therefore a "p^ a . 

But a" is also .«s::r a', Trhicli is impossiUe ; therefore a' can- 
not be greater than a, and it may be similariy shoim tiuit 

it cannot be less ; tberefore |r = t-. 

4. Let a be terminate and h interminate. 
This case may be proyed similarly to the last. 

5. Let a and h be both interminate. 

A a A c^ 

If g i3n6t = -T, let ^ = ?. Leta'^^o, and o" a tet- 

xninate intermediate number. Then "7"= ' itlt (A^ case.) 
* The numben refbr to fnrfgMisidoAs in thii book, • ^ 
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The rest of tli€ demonstration is exactly tlie-same as in the 

A a 
3d. case. Therefore g = r- 

PROPOSITION Vllt. THEOREM. 

The terms of an analogy are proportional by inyersion. 

Let A : B = C : D, then, by inyersion, B : A = D : C. 

For, let a, by r, and d^ be the number of times that a line 

M is contained in A, B, 0, and D, respectively; then 

If 

r = J ; and therefore - = - ( Al. Pr. VII. Cor.), or ^ : a = 
d: e. Therefore (7) B : A = D : C. 

PROPOSITION IX. THEOREM. 

The terms of an analogy are proportional by altemation* 
Let A : B = C : D, then, by alternation, A : C = B : D* 

For (7) a : ^ = c : c/, or X = J ; therefore t • - = - • -, or 

(Al. Pr. VIIL) -=-, or a : (? = ft : </. Therefore A : C = 

B:D. 

Cor — Also B : D = A : C. This is evident (Ax. 9). 

PROPOSITION X. THEOREM. 

The terms of an analogy are proportional when, taken ia 
any regular order. 
LctA:B = C:D. 

1. By alternation, A : C = B : D (9) ; 

2. By inversion, B : A = D : C (8) ; 

3. By the alternation of (2), B : D = A : C ; 

4. By equal ratios, C ; D = A : B (Ax. 9) ; 
6. By the alternation of (4), C : A = D : B; 

6. By the inversion of (4), D : C = B : A ; 

7. By the alternation of (6), D : B = C : A. 

There are thus eight different analogies formed by trans- 
posing the terms in a regular order. 

PROPOSITION XI. THEOREM. 

If two homologous terms in one analogy be equal to two 
in another, a new analogy may be formed, by taking the 
remaining t^nas in any ri^galar Qxder. 

a 



g 
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Let A:B = C:D, and E:B = F:D, then A, C, E, 
and F, will be proportional when taken in any regular 
order. 

For, by alternation (9), A:C = B;D,andB:D = E:F 
9, Cor.), therefore A : C = E : F ; and therefore A, O, E, 
', taken in any regular order, are proportional (10). 
Cor.— ^If there be any number of analogies such that two 
homologous terms in each is equal to two homolo- 
gous terms in ihe following, the remaining terms of the 
first and last taken in any regular order are propor- 
tional. 
This may be proved in the same manner as the 'poposltiaa. 
This proposition and corollary are the same as direct 
equality (see V. 22). 

PROFosmoN xn. theorem. 
The terms of an analogy are proportional by composition. 
Let A : B = C : D, then, by composition, A + B : B = 
C + D : D. 

For A + B contains B once more than A does^ snd 

A C 
C + D contains D once more than C does, but^zn^o 

therefore A + B contains B as often as C -f D contains B, 
or A + B : B = C + D : D. 

PROPOSITION Xin. THEOREK. 

The terms of an analogy are proportioDal hy addztfoo. 

Let A : B = C :D, then, by addition, A : A + B = C : 
C + D. 

For A + B:B = C + D:D, but A:B = C:1>, tlxere- 
fore, by direct equality (11), A + B:A = C + D:C, or 
inversely, A:A + B = C:C + D. 

PROPOSmOK XIT. THEOREM. 

The terms of an analogy are proportional by diviskuK 
If A : B = C : D, then, by division, A — - B : B = 
C — D:D. 
For A ^— B contains B just once less than A does^ and 

AC, 
C— D ccmtains D otfce less than C does, but 5 = 5* there- 
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fore A «—« B contams B as often as C — D contains D, ox 
A — B:B = C~D:D. 

Let B ::5^ A, then inversely, B : A = D : C ; and by for- 
m& case, B — A : A-= D — C : C, therefore^ by direct 
equality, B — A : B = D — C : D. 

FROFOSinON XV, THEOBEM. 

The terms of an analogy are proportional by conyersion. 

Let A : B = C : D, then, by conrecsion, A : A •— B =: 
C:C — D. 

For, by division, A — B:B = C-—D:D, therefore, by 
direct equality, A:A — B==C:C— ^D. 

PROPOSITION XTI. THEOREM. 

If any number of magnitudes be proportionsJ, one ante- 
cedent is to its consequent, as the sum of all the antecedents 
to that of the consequents. 

Let A:B = C:D, andC:D = E:F, then A:B = A 
+ C + E:B + D + F. 

For A:A = B:B, and C: A = D:B(10); and since^ 
from equal ratios, A : B = E : F, therefore E : A = F : B 

A B C D E F 
( 10). Therefore X ^^ R** T ^^ "5" ^^^ X ~ R"' *^®^^^^® 

ACE BDF ^^ A + C + E 
A + A + A = B + B + B' ^""^ ^^"""^^ A = 

5-i-2+Z ^ or (7) A + C + E : A = B + D + F : B, and 
(10) A:B = A + + E:B + D + F. 

PROPOSITION XTII. THEOREM. 

Li any analogy, one antecedent is to its consequent, as the 
difference between the antecedents, to that between the con- 
sequents. 

If A:B = C:D, thenA:B = A — C:B — D. 

For, by alternation, A : C = B : D ; and, by division, 
A — C:C = B-— D:D, and, by direct equality, A : B = 
A-C:B^D. ^ ^ ^ 
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PROPOSITION XVIU. THEOREM. 

Tho terms of an analogy are proportional by mixing. 

This proposition is the same as the twenty-second of the 
other wh book. 

PROPOSITION XIX. THEOREM. 

If the consequents of two analogies be the same, tlie smn 
of the first antecedents is to their consequents, as the sum 
of the other antecedents to their consequents. 

This is the same as the twenty-fourth proposition of the 
other fiflh book. 

PROPOSITION XX. THEOREM. 

Magnitudes haye the same ratio as their equimultiples. 

Let A and B be two magnitudes, and m any number, 
then A : B = mA : mB. 

For T = — T ( AI. Pr. VIII.), or a :l =: ma imb; there- 

fore A : B = wA : mB. 

Cor. 1. — ^Magnitudes are to one another as tiheir equal 
submultiples. For A and B are equal submultiples oi 
mA and «wB, and mA : mB = A : B. 

Cor. 2. — ^Any equimultiples of two magnitudes have tlie 
same ratio as any other equimultiples of the same. 

For A : B = mA : wB, and A : B = nA : wB ; and hence 
•»A : mB = n A : wB. 

SchoL — ^This proposition is proyed here when «i is any 
number, integral, fractional, or intcrminate; but in Y. 15, 
it is proved only when m is an integer. 

PROPOSITION XXI. THEOREM. 

If any equimultiples be taken of the terms of an analogy, 
they are proportional. 

Let A : B = C : D, then mA : mB = mC : mD. 
For A : B = mA : mB (20), and C : D =mC : mD ; and 
therefore mA : mB = mC : mD. 
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PROPOSITION XXII. XHEORBM. 

If any equimultiples of the ienns of one of tiie ratios of 
an analogy be taken, and also luiy equimultiples of the terms 
of the other ratio, these equimultiples taken in the order of 
the terms are proportional. 

Let A : B =2 C : D, then mA : mB = wC : nD, 
For A :B = mA : wB (20), and C : D = nCinD; and 
lience mA : mB = nC : nD. 

PROPOSITION XXIII. THEOREM. 

If any equimultiples be taken of two homologous terms 
of an analogy, and also any equimultiples of the other two 
terms, these multiples taken in the order of the terms are 
proportional. 

Let A : B = C : D, then mA : wB = mC : nD 
For, by alternation, A:C = B:D, and therefore (22) 
on A : mO = wB : wD, or, by alternation, mA : wB = wC r 

TlD. 

SckoL — The last three propositions are true whether iir 
or n be terminate or intermmate numbers. 

PROPOSITION XXIV, THEOREM. 

If two terms that are not homologous in one analogy be 
equal to two that are not homologous in another, a new 
analogy arises by taking the remaining terms of the first 
analogy as extremes, and those of the other as means. ■ 

Let A : B = C : D, and B : E = F : C, then A : E =: 
F:D. 

For-7- = -r, and — = — , therefore -. = ---..^ 

ah cf a f 
andhence(Al.Pr.IX.)-^ = ^, or — = ^ (Al. Pr. VIII.), 

or a:e:=^f:d; and hence A : E = F : D (7). 

CoR.— If there be any number of analogies such, that 
two terms not homologous in each are equal to two 
terms not homologous in the following, a new analogy 
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will arise by taking the remamiDg tenns of the first as 
means and those (?the last as extremes. 
This proposition is commonly called indirect egmality (see 

PBOPOSmOK XXY. THEOREM. 

Ratios that are compounded of equal ratios are equaL 
This is proTed as in proposition f of the other fifth book. 

PROPOSITION XXYI. THEOREM. 

A compound ratio is equal to the product of its compo- 
nent simple ratios. 

IfA:B={C:D,E:F,}then^ = ^- J. 

For, let O : D = G : H, and £ : F =: H : K ; and anoe 

G:K={G:H,H:K,}(V.Def.l7) = {C:D,E:F,} 

flicrefore(25)G:K = A:B. But^ = ^=:^ (AJ. A 

nn.) = f •-j-(ALPr.IX.) = |--^. And^~; 

^ ^ A C'E 
therefore q = 5 * p.- 

ntoposmoN xxni. THEtHtsv. 

If four quantities be so related, that when either the first 
or second mcreases or diminishes, the third or fourth also 
respectiyelj increases or diminishes, and also that when, the 
first is a multiple of the second by any terminate number, 
the third is the same multiple of the fourth ; then when the 
first is a multiple of the second by an interminatc number, 
the third is the same multiple of the fourth. 

Let A, B, C, and D, be four quantities such, that when 
A increases or diminishes so does C, and when B increases 
or diminishes so does D, and that when A is a multiple of 
B by any terminate nimiber integral or firactional, C is the 
same multiple of D ; then when A is a multiple of B by an 
interminate nimiber, G is the same, multiple of D ; that is, if 
m be any interminate number, when A = mBy C=.rnD. 



N 
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If not, when A = wB, let C = m'D. Then if m" be a 
terminate number intermediate between m and m\ when 
A becomes A"-= «»"B, then O becomes C" = m"D. Now, 
if m' ::^^ W, then m" 7^ m ; and therefore when the yalue 
of A increases from mB to m'^B, that of diminishes from 
m'D to m'T>f which is contrary to hypothesis. Therefcnre 
m' cannot be greater than m^ and it may similarly be shown 
that it cannot be less ; therefore m' must = m, so that when 
A = wB, C = «»D. I 

Schol. — This general principle is of easy and extenaire 
application. As an iUastration of its application, let k be 
required to jMrove that triangles of the same altitude are as 
their hases. Let EFH, FHG, be the triangles ; and first 
let their bases be commensur- 
able. Let EF contun the 
common measure M 4 times, 
and FG contain it 3 times, 
therefore EF : FG = 4 : 3 (7). 
Also, if E0 = M, the triangle 
¥LEF contains HEe 4 times, and FGH contains it 3 times 

fe38); hence EFH : FGH = 4:3; and consequently 
: FG = EFH : FGH. Therefore when EF = | FG, 
EFH = |FGH; and hence also, when EF and FG az^ 
incommensurable, the same proportion exists (27). 

It is obvious that the terminate number m^^ may always 

be expressed by some Tulgar fraction — , p and q being in- 
tegers, and EF or A may be produced to E', so that the mea- 
sure, which is contained in FG q times, may be contained in 
E'F p times, and then A" =r w"B, and also C = w''D, for 
E'F = A", FG = B, ETH = 0", and FGH = D. This 
will appear very obvious by giving jp and q particular values, 
asp = 6, 3^ = 5. 

In exactly the same manner it may be proved that angles 
at Hie centre, or sectors, of a circle, are proportional to their 
corresponding arcs. The same principle applies also to 
similar propositions in soUd and spherical geometry. 
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' Plane Trigonoxiitetry tre^its of those relations that suhsisst 
between the sides and angles of triangles, by which their 
numerical yalues may be computed. 

These velatians are established by means of certain Hnes 
connected with the angles, called trigonometrical linesr. 
WheD a suffident number of the parts of a triangle are 
known, it may be eonsfructed, and then the unknown paHS 
can be measnred.' This method, howeyer, 'Which is called 
construction, cac the graphic method, wouM only gire a 
moderate appiosanmtion ; but, by trigonometrical com* 
putation, the y«dues i^aay be found to any required degree 
of aocuiaey. The sides are measured by some line of a 
determinate length, chosen as the unit of measure, as a 
foot, a yard, a mile, &c. ; and the unit df measure of angles 
is ^ the 90th part of a right angle, or ihe 360th part of 
four right angles. As the angles at the ' centre of a drcle 
are proportional to the arcs subtending them, these area 
may be taken as their measures. The circumference of a 
circle is accordingly supposed to be divided into 360 equal 
parts, caDed degrees; edoh of these into 60 equal parts, 
called minutes; each of these into 60 equal parts, called 
seconds, and so on. If, therefore, a circle be described fhmi 
the angular point as a centre, the numbed of degrees, mi- 
nutes, &c. contained in the arc intercepted by the lines con- 
taining the angle, is the measure of that angle. An angle 
is also sometimes measured by the length of the intercepted 
arc of a circle, whose centre is the angular point and radius 

DEFINITIONS OF TRIGONOMETRICAL LINES. 

1. The complement of an arc is its difference from a 
quadrant ; and that of an angle its difierence from a right 
aE^le. 

2. The supplement of an arc is its defect from a semi- 
circle ; and that of an angle is ife -ddect from two right 
angles. 
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3. Tbe tine of an &rc is a line drawn from one of its ex- 
tremities, perpendicular to the radius passing tbrougk its 
other exfremity. 

4. The tangent of tm are is a line touchiiiK it at one ex- 
trenuty, and limited by the radios produced through ita 
other extremity. 

5. The teeani of an arc is that pwtion of the rai^ui pro- 
duced, which is intercepted between the extrennty of the 
tangent and the centre. 

6. The verted tine of an arc is tbat poition of the radiua 
ij^ic^ted bet|veen the sine and theiextrcmi^ of the arc 

i, 7* Ine tupfietfienlal verted line, at tuverted tine, is the 
difference between the versed sin« and the ^ameter. 

8. The sine, tangent, &c. of the crnqdanent of an aix, 
arc concdsel; teimea tlie cotine, eotttngent^ ' &c. of that arc> 
CThese terms, for conciHeaesa, are usnaU^p contlhicted into Bin, 
tan, sec, vers, suTers, cos, cot, cosec, covers, and oosuvras. 

Let AB be ai^iarc <^ a circle, AG a <[uadran^ O tha 
centre ; BE, BG, i perpendiculars on the 
radii OA, 00 ; AF, CH, tangents at A 
and C ; then BC is Qte complement of 
AB ; and COB tbat of angle AOB ; 
DCB the supplement of AB, and anrie 
DOB that of AOB ; BE the sine of AB ; ' 
AF its tangent ;- OF its secaot ; AE its 
versed sine ; DE its surened sine ; also 
BG, CH, OU, the ane, tangent, and se- 
cant of BC, or the cosine, cotangent, and cosecant of AB. 

COROLL.UlIEa FROM THE DEFINITIONS. 

1 . The sine of a quadrant, or of a right angle, is equal to 
the radius. 

For CO = sin AC. 

2. The taneent of half a right angle is equal to the radius. 
For, if angle AOF were half a right angle, so would F 

(I. 32), and therefore AF would he equal to AO. 

3. The sine, tangent, &c of an arc are equal to those of 
its sup^em«st. 

. For BE ia the line of DCB ; AF is the tangent of AKI^ 
and therefore of the equal arc DCB ; and OF is its secant. 
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4. The radius is a mean proportional between the tangent 
and cotangent of an arc. 

For FAO, OGH, are similar triangles, and AF : AG = 
OC:CH. 

K l^e arc AB be called A, and the radius OA, R, tibea 
tan A : R = B : cot A, or B^ = tan A - cot A. 

5. The radius is a mean prop<Hiianal between ike fline 
and cosecant of an arc. 

From similar triangles, BE : BO = 00 : GEE, or sin A : 
B = B : cosec A, or B* = sin A • cosec A. 

6. The radins is a mean proportional between the cosine 
and secant of an arc 

Bj similar triangles, GB : BO = OA : OF, er cos A:fi 
= B:secA, orB^ = cosA-secA. 

7« The tangent is to the radius as tiiie sine to the ooane. 

For FA : AG rr BE : £0, or tan A : R = Bon A : 
cos A. 

8. The tangent is to the secant as tiie zadiiis to the co- 
secant* 

For FA : FO = 00 : OH, or tan A : sec A =£ : 
cosec A. 

9. The sine of an arc is to the cosine as £ke secant toihe 
cosecant 

For (Oor. 5 and 6) sin A - cosec A = cos A * see A, 
therefore (VI. 16) sin A : cos A = sec A : cosec A. 

1 0. The square of the radius is equal to tlie squares of the 
sine and cosine of an arc 

For GE = GB = cosA, andOB?=BE^ + EO« = R« = 
sin 2A + cos *A. 

11. The square of the sine of an arc is equal to the dif- 
f^ence of the sqiiares of the radius and the cosine. 

For (Cor. 10) sin ^A = B^ — cos ^A. 

12. The square of the sine of an arc is equal to the rect- 
angle under the yersed sine and suTersed sine. 

For (in. 35) BE* = AE • ED, or sin «A = rers A- 
suvers A. 

13. The square of the secant of an arc is equal to the 
sum of the squares of the radius and tangent. 

For 0F2 = O A« + AF», or sec «A = B» + tan «A. S- 
milarlj cosec «A = B* + cot *A- 
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14. The chord of twice an arc is equal to twice the aiiie 
of that arc. 

For BI = 2BE, or chord 2A = 2 sin A. 

15. The square of the chord of an arc is equal to twice 
the rectangle under the radius and the yersed sine of the arc. 

For (Cor. 12) BFP = AE • ED, therefore BE^ + EA^ = 
AEED + AE2, orAB« = ADAE, or chord ^A = 2R. 
vers A ; and if R = 1, chord * A = 2 rers A. 

16. The sine, tangent, and secant of an arc, are the same 
as those of that arc increased by any number of whole cir- 
cumferences. 

For if to AB any number of whole circumferences be 
added, the compound arc will terminate at B. 

' In some of the applications of trigonometry, it is neces- 
sary to attend to the signs of the trigonometrical lines. 
Quantities whose signs are +, are caSied positive^ and those 
whose signs are — ^ are called negative. If a line be mea- 
sured from a giren point or a giren line as its origin, it is 
reckoned jposUive when it lies on one side of its origin, and 
negative when on the opposite side. Thxis, if ihe sines in 
the first quadrant be measured from the diameter AD, and 
be reckoned positive, those in the second quadrant, as MN, 
will also be positive ; and those in the third and fourth, as 
LN, IE, will be negative. So if the cosines, as BG, hi the 
first quadrant, measured from CK be reckoned positive, 
those in the second and third, being measured from the op- 
posite side of CK, wiU be negative, and those in the fourth 
will be positive. In a similar manner, the signs of the 
tangent, secant, &c. are determined ; but this subject be- 
longs properly to Analytical Trigonometry. 

If a number as m is to be divided by a number n, the 

quotient is expressed thus,' ^. 

If R = 1, and the whole circumference = C, these corol- 
laries become :— 

1. SiniC = l. 

2. TanJC = L 

3. SinA=:sin(iC — A). 
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4. Tan A. cot A = 1, therefore tan A = . , and 

cot A. 
1 * 

cot A = r 7" ; or the tangent and cotangent are each 

. xan Ak. 

others reciprocals. 

6, Sm'- A. cosec A = 1, therefore sin A = r-, 

' cosec A 

and cosec A = -: — r- 

fiin A 

1 

6. Cos A* . sec A = 1, therefore cos A = r-, ^nd 

' sec A ' 

. ♦• 

. 1 

sec A = 1 . 

cos A 

7. Tan A. cos A = sin A, or tan A = r- 

' cos A 

8. Tan A. cosec A =: sec A, or tan A = r« 

^ cosec A 

* 

Sin A sec A 

•7« 



OobA cosec A' 
10. Sin:«A + cos«A = l. 

IJ. Sin «A = 1 — cos«A = (1 + cos A) (1 — cos A) 
(II. 5. Cor.); so cos 2A == 1 — sin ^A = (1 + sin A) 
(1— .sinA). 

12. Sin «A = vers A. savers A. 
. 13. Sec*A = l + tan«A,andcosec«A=l +cot«A. 
14 Chord2A = 2sin A. 

15. Chord SA = 2 vers A. 

16. Sin A = sin (wC + A), where m is any integien 

PROPOSITION I. TBiEOREJf. 

If the hypotenuse of a right-angled triangle be made 
radins, the sides become the sines of c 

the opposite angles, or the cosines of 
the adjacent angle. 
, For, let ABC be a right-angled 
triangle, if its hypotenuse AC be 
made radius, then ^C is the sine of 
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A ; but the angle at G is the complement of A, therefore 
BC is the cosine of C. By making C the centre, it may 
be similarly proved that AB is the sine of 0, and there- 
fore the cosine of A. 

PROPOSITION II. THEOREM. 

If one of the sides about the right angle of a rigl»A<-&ngled 
triangle be made radius, the other side becomes the tangent 
of the opposite angle, and the hypotenuse the secant, of the 
same ; or the other side becomes the cotaagent of the adja- 
cent angle, and the hypotenuse the cosecant of the same. 

When AB (see fig. to Prop. I.) is radius, BC is tangent 
of A, and AC is secant of A, or BC is cotangent of C, and 
AC its cosecant. 

PROPOSITION in. THEOREM. 

The sine, tangent, and other trigonometrical lines of an 
angle for one radius, are proportional to those for another 
radius ; and the ratios of the corresponding lines are the 
same as that of the respective radii. 

Let A be any angle, and BC, DE, arcs described >vith 
the radu AB or AC, and AD or AE ; then if OE5 EBI, are 
its sines, and BG, DL, its tangents 
for these radii, respectively, CF : 
EK = AC : AE, or the sines of 
angle A for the radii AC, AE, or 

AB, AD, are proportional to these 3^ s ar 

radii. The same may be proved for the tangents GB, LD, 
and the secants AG, AL. Hence, by equal ratios, CF : EK 
= GB:LD = AG:AL. 

CoR. — Hence, in aright-angled triangle AFC, since AC : 

CF = R:smA, RCF = ACsin A, and ifR = l, 

CF = AC-sinA. 

It is proved in the same way that AF = AC • cob A ; 

and when AF is radius, FC = AF • tan A, and AC = 

AF • sec A. 

SchoL-^'When two sides of a right-angled triangle are 
given, the third may be found by I. 47 and Cor. 
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FROPOSnXON IV. THEOREM. 

If any side (^ a right-angled triangle be made radius^ ihe 
other two sides are proportional to the trigonometrical lines^ 
which they represent for any other radius. 

Let ABO be a right-angled triangle ; when AC is radius, 
ATI aad BO represent the cosine and 
sine of A ; and (Prop. III.) these are 
proportional to the cosioe aad sine for 
any other radius. Therefore if sin A, 
cos Ay be the sine and cosine of A for Jl 
any other radius^ CB : BA= sin A : cos A ; or sin A : cost A 
= CB : BA. 

PROPOSITION V. THEOREM. 

The sides of a plain triangle are to one another as the 
sines of the opposite angles. 

From A, any angle in the triangle ABC, let AD be drawn 
perpendicidax to BC ; and because the tri- 
angle ABD is right-angled at D, AB : AD = 
R : sin B ; and, for the same reason, AC : 
AD = R : sin C, and inversely, AD : AC = 
sin C : B ; therefore, by inmrect equality, b" 
AB : AC = sin C : sin B. In the same manner, it may be 
demonstrated that AB : BC = sin C : sin A. 

PROPOSITION VI. THEOREM. 

The sum of two sides of a triangle is to their diflerence 
as the tangent of half the sum of me angles at the base to 
the tangent of half their difference. 

Let ABC be any triangle, then if B and C denote the 
angles at B and C respectively, AB + AC : AB — AC = 
tani(0^-B):teni(C — B). 

From A as a centre, with the ra^us AC, describe the 
semicircle DCE ; produce BA 
to D; join DC and CE, and 
draw EF parallel to BC. Then 
twice angle AEC = AEC -f- 
ACE = DAC (L 32) = ABC 
+ ACB=:B+C, therefore AEC = i(C+B); andFEC- 





ECB, and AEC — ECB = B, the less angle for AC ,^ 
AB ; therefore (11. d. Cor. 2) ECB or CEF = ^ (C — B). 
Also, DB = DA + AB = AB+ AC, alldBE = AB — 
AE =: AB -— AC. And since angle DCE is a right angle 
(III. 31), if EC be made radins, DC and FC are tangents 
of the angles AEC and EEC (Def. 4). But (VI. 2) DB : 
BE = DC:CF; or AB+AC:AB— AC=tan i (C+B): 
tani(C— B). 

PROPOSITION Vn. THEOREM. 

If a perpendicular he drawn from the vertex upon the 
base of a triangle, the sum of the segments of the base is to 
the sum of the two sides as the difference between these 
sides to the difference between the segments of the base. 

For (II. c. Cor. 1) the rectangle under the sum and dif- 
ference of the sides is equal to fiiat under the sum and dif- 
ference of the segments of the base, therefore (VI. 16) the 
above proportion subsists. 

SchoL — ^The preceding propositions are sufficient for the 
solution of all the cases of trigonometry ; but, in particular 
cases, some of the following propositions may be employed 
with advantage. 

PROPOSITION VIIT. THEOREM. 

In any triangle, twice the rectangle contained by any two 
of its sides, is to the difference between the sum of their 
squares and the square of the other side, as radius to the 
cosine of the angle contained by these two sides. 

Let ABC be any triangle, 2 AB • BC is to the difference 
between AB^ + BC* and AC* as radius to cos B. 

For, from C draw CD perpendicular to AB or AB pro- 
duced. ThenBC:BD = R:cosB. But (VI. 1)2ABBC: 






2ABBD=:BC:BD; therefore 2ABBC:2 ABBD 
= B : cos B. But (II. 12, 13, or Ad. 11. 16) 2 AB • BD if 
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the difference between AB^+BC^and AC^; and lience 
the proposition is proved. 
OoR.— If the sides opposite to the angles A, B, C, "be 

called a, by Cy respectively, and lladius = 1, then (Qu. 

X. and Ad. V. 7) 2ac : a^ + c^-^ft* = 1 : cos B, or 

006 B = " Q • This applies only to the case 

in ^vhich the angle B is acute. When B is obtuse, 

then cos B = on l ^^t in this case, cos B 

ought to be negative, but a* + c^ — i^ is negative, for 
l^ :p»' a^ -\' (^ ; hence also in this case, cos B =: 

— i- — HI— when its siffn is considered. 

Taking the side AC instead of AB, which is just 
changing h into c, 

Also, if both sides be multiplied by 2aJ, 2ah cos C =. 
a« + 52 — cS and adding c^ to both, and taking 2ab cos C 
from them, 

€^=ia^ + h» — 2ah cos C. 

This applies also to both cases when C is acute and ob- 
tuse. 

Schol.— When a, i, and c, are knoi^-n, cos C may\>e 
found by the former expression ; and when a, 3, and C, are 
known, c may be found by the latter. 

PROPOSITION IX. THEOREM. 

In any triangle, the rectangle under the two sides, is to 
that under the excesses of the gemiperimeter above these 
sides, as the square of the radius, to the square of the sine 
of half the vertical angle. 

Let ABC be any triangle, produce 
CB till CD = CA ; join AD, and 
draw C£ bisecting the angle C, then 

il. 4) CE is perpendicular to AD, 
)raw BF parallel to DE, and BG to 
CE. ThenAC:AE=:Bad:8iii|C 
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(Frop. IV.) if AC be radius; alsoBC: BF or EG = Rad: 
ainAC; henee (VI. 23, Cor.) AC • CB : AE • EG = R« : 
sin« i C. But (II. c. Cor. 1) AE • EG = | (AB + BD) 
A (AB — BD) in the triangle ABD. But AB + BD = 
AB + CD — CB = AB + AC — CB = AB + AC + CB 
— 2 CB = 2 (S — . CB), if S = semiperimeter. And AB 
— . BD = AB — (CD — CB) = AB — (AC — CB) = 
AB — AC + CB (Ad. II. 2) = AB + AC + CB — 2AC 
= 2(S — AC) ; therefore AC • CB : (S— AC) (S — BC) 
= R2:Bm«iC. 

Cob. — ^If the numerical values of the sides opposite to the 

angles A, B, C, be called a, 5, c, respectively, and if 

s == the semiperimeter and R =: I, then 

aft : (* — a) r* — ft) = R2 : ain* i C. 
or aft • sin* i C = (s — a) (s — ft), or 

8mHC = ^*~"\^'~*X 

ab 

PROPOSITION X. THEOREM. 

In any triangle, the rectangle tflider its two sides, is to 
that under the semiperimeter and its excess above the base, 
as the square of the radius, to the square of the cosine of 
half the vertical angle. 

Let ABC be any triangle, and draw the figure ACDH 
as in the last ; produce BF to meet AC produced in E, and 
draw CG parallel to AD. 

Then angle ACH = E, and DCH = CBE, therefore 
E =z CBE, and CE = CB. Also since CG is parallel to 
AD, the angles at G are right angles. 
And HG IS a rectangle, therefore 
CH = GF. Now, AC : CH or GF 
== R : cos ^ C, and CG or CB : EG 
= R : cos E or cos ^ C ; therefore 
(VI. 23, Cor.) AC • CB : EG • GF 
= R^ : cos8 i C. But (II. c. Cor. 1, 
and Ad. II. 15, Sch.) 4EG • GF = 
( AE+AB) (AE— AB) in triangle ABE ; and Afe + AB 
=rAC + CB + AB = 2S; and AE — AB = AC + CB 
— AB= AC +CB+AB— 2 AB = 2(8— AB), there- 
fore AC-CB : 8(8— AB) i=z »» : cos^i 0. 

R 
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Cob.-— Take a, ^9 ^ &<^ as in Cor. to last propoMlioB, 
and <i& : « (< ~ <;} = B^ : coi^ |C; or if B = ], 
ab * ocM^j^ C =#(#----«), or 

FROFOfllTIOK XL THBOBEM. 

In any triaagle, the lectangle nnder tlie sosiipcrimeter 
and its excess above the base, is to the rectangle imder its 
excesses above the two sides, as the square dftne radius^ to 
the square of the tangent of half the yeitical angle. 

For (Prop. X.) ACCB:S (S— AB) =R«:cos^iC; 
and (Prop. IX.) AC • CB : (S — AC) (S— BC) = fc : 
sin2 ^ c, therefore, by direct equaKty, S (S — AB) : (^AC) 
(S — BC) = cos^i C : sin^i C. But (Cor. 7 to Defini- 
tions, and yi.22^Cor.) oos8 | C : nn'^ C = R> : tan^ 4 C, 
therefore S (S — AB) : (8 — AC) (S — BC) = R«: 
tannic. 

Cob. — ^Therefore < (s — c) : (< *— a)(« *-< 6) r= J^: 
tan> i C; and when R = 1, #(«*— c) tao'^Ozz 

tan« i C == (l==^inf=i>. 

*(«— c) 



1. If in any tiiaiq^ a perpendicular be drawn fit»n the 
vertex njion me base, the segments of the base Jbare the 
same ratio, as the tangents of the parts into wMch the Ter- 
tical angle is divided. 

2. The base of a triangle is to the sum of its two sides, 
as the oosme of half the sum of the angks at the base to 
ihe cosine of half iheir difference. 

3. The base of a triangle is to the difference of ita sides, 
as the sine of half the sum of the angles at the base to the 
sine of half their difference. 

4. The base of a triangle is to the difference of its scg- 
ment% as the sine of the vertical angle to the sine of the 
di£[erence of ihe angles at the base. 

5. Half the perimeter of a txian£^e is to its excess above 



the base, as tbe cotangent of balf dither of ilie angles at the 
base to the tangent of half the other an^e. 

6. The excess of half the perimeter of a Iriai^e above 
the less side is to its excess above the greater, as the tangent 
of half the greater angle at Uie base to the tangent of naif 
the less. 

7. In a right-angled triai^e, radius is to the nne of 
double one of the acute angles, as tiie square of half the 
hypotenuse to the area of the triangle. 

0. Radius is to die tangent of half the vertical angle of a 
triangle, as the rectangle under half the perimeter aaditi 
excess above the base to the area d the triangle. 



ALGEBRAICAL PRINCIPLES. 

I. In Algebra the values of quantities are represented 
by letters. These values are numbers which denote the 
number of times that the unit of measure of each kind of 
quantities is contained in them respectively. These num- 
bers, therefore, may be either terminate or intenninate. The 
algebraical principles employed in the preceding treatise are 
veij simple, and have been already explained, except a few 
that are referred to in the additional fOflh book. 

The student may illustrate the propositions in the second 
book, by taking numbers and products instead of lines and 
rectangles, and the squares of numbers instead of the squares 
of lines. A small ^ placed over a number or letter means 
its square or the product arising from multiplying it by 
itself. 

1. Ifm=:3,m^=i:f?iin, and 32 = 3x3 = 9. 

2. If A be a line = 3 inches, A* = 3* square indies = 
3X3 square inches = 9 square inches, or 9 times the square 
described on a line of 1 inch. In this case, 1 inch is the 
unit of measure. 

3. Let A = 5 ^t, and m a nombtt = 3, then mA = 
3X6 feet = 15 feet. 

4. In the fourth proposition of the second book, let 
AB = 8, AC = 5, CB = 3, then AB» = AC« + CB2 + 
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2AC-CB, or 8« = 5« + 3« + 2 X 5X 3 = 25 +9 + 30 
= 64^ and 89 = 64. 

The propositions of ihe fifth book may also be iBna- 
trated by numbers. 

K A = 12, B = 4, C = 18, D = 6, then A :B = C : D 

or 12:4 = 18:6. Also A + B:B = C + D :D or 12 + 

4 : 4 = 18 + 6 : 6 or 16 : 4 = 24 : 6. 

..AC 12 18 „ 
Also g =g, or -^i" =-g- = d. 

II. The foUowiii? are examples of products and quotients, 
and simple cases offractions :-^ 
If f» = 3) and n z=: 5^ then, 

1. mn = 3 X 5 = 15. 

2. «in« = 3 X 52 = 3 X 25 = 75, 

mn^ tnnn ,.,.,, 

3. = = mn, for mn multiphed by n, and di- 

'A A I. •' • * 3X5g 3X5X5 ^^^ ,^ 
Tided by n, is just mn ; or — r — = = =3 X 5=15 

= mn* 

. mn mn m 3X5 3X5 3 m 

*• n« "" nn "-" n' ^"^ 5* — 5X5 "" 5 "" n 
If also/? = 2, and ^ = 4, then, 

5. m«jt?<7= 3X5X2X4= 120; orm»>i^ = 3X2X 
6 X 4 = 120. 

^ mnpq 3X5X2X4 « 

6. -~^= mnp,or ^-^^ = 3X5X2 = 30 = 

mnp, 

„ mnpq mp-nq 3X2X5X4 „ v> « 

7- — ^-^ = -^- — - = wo, or cm = 3 X 2 =r 

«y «^ ^* 5X4 

6 = m/7. 

wnjp _ mnp __ mp 3X5X2 _ 3X5X2 _ 3 X2 

*^* n2 — n» •" w ' ^' 5« "~ TX6~ "" 5 

mnpq mp-nq _ m/> 3X5X2X4 3X2 

^* ny ""n<7-n^""l^* **' 52X4* "~5X4"" 

_€[ mp 

X" ng' 
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The rules for numerical vulgar fir^ctions apply to the 
simple algebraical fractions treated of here. 

The three following articles are propositions respecting 
common fractions :— 

III. Let T = w» ; a, 5, and m, being integers, then - 

m 

a S , i^ 2 
If a =8, and 5 = 2, then m=:jr=2 = 4; and- = g 

— 1—2 

4 m' 

IV. If a, 5, and m, be integers, then r s= — r. 

, a 6 
Let a = 6, 5 = 2, and w = 3, then r = § = 3 ; and 

wMt 3X6 18 «___»»« 

V. Let a, J, <?, and <?, be integers, then r ' j = i> 

If a = 6, 5 = 3, c = 8, and <f = 5, then r * 3 = o X ^ 

^ , 3 „ 1 ^ac 6X8 48 „ I a c 

= 2Xl^ = 3g.;andg5=3^5 = j5=3g; or ^ • 5 

ajc 

YI. The propositions in the last three articles are also 
true when a, 5, c, d^ and m, are fractional terminate numbers. 

For example, let a =: -^ h =: -r and m = j, the num- 
bers «,/, ^, A, ky and /, being integers ; then - = —r. 

For i»a = -r • "; = T?5 and »w6 = t 1 =*iT> therefore 
I f If I h W 
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mtm A» Ik ek ..a eh «&^«^ a 
mb If kg fg ^ f 9 fy 6 

ma 

As a numerical illustratioii) let a = 0*9 ^ = t-, m = yr. 

rm. 926 ,9763^^^ 

Thennia = jj ^3 ==11' '^* = Ii X t = gg ; therefore 



6 55 10 ^, a 2 5 10 ^ ^ 

5^=n^6g=§i- ^07 = 3 X7=2l- ^^^^'^ 

h nib ' 

In a similar manner, ihe propositions in Art m. and Y . 
may be proved. 

The same propositions are true when a^ b^ c^ d^ and tn, 
are interminate numbers. Their demonstrations are giren 
in the four following articles. The accented letter in eyerf 
case denotes an interminate number greater than thai <fe« 
noted by the same letter unaccented, and the same letter 
doubly accented denotes a tenninate number intermediate 
between tibe other two. Thus a' :p^ a, a" -<^ a', and a" 
:?^ a; where a^' is the intermediate terminate number. 
When a contradictory conclusion is amred at cm the hypo- 
thesis that a' "^ a, it is of course false, and it may in each 
case be similarly proved that the hypothesis of a^ ^^s::! a is 
also fiJse ; and hence if the first hypothesis be proved fidse 
in any case, it may be concluded that a' must == a. These 
remarks will prevent unnecessary repetitions. 

TIL Let a, ^, and m^ be one or all of ihem interminate, 

and — = w, then - = — . The values of — and — are 
bum a fn 

each supposed to be expressed by a decimal i&action, and 
the proposition asserts the equality of these decimals. 
1. When a, and therefore tn, is interminate. 

Leti- = i Tbea^,=^(n.); bat^^p-i;, for 
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h h «" 

m" -i^ m' ; ^erefore -jy j::?^ — , or al' .^a. But -7- = m" 
(VI.)j and m" z^ «w, therefore T" ^^^ T"> o' ^" ^^ <»> ^^^ i* 

was also shown to he less, therefore — = •--. 

a nt 

2. When 5, and therefore m, is interminate. 
The proof is similar to the last 

3. When a, 5, and m, are interminate. 

5' 1 V 1 

Let — = — ; and also let — = — . Then (1st case) 
a m an 

Tj> = n ; hut -T- = «i, therefore n ..^ »», for 5" ^:^ 5. But 1/ 

Z^ V\ and therefore — :;^ —, orn ;;:?*' «k and it was also 

showntobeless;hence*=l. 

a in 

CJoR. — ^If - =-i = «», ihen -= -. 

YIII. When a, ^, and m, are, one or all, intenuinate, 
a ^^ 

1. When a is interminate. 

^ a ma 
tore T-=i — r. 
5 mb 

2. When 5 is interminate. 
This is proved like the last case. 

3. When a and h are interminate. 

^ a mxii __ d' m>af ._, % ,. . •»«" 
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— T, therefore -t-.^t, or a" .^a; but a" -^^ a\ hence 

a ma 
i ^ m6* 

4. When m is interminate. 

^*T=mJ'. Then J ±=^p;;j(VL); and m"a^:^ ma, 

and m"5 z;?^ m5, therefore —777 .-2::: — 7, but these are.equal, 

a d met 

for they are each = r, therefore t = —y 

5. When a and m are interminate. 

_ a md ,—. d md . . . ma 

Let T = — T. Then ^ = — -r (4th case) ; but — -r* .^s:: 

--J-, therefore -^ ^a^lr^ and a'' «^a ; but a" T^d; therefore 

a md 
b mb' 

6. When b and m are interminate. 
The proof is similar to the last. 

7* When a, ^^ and m, are interminate. 

_. ^ a ma' _. a" ma" ,^ , . , ma" 
Let^ = — T-. Then-T- = — 7- (6th case); but — T'^^ 

ma^ a" 

mb 



, or -^ .^r T, and hence a" -s^a ; but d"-^di there- 



. a ma 

a £ 
IX. Let a, ^, <;, and ^, be one or all interminate, 7 * % 

a<; 

1. When one of them as a is interminate. 

^ d c d'e .^ a" G of'c d"e 

^Tl=U T^enT-5=3j(VI.);but.j5^ 
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T^y therefore 'ir "^^^T "7^ ^"^^ hence a" -^ « • biit a" 

. ^ a c ae 
-:p^ «, therefore T * "3 = Fj* 

The proof is similar wh^n any other of the ntinihers is 
in terminate. 

2. When any two of the numbers, as a and df, are inter- 
minate. 



^I'^^T'I- 'nieii-j--2. = -g3 (1st case), and 

^^^, therefore ^—-^ J • -J, or a ^a;buta 
a c o/c 

The proof is similar when any other two are interminate. 
The third case, when three are interminate, may be simi- 
larly proved by referring to the second case ; and the fourth 
case, when they are all interminate, is similarly proved by 
referring to the third case. 

X. The second property of numbers stated in the scho* 
lium after the definitions of the additional fifth book, may 

be proved thus. Let — be any vulgar fraction. Reduce 

*^ to a decimal, and it is obvious, that, since the remain- 

ders cannot exceed n — < 1, after the first n — 1 terms of the 
quotient are found, the remainder, if the decimal is not 
finite, must be the same as some of. the preceding remain- 
derS) or else 1 ; and hence the decimal will be a circulate, 
the numbers of figures in which will not exceed n — 1. 
Then the product of this circulate by m, will be a circulate 

consisting of the same number of figures, and its value = — . 



The tenth proposition of the book on the quadrature of 
the circle, may be easily proved by means of two of the 
propositions in the additional fifth book : 



^•^ 
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Since A • B : M« = (A : M, B : M) (VI. 23), and (A : M, 
B : M) = (a : 1, ft : 1) (Ai V. 7) = y * -j (Ad. V. 26) = 

ab\ therefore A - B : M' = oft, or A'B = a5M*. Ii^this 
demonstration a and h may be either terminate or intermi- 
nate. 

The cause for introducing the new terms, terminate and 
interminate, is that the terms, rational and irrationa], are 
not sufficiently general ; for the term irrational, applied to 
numbers, propenj comprehends only that class o^ intermi- 
nate numbers, that residts from extracting the roots, of 
numbers that are not complete powers. 
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